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✺✳✹ ❈♦✉♣❧✐♥❣ ❙■▼s t♦ ❈P❲ r❡s♦♥❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
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✻ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ❛♥❞ ❈♦♥✲
str✐❝t✐♦♥s ✶✸✾
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✻✳✷ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
❈♦♥t❡♥ts ①✐
✻✳✷✳✶ ❇❛s✐❝ ❈P❲ ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
✻✳✷✳✷ ❉✐str✐❜✉t❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
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✻✳✸✳✶ ❋r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡✿ r❡s♦♥❛♥t ❜❡❤❛✈✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽
✻✳✸✳✷ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶
✻✳✹ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✲
✉✐❞❡ r❡s♦♥❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼
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✻✳✹✳✷ ❊✛❡❝ts ♦❢ ❝♦♥str✐❝t✐♦♥s ♦♥ t❤❡ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✶✺✽
✻✳✹✳✸ P♦✇❡r ❡✛❡❝ts ❛♥❞ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
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✼ ❊①♣❡r✐♠❡♥ts ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ♠❛❣♥❡t✐❝ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r
❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs ✶✼✸
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✽ ❈♦♥❝❧✉s✐♦♥s ✷✷✶

■♥tr♦❞✉❝❝✐ó♥
❯♥♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s r❡t♦s ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛ ❡❧ ❧❛
❢❛❜r✐❝❛❝✐ó♥ ❞❡ ✉♥ ♦r❞❡♥❛❞♦r ❝✉á♥t✐❝♦ ❡s❝❛❧❛❜❧❡✳ ▲❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝r❡❛r ✉♥❛
❣❡♥❡r❛❧✐③❛❝✐ó♥ ❝✉á♥t✐❝❛ ❞❡ ✉♥ ♦r❞❡♥❛❞♦r ❝❧ás✐❝♦ ❢✉❡ ❢❛♠♦s❛♠❡♥t❡ ♣r♦♣✉❡st❛ ♣♦r
❘✳ ❋❡②♥♠❛♥ ❡♥ ✶✾✽✷ ❬✶❪ ❝✉❛♥❞♦ ❞✐s❝✉tí❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❡✜❝✐❡♥t❡
❞❡ s✐st❡♠❛s ❝✉á♥t✐❝♦s✳ ❊♥ ✉♥ ♦r❞❡♥❛❞♦r ❝✉á♥t✐❝♦✱ ❧❛ ✉♥✐❞❛❞ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❞❡
❧♦s ♦r❞❡♥❛❞♦r❡s ❝❧ás✐❝♦s✱ ❡❧ ❜✐t✱ ❡s s✉st✐t✉✐❞♦ ♣♦r s✉ ❛♥á❧♦❣♦ ❝✉á♥t✐❝♦✱ ❡❧ q✉❜✐t✳
▼✐❡♥tr❛s ✉♥ ❜✐t ❝❧ás✐❝♦ s♦❧♦ ♣✉❡❞❡ ❡st❛r ❡♥ ✉♥♦ ❞❡ ❞♦s ❡st❛❞♦s✱ ✵ ♦ ✶✱ ✉♥ ❜✐t
❝✉á♥t✐❝♦ ♣✉❡❞❡ ❛❧♠❛❝❡♥❛r ❝✉❛❧q✉✐❡r s✉♣❡r♣♦s✐❝✐ó♥ ❝✉á♥t✐❝❛ ❞❡ ❡st♦s✱ ❝♦♠♦ ♣♦r
❡❥❡♠♣❧♦ α|1〉 + β|0〉✳ ▲❛ ♥❛t✉r❛❧❡③❛ ❝✉á♥t✐❝❛ ❞❡ ❧♦s q✉❜✐ts ❧♦s ❤❛❝❡ ❧♦s ❤❛❝❡
❝♦♠♣♦♥❡♥t❡s ✐❞❡❛❧❡s ♣❛r❛ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ s✐st❡♠❛s ❝✉á♥t✐❝♦s r❡❛❧❡s ❞♦♥❞❡ s✐s✲
t❡♠❛s ❞❡ ❝♦♠♣✉t❛❝✐ó♥ ❝❧ás✐❝♦s ❡①♣❡r✐♠❡♥t❛rí❛♥ ✉♥❛ r❛❧❡♥t✐③❛❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧
❛❧ ❛✉♠❡♥t❛r ❡❧ ♥✉♠❡r♦ ❞❡ s✐st❡♠❛s ✐♥t❡r❛❝t✉❛♥t❡s✳ ❆❞❡♠ás✱ ❧❛ ❤❛❜✐❧✐❞❛❞ ❞❡
♣♦❞❡r ♠❛♥❡❥❛r ❡st❛❞♦s s✉♣❡r♣♦s✐❝✐ó♥ ♣❡r♠✐t❡ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ♣r♦❝❡s❛♠✐❡♥t♦
♣❛r❛❧❡❧♦ q✉❡ ♣❡r♠✐t❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❛❧❣♦r✐t♠♦s ② ♣r♦❝❡❞✐♠✐❡♥t♦s q✉❡
s❡rí❛♥ ✐♠♣♦s✐❜❧❡s ❝♦♥ t❡❝♥♦❧♦❣í❛s ❝❧ás✐❝❛s✳
▼❛s ❞❡ tr❡s ❞é❝❛❞❛s ❤❛♥ ♣❛s❛❞♦ ❞❡s❞❡ ❧❛ ♣r♦♣✉❡st❛ ♦r✐❣✐♥❛❧ ❞❡ ❋❡②♥♠❛♥ ②
♠✉❝❤♦ tr❛❜❛❥♦✱ t❛♥t♦ t❡ór✐❝♦ ❝♦♠♦ ❛♣❧✐❝❛❞♦✱ s❡ ❤❛ ❤❡❝❤♦ ❡♥ ❡❧ ✐♥t❡♥t♦ ❞❡ ❤❛❝❡r
r❡❛❧✐❞❛❞ ❡st❛ ♣r♦♣✉❡st❛✳ ▲♦s ♣r✐♥❝✐♣❛❧❡s ♦❜stá❝✉❧♦s q✉❡ ❤❛♥ ❞❡ s❡r s✉♣❡r❛❞♦s
s✐ s❡ ❤❛ ❞❡ ❝♦♥str✉✐r ✉♥ ♦r❞❡♥❛❞♦r ❝✉á♥t✐❝♦ s♦♥ ❧♦ s✐❣✉✐❡♥t❡s
✶✳ ❊♥❝♦♥tr❛r s✐st❡♠❛s ❢ís✐❝♦s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s ❛❞❡❝✉❛❞❛s q✉❡ ❧❡s ♣❡r♠✐t❛♥
❛❧♠❛❝❡♥❛r ❜✐ts ❝✉á♥t✐❝♦s✳ ❊❧ s✐st❡♠❛ ❡♥ ❝✉❡st✐ó♥ ❞❡❜❡ ❡♥ ❛❧❣ú♥ ré❣✐♠❡♥
❝♦♠♣♦rt❛rs❡ ❝♦♠♦ ✉♥ s✐st❡♠❛ ❝✉á♥t✐❝♦ ❞❡ ❞♦s ♥✐✈❡❧❡s✳ ❍❛② ♠✉❝❤♦s s✐s✲
t❡♠❛s ❢ís✐❝♦s q✉❡ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧ ②❛ ♣r❡s❡♥t❛♥ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛✱ ❝♦♠♦
♣♦r ❡❥❡♠♣❧♦ ❡s♣✐♥❡s ♥✉❝❧❡❛r❡s✱ ❛tó♠✐❝♦s ♦ ♠♦❧❡❝✉❧❛r❡s ♦ s✐st❡♠❛s ❞✐♣♦✲
❧❛r❡s ❡❧é❝tr✐❝♦s✳ P♦r ♦tr❛ ♣❛rt❡✱ ♠✉❝❤♦s s✐st❡♠❛s ❛rt✐✜❝✐❛❧❡s ♣✉❡❞❡♥ s❡r
❢❛❜r✐❝❛❞♦s ❝♦♥ ❧❛s ❝✉❛❧✐❞❛❞❡s ❞❡s❡❛❞❛s✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ♣r♦♣✉❡st♦s ❞❡
q✉❜✐ts s✐♥tét✐❝♦s s♦♥ ❧♦s ❝♦♥♦❝✐❞♦s ❝♦♠♦ ❝✐r❝✉✐t♦s ❝✉á♥t✐❝♦s✱ ❝♦♠♦ q✉❜✐ts
s✉♣❡r❝♦♥❞✉❝t♦r❡s ❞❡ ✢✉❥♦ ♦ ❞❡ ❝❛r❣❛✱ ♦ s✐st❡♠❛s ❞❡ ❞♦ts ❝✉á♥t✐❝♦s s❡♠✐✲
❝♦♥❞✉❝t♦r❡s✳
✷✳ ❊♥❝♦♥tr❛r ♠❡❝❛♥✐s♠♦s ♣❛r❛ ✐♥✐❝✐❛❧✐③❛r✱ ❧❡❡r✱ ❡s❝r✐❜✐r ② ♠❛♥✐♣✉❧❛r q✉❜✐ts
✷ ■♥tr♦❞✉❝❝✐ó♥
✐♥❞✐✈✐❞✉❛❧❡s ❛❞❡♠ás ❞❡ ❛❝♦♣❧❛r ♠ú❧t✐♣❧❡s q✉❜✐ts ♣r♦❞✉❝✐❡♥❞♦ ❡♥tr❡❧❛③❛✲
♠✐❡♥t♦ ② ♣✉❡rt❛s ❧ó❣✐❝❛s ❝✉á♥t✐❝❛s✳ ❆❞❡♠ás ❞❡ ❛❧♠❛❝❡♥❛r ✐♥❢♦r♠❛❝✐ó♥✱
❧♦s q✉❜✐ts ❞❡❜❡♥ ❛❞❡♠ás ♣❡r♠✐t✐r q✉❡ ❡st❛ ✐♥❢♦r♠❛❝✐ó♥ s❡❛ ♠❛♥✐♣✉❧❛❞❛ ❞❡
❢♦r♠❛ ❡❢❡❝t✐✈❛✳ ❉❡❜❡ s❡r ♣♦s✐❜❧❡ tr❛♥s❢❡r✐r ❡st❛ ✐♥❢♦r♠❛❝✐ó♥ ❡♥tr❡ ❞✐❢❡r✲
❡♥t❡s r❡❣✐♦♥❡s ❞❡ ✉♥ s✐st❡♠❛ ❛ tr❛✈és ❞❡ ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ✉♥ ❜✉s
❝✉á♥t✐❝♦✳ ❯♥♦ ❞❡ ❧♦s ♠ét♦❞♦s ♠ás ❞✐r❡❝t♦s ♣❛r❛ ❝✉♠♣❧✐r ❡st♦s r❡q✉✐s✐t♦s
❡s ✉s❛r r❛❞✐❛❝✐ó♥ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛✳ ▲♦s ❢♦t♦♥❡s s♦♥ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧
♦❜❥❡t♦s ❝✉á♥t✐❝♦s ② ♣r♦♣♦r❝✐♦♥❛♥ ✉♥ ♠❡❞✐♦ ❡①❝❡❧❡♥t❡ ♣❛r❛ tr❛♥s❢❡r✐r ✐♥✲
❢♦r♠❛❝✐ó♥ ❝✉á♥t✐❝❛✳
✸✳ ▼❛♥t❡♥❡r ❧❛ ❝♦❤❡r❡♥❝✐❛ ❞❡❧ q✉❜✐t✳ ▲♦s ❢❡♥ó♠❡♥♦s ❝✉á♥t✐❝♦s s♦♥ tr❡♠❡♥✲
❞❛♠❡♥t❡ ❢rá❣✐❧❡s ② s♦♥ ♠✉② s❡♥s✐❜❧❡s ❛ ♣❡rt✉r❜❛❝✐♦♥❡s ❡①t❡r♥❛s✳ ■♥❝❧✉s♦
♣❡q✉❡ñ❛s ✐♥t❡r❛❝❝✐♦♥❡s ❝♦♥ ❡❧ ❡♥t♦r♥♦ ♣✉❡❞❡♥ rá♣✐❞❛♠❡♥t❡ ❞❡str✉✐r ❧❛
❝♦❤❡r❡♥❝✐❛ ❝✉á♥t✐❝❛ ❞❡❧ s✐st❡♠❛ ② ♣r♦❞✉❝✐r ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❧ás✐❝♦✳
❊st❡ ❢❛❝t♦r ❝♦♠♣✐t❡ ❞✐r❡❝t❛♠❡♥t❡ ❝♦♥ ❧❛ ❢❛❝✐❧✐❞❛❞ ❞❡ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡❧
q✉❜✐t ②❛ q✉❡ ❝✉❛♥t♦ ♠ás ❛✐s❧❛❞♦ t❡♥❣❛ q✉❡ ❡st❛r ❡❧ s✐st❡♠❛✱ ♠ás ❞✐❢í❝✐❧
s❡rá ✐♥t❡r❛❝❝✐♦♥❛r ❝♦❤❡r❡♥t❡♠❡♥t❡ ❝♦♥ é❧✳
❊♥ ❡st❡ ❝♦♥t❡①t♦✱ t✐❡♥❡ ❡s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝✐❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥
❞❡ ❢♦t♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s ❝♦♥ s✐st❡♠❛s ❝✉á♥t✐❝♦s ❝❛♥❞✐❞❛t♦s ❛ s❡r q✉❜✐ts✳ ❊❧
❡❥❡♠♣❧♦ ❛rq✉❡tí♣✐❝♦ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❡st❛ ✐♥t❡r❛❝❝✐ó♥ s♦♥ ❧♦s s✐st❡♠❛s ❞❡
❡❧❡❝tr♦❞✐♥á♠✐❝❛ ❝ú❛♥t✐❝❛ ❞❡ ❝❛✈✐❞❛❞❡s ✭❈❛✈✐t② ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s ♦
❈◗❊❉ ❡♥ ✐♥❣❧és✮❬✷❪✳ ➱st♦s ❝♦♥s✐st❡♥ ❡♥ ✉♥ s✐st❡♠❛ ❝✉á♥t✐❝♦ ❞❡ ❞♦s ♥✐✈❡❧❡s
❛❝♦♣❧❛❞♦ ❛ ú♥✐❝♦ ♠♦❞♦ ❞❡ ❧❛ r❛❞✐❛❝✐ó♥ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛✱ ♣♦r ❡❥❡♠♣❧♦✱ ❛ ❢♦✲
t♦♥❡s ❛❧♠❛❝❡♥❛❞♦s ❡♥ ✉♥❛ ❝❛✈✐❞❛❞✳ ▲❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ❛❝♦♣❧♦ ❢♦tó♥✲q✉❜✐t ❤❛
❞❡ s✉♣❡r❛r ❧❛s ❢r❡q✉❡♥❝✐❛s ❞❡ ❞❡❝♦❤❡r❡♥❝✐❛ ❛♠❜♦s s✉❜s✐st❡♠❛s✳ ❊st❡ ré❣✐♠❡♥
❞❡ ❛❝♦♣❧♦ ❢✉❡rt❡ ♣❡r♠✐t❡ q✉❡✱ ❞✉r❛♥t❡ ❡❧ t✐❡♠♣♦ ❞❡ ✈✐❞❛ ❞❡❧ s✐st❡♠❛✱ s❡ ♣✉❡❞❛
r❡❛❧✐③❛r ✉♥ ♥✉♠❡r♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❡❧❡✈❛❞♦ ❞❡ ♦♣❡r❛❝✐♦♥❡s✳
❈♦♥ ❡❧ ♦❜❥❡t♦ ❞❡ ❛✉♠❡♥t❛r ❡❧ ❛❝♦♣❧♦ ❡♥tr❡ ❧♦s ❢♦t♦♥❡s ❞❡ ✉♥❛ ❝❛✈✐❞❛❞ ② ✉♥
q✉❜✐t✱ s❡ ❤❛♥ ✐♥✈❡st✐❣❛❞♦ ❞✐st✐♥t♦s t✐♣♦s ❞❡ ❝❛✈✐❞❛❞❡s ② q✉❜✐ts q✉❡ ♣❡r♠✐t❡♥
❛❧❝❛♥③❛r ❡❧ ré❣✐♠❡♥ ❞❡ ❛❝♦♣❧♦ ❢✉❡rt❡ ❬✸✱ ✹✱ ✺✱ ✻✱ ✷❪✳ ❯♥♦ ❞❡ ❧♦s ♠ás ✐♥t❡r❡✲
s❛♥t❡s ❡s ❧♦ q✉❡ ❛❤♦r❛ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧❡❝tr♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛ ❞❡ ❝✐r❝✉✐t♦s
✭❈✐r❝✉✐t ◗❊❉✮✱ q✉❡ ❝♦♥s✐st❡ ❡♥ ✉s❛r t❡❝♥♦❧♦❣í❛s ❞❡ ❝✐r❝✉✐t♦s ✐♥t❡❣r❛❞♦s ② s✉✲
♣❡r❝♦♥❞✉❝t♦r❡s ♣❛r❛ ❢❛❜r✐❝❛r ❝❛✈✐❞❛❞❡s ② q✉❜✐ts ❛❞❛♣t❛❞♦s ♣❛r❛ ❛♣❧✐❝❛❝✐♦♥❡s
❡♥ ❡❧ ♣r♦❝❡s❛❞♦ ❝✉á♥t✐❝♦ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❬✼❪✳ ❯♥♦ ❞❡ ❧♦s s✐st❡♠❛s ♠ás ✉t✐❧✐③❛❞♦s
❡♥ ❈✐r❝✉✐t ◗❊❉ ❡s ❡❧ q✉❜✐t ❞❡ ❝❛r❣❛ ❬✽❪ ✭❈♦♦♣❡r ♣❛✐r ❜♦①✮ ❛❝♦♣❧❛❞♦ ❛ tr❛✈és
❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❡❧é❝tr✐❝❛ ❞❡❧ ❝❛♠♣♦ ❛ ✉♥ r❡s♦♥❛❞♦r ❝♦♣❧❛♥❛r s✉♣❡r❝♦♥❞✉❝✲
t♦r ❬✾❪✭s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r✮✳ ▲❛ ❣❡♦♠❡trí❛ ❞❡ ✉♥❛
❣✉í❛ ❞❡ ♦♥❞❛s ❝♦♣❧❛♥❛r ♣❡r♠✐t❡ ❛✉♠❡♥t❛r ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡♥❡r❣í❛ ❡❧❡❝tr♦♠❛❣✲
♥ét✐❝❛ ✭② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ ❡❧ ❛❝♦♣❧♦✮ ❝♦♥ r❡s♣❡❝t♦ ❛ ✉♥❛ ❝❛✈✐❞❛❞ tr✐❞✐♠❡♥s✐♦♥❛❧
❡stá♥❞❛r✳ ❊st❡ s✐st❡♠❛ ♣r❡s❡♥t❛ ❛❝♦♣❧♦ ❢✉❡rt❡ ② ♣❡r♠✐t❡ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ ♦♣✲
❡r❛❝✐♦♥❡s s♦❜r❡ ❡❧ q✉❜✐t ❡ ✐♥❝❧✉s♦ ❡♥tr❡❧❛③❛r ♠ú❧t✐♣❧❡s q✉❜✐ts ❛❝♦♣❧❛❞♦s ❛ ❧❛
✸♠✐s♠❛ ❝❛✈✐❞❛❞ ❬✶✵✱ ✶✶✱ ✶✷✱ ✶✸❪✳
❙✐st❡♠❛s ❝❛♥❞✐❞❛t♦s ❛ q✉❜✐ts q✉❡ s❡ ❛❝♦♣❧❛♥ ❛❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ❝♦♠♦ ♣♦r
❡❥❡♠♣❧♦ s✐st❡♠❛s ❞❡ ❡s♣✐♥❡s ❞❡ ❡st❛❞♦ só❧✐❞♦✱ t❛♠❜✐❡♥ s♦♥ ✐♥t❡r❡s❛♥t❡s ♣♦r s✉s
♣♦s✐❜❧❡s ❛♣❧✐❝❛❝✐♦♥❡s ♣❛r❛ ❡❧ ❛❧♠❛❝❡♥❛♠✐❡♥t♦ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❝✉á♥t✐❝❛ ② ♣❛r❛
♣r♦♣♦r❝✐♦♥❛r ✉♥❛ ✐♥t❡r❝♦♥❡①✐ó♥ ❡♥tr❡ ❢♦t♦♥❡s ❞❡ r❛❞✐♦✲❢r❡❝✉❡♥❝✐❛s ❝♦♥ ❢♦t♦♥❡s
ó♣t✐❝♦s ❬✶✹✱ ✶✺✱ ✶✻❪✳ ❊①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s ❞❡♠✉❡str❛♥
❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛❝♦♣❧❛r ❝♦❤❡r❡♥t❡♠❡♥t❡ ❝❡♥tr♦s ◆❱ ② P✶ ❞❡ ❞✐❛♠❛♥t❡ ❝♦♥
❝✐r❝✉✐t♦s ❝ú❛♥t✐❝♦s ❝♦♠♦ r❡s♦♥❛❞♦r❡s s✉♣❡r❝♦♥❞✉❝t♦r❡s ❬✶✼✱ ✶✽✱ ✶✾❪ ♦ q✉❜✐ts ❞❡
✢✉❥♦ ❬✷✵❪✳ ❊st♦s ❞❡❢❡❝t♦s ❡♥ ❞✐❛♠❛♥t❡ ❛❝t✉❛♥ ❝♦♠♦ s✐st❡♠❛s ❞❡ ❡s♣✐♥ ✶ ② s❡
❛❝♦♣❧❛♥ ❝♦❧❡❝t✐✈❛♠❡♥t❡ ❛❧ ❝✐r❝✉✐t♦ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♥ ❛✉♠❡♥t♦ ❡♥ ❡❧ ❛❝♦♣❧♦
♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ r❛✐③ ❝✉❛❞r❛❞❛ ❞❡ ♥ú♠❡r♦ ❞❡ ❡s♣✐♥❡s✳ ❊❧ ❛❝♦♣❧♦ ❢✉❡rt❡ s❡
❝♦♥s✐❣✉❡ ❣r❛❝✐❛s ❛ ❡st❡ ❢❛❝t♦r ❥✉♥t♦ ❝♦♥ ❧❛ ❛❧t❛ ❝♦❤❡r❡♥❝✐❛ ❞❡ ❧♦s ❝❡♥tr♦s ♠❛❣✲
♥ét✐❝♦s ✭t✐❡♠♣♦s ❞❡ ❝♦❤❡r❡♥❝✐❛ ❞❡ ✶✲✷ ♠s ❛ t❡♠♣❡r❛t✉r❛ ❛♠❜✐❡♥t❡✮✳ ❚❛♠❜✐é♥
s❡ ❤❛ ❞❡♠♦str❛❞♦ ❛❝♦♣❧♦ ❢✉❡rt❡ ♠❛❣♥ét✐❝♦✱ ✐♥❝❧✉s♦ ❛ t❡♠♣❡r❛t✉r❛ ❛♠❜✐❡♥t❡✱
❡♥tr❡ r❛❞✐❝❛❧❡s ♣❛r❛♠❛❣♥ét✐❝♦s ❞❡ s♣✐♥ ✶✴✷ ② ❝❛✈✐❞❛❞❡s ❞❡ ♠✐❝r♦♦♥❞❛s tr✐❞✐✲
♠❡♥s✐♦♥❛❧❡s✳
❊❧ ✉s♦ q✉❜✐ts ❞❡ ❡s♣✐♥ ❛❜r❡ t❛♠❜✐é♥ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❛ ♦tr♦s s✐st❡♠❛s ❛❧❣♦ ♠ás
❝♦♠♣❧❡❥♦s✳ ▲♦s ✏s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✑ ✭♠♦❧❡❝✉❧❛s ✐♠❛♥ ó ❙▼▼s✮ ❬✷✶✱ ✷✷✱ ✷✸❪
s♦♥ ♠♦❧é❝✉❧❛s ♦r❣❛♥♦♠❡t❛❧✐❝❛s ❢♦r♠❛❞❛s ♣♦r ✉♥ ♥ú❝❧❡♦ ❞❡ ❛❧t♦ ❡s♣í♥ r♦❞❡❛❞♦ ❞❡
❧✐❣❛♥❞♦s ♦r❣á♥✐❝♦s q✉❡✱ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ s❡ ♦r❣❛♥✐③❛♥ ❡♥ ❝r✐st❛❧❡s ♠♦❧❡❝✉❧❛r❡s✳
❊❧ ❛❧t♦ ✈❛❧♦r ❞❡ s✉ ❡s♣í♥ ♣✉❡❞❡ ♣❡r♠✐t✐r q✉❡ ❡❧ ré❣✐♠❡♥ ❞❡ ❛❝♦♣❧♦ ❢✉❡rt❡ s❡❛
♠ás ❢á❝✐❧ ❞❡ ❛❧❝❛♥③❛r ② ♣♦❞rí❛ ❧❧❡✈❛r ❛ s✉ ❛♣❧✐❝❛❝✐ó♥ ❝♦♠♦ ♠❡♠♦r✐❛s ❝✉á♥t✐❝❛s
❬✶✹✱ ✶✺✱ ✶✻❪✳ ▲♦s ❙▼▼s s♦♥ t❛♠❜✐é♥ ✐t❡r❡s❛♥t❡s ♣♦r q✉❡ ♣❡r♠✐t❡♥ ♠❛♥✐♣✉❧❛r
q✉í♠✐❝❛♠❡♥t❡ s✉s ♣r♦♣✐❡❞❛❞❡s ♣❛r❛ ❞✐st✐♥t❛s ❛♣❧✐❝❛❝✐♦♥❡s✳ ❙✐ ♥♦s r❡str✐♥❣✐♠♦s
s♦❧♦ ❛❧ ❝❛♠♣♦ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❝✉á♥t✐❝❛✱ ❡st♦s s✐st❡♠❛s ♣✉❡❞❡♥ ❛❝t✉❛r ♥♦
só❧♦ ❝♦♠♦ q✉❜✐ts ✐♥❞✐✈✐❞✉❛❧❡s ❬✷✹✱ ✷✺❪ s✐♥♦ q✉❡ s❡ ♣✉❡❞❡♥ ❞✐s❡ñ❛r ♣❛r❛ q✉❡
✉♥❛ ú♥✐❝❛ ♠♦❧é❝✉❧❛ ❝♦♥t❡♥❣❛ ♠ú❧t✐♣❧❡s q✉❜✐ts ❞é❜✐❧ ♦ ❢✉❡rt❡♠❡♥t❡ ❡♥tr❡❧❛③❛❞♦s
❬✷✻✱ ✷✼✱ ✷✽❪✱ ♣❛r❛ ❛❝t✉❛r ❝♦♠♦ ♣✉❡rt❛s ❧ó❣✐❝❛s ❬✷✾❪ ♦ ❝♦♠♦ s✐♠✉❧❛❞♦r❡s ❝✉á♥t✐❝♦s
❬✸✵❪✳
▼✉❝❤❛s ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❙▼▼s ♠ás s♦✜st✐❝❛❞♦s r❡q✉✐❡r❡♥ ❛❝♦♣❧❛r
♠♦❧é❝✉❧❛s ✐♥❞✐✈✐❞✉❛❧❡s ❛❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ ✉♥ r❡s♦♥❛❞♦r✱ ✉♥ r❡t♦ ❛ú♥ ♠ás
❝♦♠♣❧✐❝❛❞♦ q✉❡ ❡❧ ❛❝♦♣❧♦ ❛ ❝r✐st❛❧❡s ♠❛❝r♦s❝ó♣✐❝♦s✳ ❙✐ ❡st❡ ❧í♠✐t❡ ❢✉❡r❛ ❛❧❝❛♥③✲
❛❜❧❡✱ s❡ ♣♦❞rí❛♥ ✉t✐❧✐③❛r ❝✐r❝✉✐t♦s s✉♣❡r❝♦♥❞✉t♦r❡s ♣❛r❛ ♠❛♥✐♣✉❧❛r ② tr❛♥s❢❡r✐r
❝♦❤❡r❡♥t❡♠❡♥t❡ ✐♥❢♦r♠❛❝✐ó♥ ❡♥tr❡ q✉❜✐ts ❞❡ ❡s♣✐♥✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♥❛ ❛rq✉✐✲
t❡❝t✉r❛ ❛❞❡❝✉❛❞❛ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ✉♥ ♣r♦❝❡s❛❞♦r ❝✉á♥t✐❝♦ ❞❡ s♣✐♥❡s✳ ❙✐ ♥♦s
✐♥s♣✐r❛♠♦s ❡♥ ❧♦s s✐st❡♠❛s ❞❡ ❈✐r❝✉✐t ◗❊❉✱ ♣♦❞❡♠♦s ✐♠❛❣✐♥❛r ❝♦♥str✉✐r ✉♥
s✐st❡♠❛ s✐♠✐❧❛r ❛❧ r❡♣r❡s❡♥t❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✶✳ ❙❡ ❝♦❧♦❝❛rí❛♥ ♠♦❧é❝✉❧❛s ✐♥❞✐✲
✈✐❞✉❛❧❡s ❡♥ ❧❛s ♣♦s✐❝✐♦♥❡s ❞❡ ❧❛ ❝❛✈✐❞❛❞ ❞♦♥❞❡ ❤❛②❛ ♠á①✐♠♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦
♣❛r❛ ❡❧ ♠♦❞♦ ❞❡s❡❛❞♦ ❞❡ ❧❛s ♠✐❝r♦♦♥❞❛s✳ ▲♦s ❡s♣✐♥❡s ♣♦❞rí❛♥ ❡♥t♦♥❝❡s s✐♥✲
t♦♥✐③❛rs❡ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧❡s ♣❛r❛ ♣♦♥❡r❧♦s
✹ ■♥tr♦❞✉❝❝✐ó♥
❋✐❣✉r❡ ✶✿ P♦s✐❜❧❡ ❛rq✉✐t❡❝t✉r❛ ♣❛r❛ ✉♥ ♣r♦❝❡s❛❞♦r ❝✉á♥t✐❝♦ ❞❡ s♣✐♥✳ ▲♦s q✉❜✐ts ❞❡
s♣✐♥ s❡ ❝♦❧♦❝❛rí❛♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❣✉✐❛ ❞❡ ♦♥❞❛s ❝♦♣❧❛♥❛r s✉♣❡r❝♦♥❞✉❝t♦r❛ ❡♥ ❧❛s
♣♦s✐❝✐♦♥❡s ❞♦♥❞❡ ❡❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡s ♠á①✐♠♦ ♣❛r❛ ❡❧ ♠♦❞♦ ❞❡ ❧❛ ❝❛✈✐❞❛❞ ❝♦♥s✐❞❡r✲
❛❞♦✳ ❈❛❞❛ s♣✐♥ s❡ ♣♦❞rí❛ s✐♥t♦♥✐③❛r ♣❛r❛ ❡st❛r ❡♥ r❡s♦♥❛♥❝✐❛ ♦ ♥♦ ♠❡❞✐❛♥t❡ ✉♥ ❝❛♠♣♦
♠❛❣♥❡t✐❝♦ ❛♣❧✐❝❛❞♦ ❧♦❝❛❧♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ✉♥ ❝❛❜❧❡ ♦ ♠✐❝r♦✲❜♦❜✐♥❛✳ ❊♥tr❡❧❛③❛♠✐❡♥t♦
❡♥tr❡ ❞✐s♥t✐♥t♦s q✉❜✐ts ❡♥ ✉♥❛ ♠✐s♠❛ ❝❛✈✐❞❛❞ t❛♠❜✐❡♥ s❡rí❛ ✈✐❛❜❧❡✳
❡♥ r❡s♦♥❛♥❝✐❛ ❝♦♥ ❧❛ ❝❛✈✐❞❛❞ ❡ ✐♥t❡r❝❛♠❜✐❛rí❛♥ ✐♥❢♦r♠❛❝✐ó♥✳
❊❧ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❡♥ ❡st❛ t❡s✐s✱ ❡s ❝♦♠♣r♦❜❛r ❧❛ ✈✐❛❜✐❧✐❞❛❞ ❞❡ ♣r♦♣✉❡st❛s
❝♦♠♦ ❧❛ ❞❡s❝r✐t❛ ❡♥ ❧❛ ✜❣✉r❛ ✶ ② ❞❛r ❧♦s ♣r✐♠❡r♦s ♣❛s♦s ❤❛❝✐❛ s✉ r❡❛❧✐③❛❝✐ó♥✳
▲♦s ❛❝♦♣❧♦s ❛❧❝❛♥③❛❜❧❡s ❡♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ ♣❛r❛ ❡s♣✐♥❡s ✐♥❞✐✈✐❞✉❛❧❡s s♦♥ t♦❞❛✈í❛
❞❡♠❛s✐❛❞♦ ❜❛❥♦s ❝♦♠♦ ♣❛r❛ s✉♣❡r❛r s✉s ❧♦s ❧í♠✐t❡s ✐♥♠♣✉❡st♦s ♣♦r s✉s t✐❡♠♣♦s
❞❡ ❝♦❤❡r❡♥❝✐❛✳ ❊st♦ ♥♦s ❞❡❥❛ ❝♦♥ ❞♦s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ♠❡❥♦r❛r ❡❧ ❛❝♦♣❧♦✿
✶✳ ❊♥❝♦♥tr❛r s✐st❡♠❛s ❞❡ ❡s♣í♥ ❝♦♥ ♠❡❥♦r❡s ♣r♦♣✐❡❞❛❞❡s ✭t❛♥t♦ ❛❝♦♣❧♦ ♠ás
❢✉❡rt❡ ❝♦♠♦ ♠❡❥♦r ❝♦❤❡r❡♥❝✐❛✮
✷✳ ▼♦❞✐✜❝❛r ❧❛s ❝❛✈✐❞❛❞❡s ♣❛r❛ ❛✉♠❡♥t❛r ❡❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ②✱ ♣♦r t❛♥t♦✱
❡❧ ❛❝♦♣❧♦✳
❚❡♥✐❡♥❞♦ ❡st♦ ❡♥ ❝✉❡♥t❛✱ ❧♦s ♦❜❥❡t✐✈♦s ❝♦♥❝r❡t♦s ❞❡ ❧❛ t❡s✐s s♦♥✿
✶✳ ❊st❛❜❧❡❝❡r q✉❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡❜❡♥ t❡♥❡r ❧♦s s✐st❡♠❛s ❞❡ ❡s♣í♥ ♣❛r❛
❛❝♦♣❧❛rs❡ ❢✉❡rt❡♠❡♥t❡ ❝♦♥ ✉♥ ❝✐r❝✉✐t♦ ❝✉á♥t✐❝♦
✷✳ ❊st✉❞✐❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❞✐❢❡r❡♥t❡s ❢❛♠✐❧✐❛s ❞❡ ❙▼▼s ② ✈❡r s✐ ❝✉♠♣❧❡♥
❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s r❡q✉❡r✐❞❛s ♣❛r❛ ❡❧ ❛❝♦♣❧♦ ❢✉❡rt❡✱ t❡♥t♦ ❡♥ ❢♦r♠❛ ❞❡
❝r✐st❛❧❡s ♠♦❧❡❝✉❧❛r❡s ❝♦♠♦ ❞❡ ♠♦❧é❝✉❧❛s ✐♥❞✐✈✐❞✉❛❧❡s✳
✺✸✳ ❉✐s❡ñ❛r ♥✉❡✈♦s r❡s♦♥❛❞♦r❡s ❞❡ ❈✐r❝✉✐t ◗❊❉ ♣❛r❛ ❝♦♥❝❡♥tr❛r ❡❧ ❝❛♠♣♦
❞❡ ♠✐❝r♦♦♥❞❛s ❡♥ r❡❣✐♦♥❡s✱ ♦♣t✐♠✐③❛♥❞♦ ❛sí ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ♣❡q✉❡ñ♦s
❣r✉♣♦s ❞❡ ❡s♣✐♥❡s ♦ ♠♦❧é❝✉❧❛s ♠❛❣♥ét✐❝❛s✳ ❊①♣❧♦r❛r t❛♠❜✐é♥ s✐ ❡st❛s
♠♦❞✐✜❝❛❝✐♦♥❡s ❝❛♠❜✐❛♥ ❞❡ ❢♦r♠❛ s✉st❛♥❝✐❛❧ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡❧
r❡s♦♥❛❞♦r✳
▲❛ ♦r❣❛♥✐③❛❝✐ó♥ ❞❡ ❡st❛ t❡s✐s s❡ ❞❡t❛❧❧❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿
• Pr✐♠❡r❛♠❡♥t❡✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ ♣r❡s❡♥t❛♠♦s ✉♥ r❡s✉♠❡♥ ❞❡ ❧❛s té❝♥✐❝❛s
❡①♣❡r✐♠❡♥t❛❧❡s ♣r✐♥❝✐♣❛❧❡s ✉t✐❧✐③❛❞❛s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ tr❛❜❛❥♦✳
• ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸ ✐♥tr♦❞✉❝✐♠♦s ❧♦s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ❧❛
❡❧❡❝tr♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛ ❞❡ ❝❛✈✐❞❛❞❡s ② ❝✐r❝✉✐t♦s ② r❡s✉♠✐♠♦s ❝♦♠♦
♣✉❡❞❡♥ s❡r ❛♣❧✐❝❛❞♦s ❛ ❧❛ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛✳ Pr❡s❡♥t❛♠♦s ✉♥❛ ♣r♦♣✲
✉❡st❛ ♣❛r❛ ✉♥ ♣r♦❝❡s❛❞♦r ❝✉á♥t✐❝♦ ❞❡ ❡s♣í♥ ② ❞✐s❝✉t✐♠♦s ❧♦s ♣r✐♥❝✐♣❛❧❡s
♦❜stá❝✉❧♦s ♣❛r❛ s✉ r❡❛❧✐③❛❝✐ó♥✳
• ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✹ ✐♥tr♦❞✉❝✐♠♦s ❧❛s ♠♦❧é❝✉❧❛s ✐♠á♥ ✭❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣✲
♥❡ts✱ ❙▼▼s✮ ❝♦♠♦ ♣♦s✐❜❧❡s ❝❛♥❞✐❞❛t♦s ♣❛r❛ s❡r q✉❜✐ts ❞❡ ❡s♣í♥✳ ❊①♣❧♦✲
r❛♠♦s s✉ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❡s♣í♥ ② ❞✐s❝✉t✐♠♦s ❧❛s ❝✉❛❧✐❞❛❞❡s ❞❡s❡❛❜❧❡s
q✉❡ ❞❡❜❡♥ t❡♥❡r ♣❛r❛ s✉ ❛♣❧✐❝❛❝✐ó♥ ❝♦♠♦ q✉❜✐ts✳ ❯t✐❧✐③❛♥❞♦ ♠ét♦❞♦s
♥✉♠ér✐❝♦s s✐♠✉❧❛♠♦s ❡❧ ❝❛♠♣♦ r❢ ❣❡♥❡r❛❞♦ ♣♦r ✉♥ r❡s♦♥❛❞♦r ❝♦♣❧❛♥❛r ②
❡st✐♠❛♠♦s s✉ ❛❝♦♣❧♦ ❛ s✐st❡♠❛s ❞❡ ❙▼▼ ❝♦♥♦❝✐❞♦s✳
• ❯♥ t✐♣♦ ❡s♣❡❝í✜❝♦ ❞❡ ❙▼▼ s❡ ✐♥tr♦❞✉❝❡ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺✱ ❧♦s ✐♠❛♥❡s ❞❡
✉♥ s♦❧♦ ✐ó♥ ✭❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts✱ ❙■▼s✮✳ ❙❡ ❞✐s❝✉t❡♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❡s✲
♣❡❝í✜❝❛s q✉❡ ❤❛❝❡♥ q✉❡ ❡st❛ ❢❛♠✐❧✐❛ s❡❛ ❛tr❛❝t✐✈❛ ♣❛r❛ ❧❛ ❝♦♠♣✉t❛❝✐ó♥
❝✉á♥t✐❝❛ ② ❞♦s ❡❥❡♠♣❧♦s✱ ●❞❲✸✵ ② ❚❜❲✸✵✱ s❡ ❡st✉❞✐❛♥ ❡♥ ❞❡t❛❧❧❡✳ ❋✐♥❛❧✲
♠❡♥t❡✱ ❧♦s ❛❝♦♣❧♦s ❡s♣❡r❛❞♦s ② ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣❡r❛❝✐ó♥ ❞❡ ❡st♦s ❙■▼s
s♦♥ ❝♦♠♣❛r❛❞♦s ❝♦♥ ❧♦s ❞❡ ❙▼▼ ❝♦♥✈❡♥❝✐♦♥❛❧❡s✳
• ❉❡s♣✉és✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺✱ ❞✐s❝✉t✐♠♦s ❡❧ ❞✐s❡ñ♦ ② ❢❛❜r✐❝❛❝✐ó♥ ❞❡ r❡s♦♥✲
❛❞♦r❡s ❝♦♣❧❛♥❛r❡s s✉♣❡r❝♦♥❞✉❝t♦r❡s ② ❞❛♠♦s ❞❡t❛❧❧❡s s♦❜r❡ ❡❧ r❡♥❞✐♠✐❡♥t♦
② ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s r❡s♦♥❛❞♦r❡s ❢❛❜r✐❝❛❞♦s ♣❛r❛ ❡st❡ tr❛❜❛❥♦✳ ❚❛♠✲
❜✐é♥ ❢❛❜r✐❝❛♠♦s ② ♠❡❞✐♠♦s ❧♦s ❡❢❡❝t♦s ❞❡ ❝♦♥str✐❝❝✐♦♥❡s ♥❛♥♦♠étr✐❝❛s ❡♥
❧❛ ❧í♥❡❛ ❝❡♥tr❛❧ ❞❡ ♥✉❡str♦s r❡s♦♥❛❞♦r❡s ② ❡st✉❞✐❛♠♦s s✉s ❡❢❡❝t♦s s♦❜r❡
❧♦s ♣❛rá♠❡tr♦s ❞❡ tr❛♥s♠✐s✐ó♥✳
• ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✼ ♣r❡s❡♥t❛♠♦s ♠❡❞✐❞❛s ❞❡ ❡s♣❡❝tr♦s❝♦♣í❛ s♦❜r❡ ❧❛s ❞✐st✐♥✲
t❛s ♠✉❡str❛s ♠❛❣♥ét✐❝❛s ✉t✐❧✐③❛♥❞♦ ❛♠❜♦s r❡s♦♥❛❞♦r❡s ② ❣✉í❛s ❞❡ ♦♥❞❛
❝♦♣❧❛♥❛r❡s ② ❝♦♠♣❛r❛♠♦s ❧❛s ♠❡❞✐❞❛s ❝♦♥ ❧♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s s❡❣ú♥
❧♦s ♠♦❞❡❧♦s t❡ór✐❝♦s✳ ❋✐♥❛❧♠❡♥t❡ ❝♦♠♣r♦❜❛♠♦s ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ✉♥❛
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❬✷✹❪ ❋✳ ▼❡✐❡r✱ ❏✳ ▲❡✈②✱ ❛♥❞ ❉✳ ▲♦ss✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✾✵✱ ✵✹✼✾✵✶ ✭✷✵✵✸✮✳
❬✷✺❪ ❋✳ ❚r♦✐❛♥✐ ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✾✹✱ ✷✵✼✷✵✽ ✭✷✵✵✺✮✳
❬✷✻❪ ●✳ ❆✳ ❚✐♠❝♦ ❡t ❛❧✳✱ ◆❛t✉r❡ ◆❛♥♦t❡❝❤♥♦❧♦❣② ✹✱ ✶✼✸ ✭✷✵✵✾✮✳
❬✷✼❪ ❆✳ ❈❛♥❞✐♥✐ ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✶✵✹✱ ✵✸✼✷✵✸ ✭✷✵✶✵✮✳
❬✷✽❪ ●✳ ❆r♦♠í✱ ❉✳ ❆❣✉✐❧à✱ P✳ ●❛♠❡③✱ ❋✳ ▲✉✐s✱ ❛♥❞ ❖✳ ❘♦✉❜❡❛✉✱ ❈❤❡♠✐❝❛❧
❙♦❝✐❡t② ❘❡✈✐❡✇s ✹✶✱ ✺✸✼ ✭✷✵✶✷✮✳
❬✷✾❪ ❋✳ ▲✉✐s ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✶✵✼✱ ✶✶✼✷✵✸ ✭✷✵✶✶✮✳
❬✸✵❪ P✳ ❙❛♥t✐♥✐✱ ❙✳ ❈❛rr❡tt❛✱ ❋✳ ❚r♦✐❛♥✐✱ ❛♥❞ ●✳ ❆♠♦r❡tt✐✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇
▲❡tt❡rs ✶✵✼✱ ✷✸✵✺✵✷ ✭✷✵✶✶✮✳

❈❤❛♣t❡r ✶
■♥tr♦❞✉❝t✐♦♥
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡s ✐♥ t❤❡ ✜❡❧❞ ♦❢ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ✐s t❤❡ ❢❛❜r✐✲
❝❛t✐♦♥ ♦❢ ❛ s❝❛❧❛❜❧❡ q✉❛♥t✉♠ ❝♦♠♣✉t❡r✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❛❧✐③❡ ❛ q✉❛♥t✉♠
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❝♦♠♣✉t✐♥❣ s②st❡♠ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✶✾✽✷ ❜② ❘✳
❋❡②♥♠❛♥ ❬✶❪ ✇❤❡♥ ❛❞❞r❡ss✐♥❣ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ❡✣❝✐❡♥t s✐♠✉❧❛t✐♦♥ ♦❢ q✉❛♥t✉♠
s②st❡♠s✳ ■♥ ❛ q✉❛♥t✉♠ ❝♦♠♣✉t❡r t❤❡ ❝❧❛ss✐❝❛❧ ✉♥✐t ♦❢ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ❜✐t✱ ✐s
s✉❜st✐t✉t❡❞ ❜② ✐ts q✉❛♥t✉♠ ❛♥❛❧♦❣✉❡✱ t❤❡ q✉❜✐t✳ ❲❤✐❧❡ ❛ ❝❧❛ss✐❝❛❧ ❜✐t ❝❛♥ ❜❡ ✐♥
♦♥❡ ♦❢ t✇♦ st❛t❡s✱ ✵ ♦r ✶✱ ❛ q✉❛♥t✉♠ ❜✐t ❝❛♥ st♦r❡ ❛♥② q✉❛♥t✉♠ s✉♣❡r♣♦s✐t✐♦♥
st❛t❡✱ s✉❝❤ ❛s α|1〉 + β|0〉✳ ❚❤❡ q✉❛♥t✉♠ ♥❛t✉r❡ ♦❢ q✉❜✐ts ✇♦✉❧❞ ♠❛❦❡ t❤❡♠
✐❞❡❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ r❡❛❧ q✉❛♥t✉♠ s②st❡♠s ✇❤❡r❡ ❝❧❛ss✐❝❛❧
s②st❡♠s ✇♦✉❧❞ ❡①♣❡r✐❡♥❝❡ ❡①♣♦♥❡♥t✐❛❧ s❧♦✇❞♦✇♥ ✇❤❡♥ s❝❛❧✐♥❣ ✉♣ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥t❡r❛❝t✐♥❣ s②st❡♠s✳ ❆❧s♦✱ t❤❡ ❛❜✐❧✐t② t♦ ♠❛♥❛❣❡ s✉♣❡r♣♦s✐t✐♦♥ st❛t❡s ❣✐✈❡s
r✐s❡ t♦ ❛ ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ ❛❧❧♦✇✐♥❣ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠s
❛♥❞ ♣r♦❝❡❞✉r❡s t❤❛t ✇♦✉❧❞ ❜❡ ✐♠♣♦ss✐❜❧❡ ✇✐t❤ ❝❧❛ss✐❝❛❧ t❡❝❤♥♦❧♦❣✐❡s✳
❖✈❡r t❤r❡❡ ❞❡❝❛❞❡s ❤❛✈❡ ♣❛ss❡❞ s✐♥❝❡ ❋❡②♥♠❛♥✬s ♦r✐❣✐♥❛❧ ♣r♦♣♦s❛❧ ❛♥❞
♠✉❝❤ ✇♦r❦ ❤❛s ❜❡❡♥ ❞♦♥❡✱ ❜♦t❤ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❛♣♣❧✐❡❞✱ ❛tt❡♠♣t✐♥❣ t♦ ♠❛❦❡
t❤✐s ♣r♦♣♦s❛❧ ❛ r❡❛❧✐t②✳ ❚❤❡ ♠❛✐♥ ♦❜st❛❝❧❡s t❤❛t ♥❡❡❞ t♦ ❜❡ ♦✈❡r❝♦♠❡ ✐❢ ❛
q✉❛♥t✉♠ ❝♦♠♣✉t❡r ✐s t♦ ❜❡ ❜✉✐❧t ❝❛♥ ❜❡ ❜r♦❛❞❧② s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿
✶✳ ❋✐♥❞ ♣❤②s✐❝❛❧ s②st❡♠s ✇✐t❤ s✉✐t❛❜❧❡ ♣r♦♣❡rt✐❡s t♦ st♦r❡ q✉❛♥t✉♠ ❜✐ts✳ ■♥
❛ ❣❡♥❡r❛❧ s❡♥s❡✱ t❤❡ s②st❡♠ ✐♥ q✉❡st✐♦♥ s❤♦✉❧❞ ❜❡✱ ✐♥ s♦♠❡ r❡❣✐♠❡✱ ❡q✉✐✈✲
❛❧❡♥t t♦ ❛ q✉❛♥t✉♠ t✇♦ ❧❡✈❡❧ s②st❡♠✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♣❤②s✐❝❛❧ s②st❡♠s
t❤❛t ♥❛t✉r❛❧❧② ❛❧r❡❛❞② ♣r❡s❡♥t t❤✐s ❝❤❛r❛❝t❡r✐st✐❝✱ s✉❝❤ ❛s ♥✉❝❧❡❛r✱ ❛t♦♠✐❝
♦r ♠♦❧❡❝✉❧❛r s♣✐♥s ♦r ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ s②st❡♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛♥②
❛rt✐✜❝✐❛❧ s②st❡♠s ❝❛♥ ❜❡ ❢❛❜r✐❝❛t❡❞ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ q✉❛❧✐t✐❡s✳ ❙♦♠❡ ❡①✲
❛♠♣❧❡s ♦❢ ♣r♦♣♦s❡❞ s②♥t❤❡t✐❝ q✉❜✐ts ❛r❡ t❤♦s❡ ❦♥♦✇♥ ❛s q✉❛♥t✉♠ ❝✐r❝✉✐ts✱
❧✐❦❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝❤❛r❣❡ ♦r ✢✉① q✉❜✐ts✱ ♦r s❡♠✐❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠
❞♦ts✳
✶✵ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥
✷✳ ❋✐♥❞ ♠❡❝❤❛♥✐s♠s t♦ ✐♥✐t✐❛❧✐③❡✱ r❡❛❞✲♦✉t✱ ✇r✐t❡ ❛♥❞ ♠❛♥✐♣✉❧❛t❡ ✐♥❞✐✈✐❞✉❛❧
q✉❜✐ts ❛s ✇❡❧❧ ❛s t♦ ❝♦✉♣❧❡ ♠✉❧t✐♣❧❡ q✉❜✐ts ♣r♦❞✉❝✐♥❣ ❡♥t❛♥❣❧❡♠❡♥t ❛♥❞
❝r❡❛t✐♥❣ q✉❛♥t✉♠ ❧♦❣✐❝ ❣❛t❡s✳ ❇❡s✐❞❡s st♦r✐♥❣ ✐♥❢♦r♠❛t✐♦♥✱ q✉❜✐ts ♠✉st
❛❧s♦ ❛❧❧♦✇ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦ ❜❡ ♠❛♥✐♣✉❧❛t❡❞ ❡✛❡❝t✐✈❡❧②✳ ❆❧s♦✱ ✐t ♠✉st
❜❡ ♣♦ss✐❜❧❡ t♦ tr❛♥s❢❡r ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❛r❡❛s ♦❢ t❤❡ s②st❡♠
t❤r♦✉❣❤ ✇❤❛t ✐s ❦♥♦✇♥ ❛s ❛ q✉❛♥t✉♠ ❜✉s✳ ❖♥❡ ♦❢ t❤❡ ♠♦r❡ ♥❛t✉r❛❧
♠❡t❤♦❞s t♦ ❛❝❤✐❡✈❡ ♠❛♥② ♦❢ t❤❡s❡ r❡q✉✐r❡♠❡♥ts ✐s t♦ ✉s❡ ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ r❛❞✐❛t✐♦♥✳ P❤♦t♦♥s ❛r❡ ♥❛t✉r❛❧❧② q✉❛♥t✉♠ ♦❜❥❡❝ts ❛♥❞ ♣r♦✈✐❞❡ ❛♥
❡①❝❡❧❧❡♥t ♠❡❛♥s ❢♦r tr❛♥s❢❡rr✐♥❣ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥✳
✸✳ ▼❛✐♥t❛✐♥ t❤❡ q✉❜✐t q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✳ ◗✉❛♥t✉♠ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❡①✲
tr❡♠❡❧② ❢r❛❣✐❧❡ ❛♥❞ ✈❡r② s❡♥s✐t✐✈❡ t♦ ❡①t❡r♥❛❧ ♣❡rt✉❜❛t✐♦♥s✳ ❊✈❡♥ s♠❛❧❧
✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡ s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❝❛♥ q✉✐❝❦❧② ❞❡str♦② t❤❡
q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝❧❛ss✐❝❛❧ ❜❡❤❛✈✐♦r✳ ❚❤✐s
❢❛❝t♦r ❝♦♠♣❡t❡s ❞✐r❡❝t❧② ✇✐t❤ t❤❡ ❡❛s❡ ♦❢ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❛ q✉❜✐t s✐♥❝❡
t❤❡ ♠♦r❡ ✐s♦❧❛t❡❞ t❤❡ s②st❡♠ ♥❡❡❞s t♦ ❜❡ ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡
❤❛r❞❡r ✐t ✇✐❧❧ ❜❡ t♦ ❝♦❤❡r❡♥t❧② ✐♥t❡r❛❝t ✇✐t❤ t❤❡ s②st❡♠✳
❲✐t❤ t❤❡s❡ ♦❜st❛❝❧❡s ✐♥ ♠✐♥❞✱ t❤❡ st✉❞② ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧
♣❤♦t♦♥s ✇✐t❤ ❝❛♥❞✐❞❛t❡ q✉❜✐t s②t❡♠s ✐s ♦❢ s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝❡✳ ❚❤❡ ❛r❝❤❡t②♣✐❝❛❧
❡①❛♠♣❧❡ ❢♦r t❤✐s t②♣❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ❛r❡ s②st❡♠s ❜❛s❡❞ ♦♥ ❈❛✈✐t② ◗✉❛♥t✉♠
❊❧❡❝tr♦❞②♥❛♠✐❝s ✭❈◗❊❉✮ ❬✷❪✳ ❚❤❡s❡ ❝♦♥s✐st ♦❢ ❛ q✉❛♥t✉♠ t✇♦ ❧❡✈❡❧ s②st❡♠
❝♦✉♣❧❡❞ t♦ ❛ s✐♥❣❧❡ ♠♦❞❡ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♣❤♦t♦♥s
st♦r❡❞ ✐♥ ❛ ❝❛✈✐t②✳ ❋♦r ❛ s②st❡♠ ♦❢ t❤✐s t②♣❡ t♦ ❜❡ ✉s❡❢✉❧ ❢♦r q✉❛♥t✉♠ ❝♦♥♣✉t✐♥❣✱
t❤❡ ♣❤♦t♦♥✲q✉❜✐t ❝♦✉♣❧✐♥❣ ✐♥t❡♥s✐t② ♠✉st s✉r♣❛ss t❤❡ ❞❡❝♦❤❡r❡♥❝❡ r❛t❡s ♦❢ ❜♦t❤
t❤❡ q✉❜✐t ❛♥❞ t❤❡ ❝❛✈✐t②✳ ❚❤✐s ✐s ❦♥♦✇♥ ❛s t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡ ❛♥❞
✇♦✉❧❞ ❛❧❧♦✇ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✉♠ ♦♣❡r❛t✐♦♥s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡
s②st❡♠✬s ❧✐❢❡t✐♠❡✳
❲✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛tt❛✐♥✐♥❣ ❧❛r❣❡r ❛♥❞ ❧❛r❣❡r ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ ❝❛✈✐t②
♣❤♦t♦♥s ❛♥❞ q✉❜✐t s②st❡♠s✱ ♠❛♥② ❞✐✛❡r❡♥t ❝❛✈✐t② ❛♥❞ q✉❜✐t ❝♦♠❜✐♥❛t✐♦♥s ❤❛✈❡
❜❡❡♥ st✉❞✐❡❞✱ s♦♠❡ ♦❢ ✇❤✐❝❤ ❛❧❧♦✇ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡ t♦ ❜❡ r❡❛❝❤❡❞✳
❬✸✱ ✹✱ ✺✱ ✻✱ ✷❪✳ ❖♥❡ ♦❢ t❤❡ ♠♦r❡ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤❡s ✐s t❤❡ ✜❡❧❞ ❦♥♦✇♥ ❛s
❈✐r❝✉✐t ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s ✭❈✐r❝✉✐t ◗❊❉✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥
✉s✐♥❣ ♠✐❝r♦✇❛✈❡ ✐♥t❡❣r❛t❡❞ ❝✐r❝✉✐t t❡❝❤♥♦❧♦❣✐❡s ❛♥❞ s✉♣❡r❝♦♥❞✉❝t♦rs t♦ ❢❛❜✲
r✐❝❛t❡ ❝❛✈✐t✐❡s ❛♥❞ q✉❜✐ts s♣❡❝✐❛❧❧② ❛❞❛♣t❡❞ t♦ t❤❡ q✉❛♥t✉♠ ♣r♦❝❡ss✐♥❣ ♦❢ ✐♥✲
❢♦r♠❛t✐♦♥ ❬✼❪✳ ❖♥❡ ♦❢ t❤❡ ♠♦r❡ s✉❝❝❡ss❢✉❧ s②st❡♠s ✐s t❤❡ ❝❤❛r❣❡ q✉❜✐t ❬✽❪ ✭♦r
❈♦♦♣❡r ♣❛✐r ❜♦①✮ ❝♦✉♣❧❡❞ t♦ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r
t❤r♦✉❣❤ t❤❡ ❡❧❡❝tr✐❝ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❬✾❪✳ ❚❤❡ ❣❡♦♠❡tr②
♦❢ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❛❧❧♦✇s t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞❡♥s✐t② ✭❛♥❞ ❝♦♥s❡✲
q✉❡♥t❧② t❤❡ ❝♦✉♣❧✐♥❣✮ t♦ ❜❡ ✐♥❝r❡❛s❡❞ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
♠✐❝r♦✇❛✈❡ ❝❛✈✐t②✳ ❚❤✐s s②st❡♠ ♣r❡s❡♥ts str♦♥❣ ❝♦✉♣❧✐♥❣ ❛♥❞ ❛❧❧♦✇s ♦♣❡r❛t✐♦♥s
t♦ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ q✉❜✐t ❛s ✇❡❧❧ ❛s ❡st❛❜❧✐s❤✐♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♠✉❧t✐♣❧❡
✶✶
q✉❜✐ts ❛♥❞ ❡♥t❛♥❣❧❡♠❡♥t t❤r♦✉❣❤ t❤❡ ❝❛✈✐t② ❬✶✵✱ ✶✶✱ ✶✷✱ ✶✸❪✳
❈❛♥❞✐❞❛t❡ q✉❜✐t s②st❡♠s t❤❛t ❝♦✉♣❧❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t✱ s✉❝❤
❛s s♦❧✐❞ st❛t❡ s♣✐♥ ❡♥s❡♠❜❧❡s✱ ❛r❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡✐r ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s
❢♦r q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ st♦r❛❣❡ ❛♥❞ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ♣r♦✈✐❞❡ ❛♥ ✐♥t❡r❝♦♥♥❡❝t
❜❡t✇❡❡♥ r❛❞✐♦ ❢r❡q✉❡♥❝② ❛♥❞ ♦♣t✐❝❛❧ ♣❤♦t♦♥s ❬✶✹✱ ✶✺✱ ✶✻❪✳ ❊①♣❡r✐♠❡♥ts ♣❡r✲
❢♦r♠❡❞ ✐♥ r❡❝❡♥t ②❡❛rs ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦❤❡r❡♥t❧② ❝♦✉♣❧✐♥❣
❡♥s❡♠❜❧❡s ♦❢ ◆❱ ❛♥❞ P✶ ❝❡♥t❡rs ✐♥ ❞✐❛♠♦♥❞ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡s♦♥❛t♦rs
❬✶✼✱ ✶✽✱ ✶✾❪ ♦r ✢✉① q✉❜✐ts ❬✷✵❪✳ ❚❤❡s❡ ❞✐❛♠♦♥❞ ❞❡❢❡❝ts ❛❝t ❛s S = 1 s♣✐♥s ❛♥❞
❝♦❧❧❡❝t✐✈❡❧② ❝♦✉♣❧❡ t♦ t❤❡ q✉❛♥t✉♠ ❝✐r❝✉✐t ♣r♦✈✐❞✐♥❣ ❛
√
N ❡♥❤❛♥❝❡♠❡♥t t♦ t❤❡
❝♦✉♣❧✐♥❣✱ N ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s✳ ❚❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡ ✐s ❛❝❤✐❡✈❡❞
✐♥ t❤✐s ❝❛s❡ t❤❛♥❦s t♦ t❤✐s ❡♥❤❛♥❝❡♠❡♥t ❛♥❞ t♦ t❤❡ ❡①❝❡❧❧❡♥t ❝♦❤❡r❡♥❝❡ t✐♠❡ ♦❢
t❤❡s❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡rs ✭✉♣ t♦ ✶✲2♠s ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✮✳ ❙tr♦♥❣ ♠❛❣♥❡t✐❝
❝♦✉♣❧✐♥❣ ❤❛s ❛❧s♦ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❜❡t✇❡❡♥ s♣✐♥ 1/2 ♣❛r❛♠❛❣♥❡t✐❝ r❛❞✐❝❛❧s
❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t✐❡s ❬✷✶✱ ✷✷❪✳
❚❤❡ ✉s❡ ♦❢ s♣✐♥ q✉❜✐ts ❛❧s♦ ♦♣❡♥s ✉♣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ s♦♠❡✇❤❛t
♠♦r❡ ❝♦♠♣❧❡① ♠❛❣♥❡t✐❝ s②st❡♠s✳ ▼❛♥② ♠❛❣♥❡t✐❝ s②st❡♠s ♣r❡s❡♥t ✐♠♣♦rt❛♥t
q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ❢r♦♠ t❤❡ ✉s✉❛❧ q✉❜✐t ❝❛♥❞✐❞❛t❡s ❛♥❞ ❝♦✉❧❞ ♣r♦✈✐❞❡ ✐♥t❡r✲
❡st✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❙✐♥❣❧❡
▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts ✭❙▼▼s✮ ❬✷✸✱ ✷✹✱ ✷✺❪ ❛r❡ ❛ t②♣❡ ♦❢ ♦r❣❛♥♦♠❡t❛❧❧✐❝ ♠♦❧❡❝✉❧❡
❝♦♥s✐st✐♥❣ ♦❢ ❛ ❤✐❣❤ s♣✐♥ ♠❛❣♥❡t✐❝ ❝♦r❡ s✉rr♦✉♥❞❡❞ ❜② ♦r❣❛♥✐❝ ❧✐❣❛♥❞s t❤❛t
♥❛t✉r❛❧❧② ❢♦r♠ ♠♦❧❡❝✉❧❛r ❝r②st❛❧s✳ ❚❤❡ ❤✐❣❤ s♣✐♥ ✈❛❧✉❡ s❤♦✉❧❞ ❝♦♥tr✐❜✉t❡ t♦
❛tt❛✐♥ str♦♥❣❡r ❝♦✉♣❧✐♥❣ r❡❣✐♠❡s ❛♥❞ ❛❧❧♦✇ t❤❡s❡ ❝r②st❛❧s t♦ ❜❡ ✉s❡❞ ❛s q✉❛♥✲
t✉♠ ♠❡♠♦r✐❡s ❬✶✹✱ ✶✺✱ ✶✻❪✳ ❙▼▼s ❛r❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❜❡
❝❤❡♠✐❝❛❧❧② ❡♥❣✐♥❡❡r❡❞ t♦ ❢✉❧✜❧❧ ♠❛♥② ❞✐✛❡r❡♥t r♦❧❡s✳ ❘❡str✐❝t✐♥❣ ♦✉rs❡❧✈❡s t♦
q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡s❡ ♠♦❧❡❝✉❧❡s ❝♦✉❧❞ ♥♦t ♦♥❧② ❛❝t ❛s ✐♥✲
❞✐✈✐❞✉❛❧ q✉❜✐ts ❬✷✻✱ ✷✼❪✱ ❜✉t ❛❧s♦ ❜❡ ❞❡s✐❣♥❡❞ t♦ ❡♠❜♦❞② ♠✉❧t✐♣❧❡ ✇❡❛❦❧② ♦r
str♦♥❣❧② ❝♦✉♣❧❡❞ q✉❜✐ts ❬✷✽✱ ✷✾✱ ✸✵❪ ♣❡r❢♦r♠✐♥❣ ❛s q✉❛♥t✉♠ ❧♦❣✐❝ ❣❛t❡s ❬✸✶❪ ♦r
q✉❛♥t✉♠ s✐♠✉❧❛t♦rs ❬✸✷❪✳
▼❛♥② ♦❢ t❤❡s❡ ♠♦r❡ ❡❧❛❜♦r❛t❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❙▼▼s t♦ q✉❛♥t✉♠ ✐♥❢♦r♠❛✲
t✐♦♥ r❡q✉✐r❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s t♦ ❛ r❡s♦♥❛t♦r✬s ♠❛❣♥❡t✐❝ ✜❡❧❞✱
❛♥ ❡✈❡♥ ❣r❡❛t❡r ❝❤❛❧❧❡♥❣❡ t❤❛♥ t❤❡ ❝♦✉♣❧✐♥❣ t♦ ♠❛❝r♦s❝♦♣✐❝ ❝r②st❛❧s✳ ■❢ t❤✐s
❧✐♠✐t ✇❡r❡ ❛❝❤✐❡✈❛❜❧❡✱ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ✉s❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts t♦
❝♦❤❡r❡♥t❧② ♠❛♥✐♣✉❧❛t❡ ❛♥❞ tr❛♥s❢❡r ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ s♣✐♥ q✉❜✐ts t❤❡r❡❢♦r❡
♣r♦✈✐❞✐♥❣ ❛♥ ❛❞❡q✉❛t❡ ❛r❝❤✐t❡❝t✉r❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡s✲
s♦r✳ ❚❛❦✐♥❣ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❈✐r❝✉✐t ◗❊❉ s②st❡♠s✱ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡ ❜✉✐❧❞✐♥❣ ❛
s②st❡♠ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✳ ■♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ✇♦✉❧❞
❜❡ ♣❧❛❝❡❞ ❛t ❝❛✈✐t② ❧♦❝❛t✐♦♥s ✇✐t❤ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢♦r t❤❡ ❞❡s✐r❡❞
♠♦❞❡✳ ❊❛❝❤ s♣✐♥ ❝♦✉❧❞ ❜❡ t✉♥❡❞ ✐♥t♦ ❛♥❞ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ ❝❛✈✐t②
✉s✐♥❣ ❧♦❝❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛♣♣❧✐❡❞ ✉s✐♥❣ ✇✐r❡s ♦r ♠✐❝r♦❝♦✐❧s t❤✉s s❡❧❡❝t✐✈❡❧②
❛❧❧♦✇✐♥❣ t❤❡ tr❛♥s❢❡r ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ ♠♦❧❡❝✉❧❡s ❛♥❞ ❝❛✈✐t② ♣❤♦t♦♥s✳
✶✷ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥
❋✐❣✉r❡ ✶✳✶✿ P♦ss✐❜❧❡ ❛r❝❤✐t❡❝t✉r❡ ❢♦r ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r✳ ❊❛❝❤ s♣✐♥ ✇♦✉❧❞
❜❡ ♣❧❛❝❡❞ ❛❧♦♥❣ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r ❛t ❧♦❝❛t✐♦♥s ✇❤❡r❡ ♠✐❝r♦✇❛✈❡ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♠❛①✐♠✉♠ ❢♦r t❤❡ ❞❡s✐r❡❞ ❝❛✈✐t② ♠♦❞❡✳ ❊❛❝❤ s♣✐♥ ❝♦✉❧❞ ❜❡ t✉♥❡❞ ✐♥t♦
❛♥❞ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ✉s✐♥❣ ❧♦❝❛❧❧② ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s t❤r♦✉❣❤ ✇✐r❡s ♦r ♠✐❝r♦❝♦✐❧s✳
❊♥t❛♥❣❧❡♠❡♥t ❜❡t✇❡❡♥ ♠✉❧t✐♣❧❡ q✉❜✐ts ✐♥ t❤❡ s❛♠❡ ❝❛✈✐t② ✇♦✉❧❞ ❛❧s♦ ❜❡ ✈✐❛❜❧❡✳
❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ t❡st t❤❡ ✈✐❛❜✐❧✐t② ♦❢ ♣r♦♣♦s❛❧s ❧✐❦❡ t❤❡
♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶ ❛♥❞ t❛❦❡ t❤❡ ✜rst st❡♣s t♦✇❛r❞s ✐ts r❡❛❧✐③❛t✐♦♥✳ ❚❤❡
❝✉rr❡♥t❧② ❛❝❤✐❡✈❛❜❧❡ ❝♦✉♣❧✐♥❣s ❢♦r s✐♥❣❧❡ s♣✐♥s ❛r❡ st✐❧❧ t♦♦ s♠❛❧❧ t♦ ♦✈❡r❝♦♠❡
t❤❡ ❧✐♠✐ts ❣✐✈❡♥ ❜② t❤❡✐r ❝♦❤❡r❡♥❝❡ t✐♠❡s✳ ❚❤✐s ❧❡❛✈❡s ✉s t✇♦ ❛❧t❡r♥❛t✐✈❡s t♦
✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣✿
✶✳ ❋✐♥❞ s♣✐♥ s②st❡♠s ✇✐t❤ ❜❡tt❡r ♣r♦♣❡rt✐❡s✱ ❜♦t❤ ✇✐t❤ ❜❡tt❡r ❝♦✉♣❧✐♥❣ ❛♥❞
❜❡tt❡r ❝♦❤❡r❡♥❝❡✳
✷✳ ▼♦❞✐❢② t❤❡ ❝❛✈✐t✐❡s ✉s❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ t❤❡r❡❢♦r❡✱
t❤❡ ❝♦✉♣❧✐♥❣✳
❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ t❤✐s t❤❡s✐s ✇✐❧❧ ❛❞❞r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥ts✿
✶✳ ❊st❛❜❧✐s❤ ✇❤❛t ❝❤❛r❛❝t❡r✐st✐❝s s♣✐♥ s②st❡♠s s❤♦✉❧❞ ❤❛✈❡ ✐♥ ♦r❞❡r t♦ ♦♣✲
t✐♠✐③❡ t❤❡✐r ❝♦✉♣❧✐♥❣ t♦ ❛ q✉❛♥t✉♠ ❝✐r❝✉✐t✳
✷✳ ❙t✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s ♦❢ ❙▼▼s ❛♥❞ ❝❤❡❝❦ ✐❢ t❤❡② ❢✉❧✜❧❧
t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s ❢♦r str♦♥❣ ❝♦✉♣❧✐♥❣✱ ❜♦t❤ ❛s ❝r②st❛❧❧✐♥❡ ❡♥s❡♠❜❧❡s
❛♥❞ ❛s ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s✳
✸✳ ❉❡s✐❣♥ ♥❡✇ r❡s♦♥❛t♦rs ❢♦r ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❈✐r❝✉✐t ◗❊❉ s❝❤❡♠❡s t♦ ❝♦♥❝❡♥✲
tr❛t❡ t❤❡ ♠✐❝r♦✇❛✈❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ s♠❛❧❧ r❡❣✐♦♥s✳ ❚❤✐s ✇♦✉❧❞ ♦♣t✐♠✐③❡
✶✸
t❤❡ ❝♦✉♣❧✐♥❣ t♦ s♠❛❧❧ ❣r♦✉♣s ♦❢ s♣✐♥s ♦r ♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡s✳ ❊①♣❧♦r❡
❛❧s♦ ✇❤❡t❤❡r ♦r ♥♦t t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥tr♦❞✉❝❡ s✉❜st❛♥t✐❛❧ ❝❤❛♥❣❡s t♦
t❤❡ ❜❛s✐❝ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s✳
❋♦❧❧♦✇✐♥❣ t❤✐s ❧♦❣✐❝❛❧ s❡q✉❡♥❝②❡✱ t❤✐s t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿
• ❋✐rst❧②✱ ✐♥ ❝❤❛♣t❡r ✷✱ ✇❡ ♣r❡s❡♥t ❛ r❡✈✐❡✇ ♦❢ t❤❡ ♠❛✐♥ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤✲
♥✐q✉❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ✇♦r❦✳
• ■♥ ❝❤❛♣t❡r ✸ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ✐♥✈♦❧✈❡❞ ✐♥ ❈❛✈✐t② ❛♥❞
❈✐r❝✉✐t ◗❊❉ ❛♥❞ r❡✈✐❡✇ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳
❲❡ ♣r❡s❡♥t ❛ ♣r♦♣♦s❛❧ ❢♦r ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣
❛♥❞ s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ ♦❜st❛❝❧❡s ❢♦r ✐t✳
• ■♥ ❝❤❛♣t❡r ✹ ✇❡ ✐♥tr♦❞✉❝❡ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts ✭❙▼▼s✮ ❛s ♣♦ss✐❜❧❡
❝❛♥❞✐❞❛t❡s t♦ r❡❛❧✐③❡ s♣✐♥ q✉❜✐ts✳ ❲❡ ❡①♣❧♦r❡ t❤❡✐r s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞
❞✐s❝✉ss t❤❡ ❞❡s✐r❛❜❧❡ q✉❛❧✐t✐❡s ❢♦r t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✲
✐♥❣✳ ❯s✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✇❡ s✐♠✉❧❛t❡ t❤❡ r❢ ✜❡❧❞s t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞
❜② ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ❛♥❞ ❡st✐♠❛t❡ t❤❡✐r
❝♦✉♣❧✐♥❣ t♦ ✇❡❧❧ ❦♥♦✇♥ ❙▼▼ s②st❡♠s✳
• ❆ s♣❡❝✐✜❝ t②♣❡ ♦❢ ❙▼▼ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r ✺✱ ♥❛♠❡❧② ❙✐♥❣❧❡ ■♦♥
▼❛❣♥❡ts ✭❙■▼s✮✳ ❚❤❡ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s t❤❛t ♠❛❦❡ t❤✐s t②♣❡ ♦❢ s②st❡♠
❛ttr❛❝t✐✈❡ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞ ❛♥❞ t✇♦ ❡①❛♠♣❧❡s✱
●❞❲✸✵ ❛♥❞ ❚❜❲✸✵✱ ❛r❡ st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧✳ ❋✐♥❛❧❧②✱ t❤❡ ❡①♣❡❝t❡❞ ❝♦✉♣❧✐♥❣s
❛♥❞ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡s❡ ❙■▼s ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ st❛♥❞❛r❞
❙▼▼s✳
• ■♥ ❝❤❛♣t❡r ✻ ✇❡ ❞✐s❝✉ss t❤❡ ❞❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣
❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ❛♥❞ ❣✐✈❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞
❝❤❛r❛❝t❡r✐st✐❝s t❤❡ r❡s♦♥❛t♦rs ❢❛❜r✐❝❛t❡❞ ❢♦r t❤✐s ✇♦r❦✳ ❲❡ t❤❡♥ ❢❛❜r✐❝❛t❡
❛♥❞ ♠❡❛s✉r❡ t❤❡ ❡✛❡❝ts ♦❢ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ t❤❡ ❝❡♥t❡r ❧✐♥❡
♦❢ ♦✉r r❡s♦♥❛t♦rs ❛♥❞ st✉❞② t❤❡ ❡✛❡❝t t❤❡② ❤❛✈❡ ♦♥ t❤❡ tr❛♥s♠✐ss✐♦♥
♣❛r❛♠❡t❡rs✳
• ■♥ ❝❤❛♣t❡r ✼ ✇❡ ♣r❡s❡♥t s♣❡❝tr♦s❝♦♣② ♠❡❛s✉r❡♠❡♥ts ♦❢ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝
s❛♠♣❧❡s ✉s✐♥❣ ❜♦t❤ r❡s♦♥❛t♦rs ❛♥❞ ♦♣❡♥ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ❛♥❞ ❝♦♠♣❛r❡
t❤❡ ♠❡❛s✉r❡♠❡♥ts t♦ t❤❡ ✈❛❧✉❡s ♣r❡❞✐❝t❡❞ ✉s✐♥❣ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳ ❲❡
t❡st t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♥❛♥♦s❝❛❧❡ ❝♦♥str✐❝t✐♦♥s ✐♥ r❡s♦♥❛t♦rs ✇❤❡♥ ✐t
❝♦♠❡s t♦ ♣❡r❢♦r♠✐♥❣ s♣❡❝tr♦s❝♦♣② ♦♥ ♠✐❝r♦✲♠❡tr✐❝ s❛♠♣❧❡s✳
• ❋✐♥❛❧❧②✱ ❝❤❛♣t❡r ✽ ✐s ❞❡❞✐❝❛t❡❞ t♦ s✉♠♠❛r✐③✐♥❣ ♦✉r ❝♦♥❝❧✉s✐♦♥s✳
✶✹ ❘❊❋❊❘❊◆❈❊❙
❘❡❢❡r❡♥❝❡s
❬✶❪ ❘✳ P✳ ❋❡②♥♠❛♥✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s ✷✶✱ ✹✻✼
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✷✳✶ ■♥tr♦❞✉❝t✐♦♥
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s ❛♥❞ ❡q✉✐♣♠❡♥t
✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ❚❤❡② ❝❛♥ ❜❡ ❜r♦❛❞❧② ❞✐✈✐❞❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛t❡❣♦r✐❡s✿
• ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
• ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s
• ❘❋ ❝✐r❝✉✐t ♠❡❛s✉r❡♠❡♥t
• ▲♦❝❛❧ s❝❛♥♥✐♥❣ ♣r♦❜❡ s②st❡♠s
• ❙♦❢t✇❛r❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s
✷✳✷ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
✷✳✷✳✶ ❊❧❡❝tr♦♥ P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡
P❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✐s ❛ ❢♦r♠ ♦❢ s♣❡❝tr♦s❝♦♣② ✐♥ ✇❤✐❝❤ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣✲
♥❡t✐❝ ✜❡❧❞ ✐♥❞✉❝❡s ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❛ s②st❡♠
♦❢ s♣✐♥s ❬✶❪✳ ❚❤❡s❡ r❡s♦♥❛♥❝❡s ❛r❡ ✉s✉❛❧❧② ✐♥ t❤❡ r❛❞✐♦ ❢r❡q✉❡♥❝② ✭❘❋✮ ✭✶ ▼❍③
t♦ ✶ ●❍③✮ ♦r ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ✭✶ ●❍③ t♦ ✶✵✵ ●❍③✮✳ ❊❧❡❝tr♦♥ ♣❛r❛✲
♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭♦r ❊P❘✮ ✐s r❡str✐❝t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s
♦❢ ❡❧❡❝tr♦♥✐❝ ♦r✐❣✐♥✱ ✉s✉❛❧❧② ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡ r❛♥❣❡✳ ■t ✐s ❝♦♥❝❡♣t✉❛❧❧② ✈❡r②
s✐♠✐❧❛r t♦ ♥✉❝❧❡❛r ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡s ✭◆▼❘✮ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t ◆▼❘
✇♦r❦s ✇✐t❤ ♥✉❝❧❡❛r s♣✐♥s ❛♥❞✱ ❤❡♥❝❡✱ ♠✉❝❤ ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s✳ ▼♦st ♠❛t❡r✐❛❧s
✶✽ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
❞♦ ♥♦t ❡①❤✐❜✐t ❡❧❡❝tr♦♥✐❝ ♣❛r❛♠❛❣♥❡t✐s♠ ❛♥❞ ❤❡♥❝❡ ❞♦ ♥♦t ♣r♦❞✉❝❡ ❛♥ ❊P❘
s✐❣♥❛❧ ✭❛❧t❤♦✉❣❤ t❤❡② ❣❡♥❡r❛❧❧② ♣r♦❞✉❝❡ ◆▼❘ s✐❣♥❛❧s✮✳ ❚❤❡ ❡❧❡❝tr♦♥✐❝ s❤❡❧❧s
❛r❡ ✉s✉❛❧❧② ✜❧❧❡❞ ❛♥❞ ❤❛✈❡ ♥♦ r❡s✉❧t❛♥t ❡❧❡❝tr♦♥✐❝ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦r ♠❛❣✲
♥❡t✐❝ ♠♦♠❡♥t✳ ❚❤✐s ♠❛❦❡s ❊P❘ ❧❡ss ✇✐❞❡❧② ✉s❡❞ t❤❛♥ ◆▼❘ ❜✉t ✐t ❛❧s♦ ♠❡❛♥s
t❤❛t✱ ✇❤❡♥ ✐ts ✉s❡ ✐s ♣♦ss✐❜❧❡✱ ✐t ❝❛♥ ♦✛❡r ✈❡r② ❝❧❡❛r s✐❣♥❛❧s ❛♥❞ ❛ ❣r❡❛t ❞❡❛❧ ♦❢
✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s❛♠♣❧❡✳
❚❤❡ t②♣✐❝❛❧ ❊P❘ s❡t✉♣ ❝♦♥s✐sts ♦❢ ❛ r❡s♦♥❛♥t ❝❛✈✐t② t❤❛t ❝❛♥ ❜❡ ✐rr❛❞✐❛t❡❞
✇✐t❤ ❛ ✜①❡❞ ❢r❡q✉❡♥❝② ♠✐❝r♦✇❛✈❡ s♦✉r❝❡✳ ❚❤❡ ♣❛r❛♠❛❣♥❡t✐❝ s❛♠♣❧❡ ✐s t❤❡♥
♣❧❛❝❡❞ ✐♥s✐❞❡ t❤❡ ❝❛✈✐t② ❛♥❞ ❝❛♥ ❜❡ s✉❜❥❡❝t❡❞ t♦ ❛♥ ❡①t❡r♥❛❧ ❉❈ ♠❛❣♥❡t✐❝
✜❡❧❞✱ ✉s✉❛❧❧② ❛♣♣❧✐❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝❛✈✐t② ♠✐❝r♦✇❛✈❡ ✜❡❧❞ ✉s✐♥❣ ❧❛r❣❡
❡❧❡❝tr♦♠❛❣♥❡ts✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ♣❛r❛♠❛❣♥❡t✐❝ ✐♦♥ ♦r ♠♦❧❡❝✉❧❡ ❤❛s ❞✐s❝r❡t❡ ❡♥❡r❣②
❧❡✈❡❧s ✉s✉❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ q✉❛♥t✉♠ ♥✉♠❜❡r✳ ■♥
t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✇✐❧❧ ❜❡ ❞❡❣❡♥❡r❛t❡ s❛✈❡ ❢♦r
♣♦ss✐❜❧❡ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ❡✛❡❝ts ❣✐✈❡♥ ❜② t❤❡ r❡❧❡✈❛♥t s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥✳ ❚❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢✉rt❤❡r s♣❧✐ts t❤❡ ❡♥❡r❣② ❧❡✈❡❧s t❤r♦✉❣❤
t❤❡ ❩❡❡♠❛♥ ❡✛❡❝t✱ ♠❛❦✐♥❣ t❤❡ ❧❡✈❡❧ s❡♣❛r❛t✐♦♥s ❝❤❛♥❣❡ ❛s t❤❡ ✜❡❧❞ ❝❤❛♥❣❡s✳
❲❤❡♥ t❤❡ ❧❡✈❡❧ s♣❧✐tt✐♥❣ ❡q✉❛❧s t❤❡ ♣❤♦t♦♥ ❡♥❡r❣② ♦❢ t❤❡ ❝❛✈✐t② ♣❤♦t♦♥s✱ ❛
♥❡t ❛❜s♦r♣t✐♦♥ ✐s ♦❜s❡r✈❡❞✳ ❚❤❡ ❡①❛❝t ♣♦s✐t✐♦♥ ❛♥❞ ♥✉♠❜❡r ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥
❧✐♥❡s ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ③❡r♦✲✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥✱ ✐ts ❣②r♦♠❛❣♥❡t✐❝ r❛t✐♦s✱
❛s ✇❡❧❧ ❛s ❤♦✇ t❤❡ ♣❛r❛♠❛❣♥❡t ✐♥t❡r❛❝ts ✇✐t❤ ✐ts ❡♥✈✐r♦♥♠❡♥t✱ s✉❝❤ ❛s ♥✉❝❧❡❛r
s♣✐♥s ✭❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣✮✳
■♥ t❤✐s ✇♦r❦ ✇❡ ❛r❡ s♣❡❝✐✜❝❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ ♣❛r❛♠❛❣♥❡t✐❝ r❛r❡ ❡❛rt❤ ✐♦♥s✳
❚❤❡s❡ ✐♦♥s ❤❛✈❡ ✐♥❝♦♠♣❧❡t❡ 4f ❡❧❡❝tr♦♥✐❝ s❤❡❧❧s✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ ♥❡t ❛t♦♠✐❝
❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛♥❞ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t✳ ❆ t②♣✐❝❛❧ ❡♥❡r❣② ❧❡✈❡❧ s♣❡❝tr✉♠ ✐s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶ ❛❧♦♥❣ ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ ❊P❘ s♣❡❝tr✉♠✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝
s❤❛♣❡ ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ✐♥ t❤❡ ❊P❘ s♣❡❝tr✉♠ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♠♦st
❊P❘ s②st❡♠s ✉s❡ ❛ s♠❛❧❧ ❤❛r♠♦♥✐❝ ✜❡❧❞ ♠♦❞✉❧❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s ❣r❡❛t❡r s❡♥✲
s✐t✐✈✐t② ❜② ✉s✐♥❣ ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ t♦ r❡❞✉❝❡ ♥♦✐s❡ ❜✉t ♣r♦❞✉❝❡s t❤❡ ❞❡r✐✈❛t✐✈❡
✐♥st❡❛❞ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥✳
❚❤❡ ❊P❘ s♣❡❝tr✉♠ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ✇❛✈❡
❊P❘ ❡①♣❡r✐♠❡♥t✳ ■♥ t❤✐s t②♣❡ ♦❢ ♠❡❛s✉r❡♠❡♥t✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❉❈ ✜❡❧❞ ✐s
s✇❡♣t s❧♦✇❧② ✇❤✐❧❡ t❤❡ ❝❛✈✐t② ✐s ❝♦♥st❛♥t❧② ✐rr❛❞✐❛t❡❞✳ ❆ s❡t ♦❢ s♠❛❧❧ ❝♦✐❧s
❛♣♣❧② t❤❡ ✜❡❧❞ ♠♦❞✉❧❛t✐♦♥ ❛♥❞ ❛ s♣❡❝tr✉♠ ❧✐❦❡ t❤❛t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶ ✐s
r❡❝♦r❞❡❞✳ ■♥ t❤✐s s❝❤❡♠❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❘❋ ✜❡❧❞ ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t
❛r❡ s✐♠✉❧t❛♥❡♦✉s✳ ❯♥❧❡ss t❤❡ ✜❡❧❞ ♠♦❞✉❧❛t✐♦♥ ❤❛s ❛ ✈❡r② ❤✐❣❤ ❢r❡q✉❡♥❝②✱ t❤✐s
♠❡t❤♦❞ ♦♥❧② ♣r♦✈✐❞❡s t❤❡ s♣❧✐tt✐♥❣s ♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ s♣✐♥ s②st❡♠✱ ❜✉t
❞♦❡s♥✬t ❣✐✈❡ ✉s ❛♥② ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s♣✐♥ ❞②♥❛♠✐❝s ♦r r❡❧❛①❛t✐♦♥✳
■♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ r❡❧❛①❛t✐♦♥ ❛♥❞ ❝♦❤❡r❡♥❝❡ ♦❢ ❛ s♣✐♥ s②st❡♠ ❝❛♥ ❜❡ ♦❜✲
t❛✐♥❡❞ ✉s✐♥❣ ♣✉❧s❡❞ ❊P❘ ♠❡t❤♦❞s ❬✹❪✳ ❚❤❡ ♣r♦t♦t②♣✐❝❛❧ ❡①♣❡r✐♠❡♥t ❝♦♥s✐sts
♦❢ ♠❡❛s✉r✐♥❣ t❤❡ s✐❣♥❛❧ ❡♠✐tt❡❞ ❜② t❤❡ s♣✐♥ s②st❡♠ ❛❢t❡r ❛ s❡r✐❡s ♦❢ ♠✐❝r♦✇❛✈❡
✷✳✷✳ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✶✾
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❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ ✭❈❲✮ ❊P❘ s♣❡❝tr✉♠✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡
❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❛ ●❞❲✸✵ ♣♦❧✐♦①♦♠❡t❛❧❛t❡ ♠♦❧❡❝✉❧❡ ❬✷✱ ✸❪ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❡❞
♠❛❣♥❡t✐❝ ✜❡❧❞ ✭②✲❛①✐s ❞✐r❡❝t✐♦♥✮✳ ❆t ❤✐❣❤ ✜❡❧❞s✱ t❤❡ ❧❡✈❡❧s ❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞
t♦ ✇❡❧❧ ❞❡✜♥❡❞ ✈❛❧✉❡s ♦❢ Sy✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❈❲ ❊P❘ s♣❡❝tr✉♠ ❢♦r t❤❡
s❛♠❡ ♠♦❧❡❝✉❧❡✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡
❧❡✈❡❧ s❡♣❛r❛t✐♦♥s ♦❢ ✾✳✽✻✹ ●❍③✱ t❤❡ ❝❤♦s❡♥ ❊P❘ ❝❛✈✐t② ❢r❡q✉❡♥❝② ✭❳✲❜❛♥❞✮✳ ●r❛♣❤ ❈
s❤♦✇s t❤❡ ♠♦❞✉❧❛t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❡❛s✉r❡♠❡♥t s❝❤❡♠❡ ❢♦r ❈❲ ❊P❘✳ ❚❤❡ s✐❣♥❛❧
r❡❝♦r❞❡❞ ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ✭♦r s❧♦♣❡✮ ♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ ❝✉r✈❡✳
♣✉❧s❡s✳ ❚❤❡ ♠❡❛s✉r❡❞ s✐❣♥❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ st❛t❡ t❤❡ s♣✐♥
s②st❡♠ ✇❛s ♣r❡♣❛r❡❞ ✐♥ ❜② t❤❡ ♠✐❝r♦✇❛✈❡ ♣✉❧s❡s✳ P✉❧s❡❞ ❊P❘ s✐❣♥❛❧s ❝♦♥✲
t❛✐♥ s♣❡❝tr❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧ ❛s s♣✐♥ r❡❧❛①❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❝❛♥ ❜❡
❡①tr❛❝t❡❞ ❜② ❢✉rt❤❡r ♣r♦❝❡ss✐♥❣✳ ❉✉r✐♥❣ t❤❡ s✐❣♥❛❧ ❛❝q✉✐s✐t✐♦♥ t❤❡r❡ ❛r❡ ♥♦ ♠✐✲
❝r♦✇❛✈❡s ❛♣♣❧✐❡❞ ❜✉t t❤❡ ♣✉❧s❡ t✐♠✐♥❣ ❛♥❞ t❤❡ r❡s♦♥❛t♦r ❜❛♥❞✇✐❞t❤ ❛r❡ ❝r✐t✐❝❛❧
❢❛❝t♦rs✳
❚❤❡r❡ ❛r❡ ♠❛♥② ♣✉❧s❡ s❡q✉❡♥❝❡s ✉s❡❞ ✐♥ ♣✉❧s❡❞ ❊P❘✱ ❜✉t ♦♥❡ ♦❢ t❤❡ ♠♦st
❝♦♠♠♦♥ ✐s t❤❡ t✇♦✲♣✉❧s❡ ❡❝❤♦✱ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✷✳ ❋♦r t❤✐s s❡q✉❡♥❝❡✱ t❤❡
❜❛❝❦❣r♦✉♥❞ ✜❡❧❞ ♦❢ t❤❡ ❊P❘ s②st❡♠ ✐s t✉♥❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ✇❡ ✇✐s❤ t♦
st✉❞②✳ ❆t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s♣✐♥ s②st❡♠ ✇✐❧❧ ❤❛✈❡ ✐ts ♠❛❣♥❡t✐③❛t✐♦♥ ❛❧✐❣♥❡❞
✇✐t❤ t❤✐s ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ ✐s ❛❧♦♥❣ t❤❡ ❩ ❞✐r❡❝t✐♦♥✳ ❚❤❡♥✱
❜② ❛♣♣❧②✐♥❣ ❛♥ ❘❋ π/2 ♣✉❧s❡✱ t❤❡ s♣✐♥s ❝❛♥ ❜❡ r♦t❛t❡❞ ♦♥t♦ t❤❡ ❳❨ ♣❧❛♥❡✳
❚❤❡ s♣✐♥s t❤❡♥ ♣r❡❝❡ss ❛t t❤❡ tr❛♥s✐t✐♦♥ ▲❛r♠♦r ❢r❡q✉❡♥❝② ✭ω = ωRF = γBz
✇❤❡r❡ γ ✐s t❤❡ ❣②r♦♠❛❣♥❡t✐❝ r❛t✐♦✮✳ ❚❤❡ ✐♥❞✉❝❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❞✉❝❡s ❧♦✇
✐♥t❡♥s✐t② ♠✐❝r♦✇❛✈❡s ✭≃ ♥❲✮ t❤❛t ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞✱ ❜✉t t❤❡ s✐❣♥❛❧ ❞❡❝❛②s
✭❦♥♦✇♥ ❛s ❢r❡❡ ✐♥❞✉❝t✐♦♥ ❞❡❝❛②✮ ❛s ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s♣✐♥ ♣r❡❝❡ss❡s ❛t s❧✐❣❤t❧②
❞✐✛❡r❡♥t s♣❡❡❞s t❤❛♥ t❤❡ r❡st✳ ❆❢t❡r ❛ t✐♠❡ τ ❛ π ♣✉❧s❡ ✐s ❛♣♣❧✐❡❞ t❤❛t ✐♥✈❡rts
✷✵ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
❛❧❧ t❤❡ s♣✐♥s ❞✐r❡❝t✐♦♥s✱ t❤✉s ♣❧❛❝✐♥❣ t❤❡ s♣✐♥s ✇✐t❤ ❤✐❣❤❡r ♣r❡❝❡ss✐♦♥ s♣❡❡❞s
❜❡❤✐♥❞ t❤❡ ♦♥❡s ✇✐t❤ ❛ s❧♦✇❡r ♣r❡❝❡ss✐♦♥ s♣❡❡❞✳ ❆❢t❡r ❛ ❢✉rt❤❡r τ ♣❡r✐♦❞✱ t❤❡
s♣✐♥ s②st❡♠ ♣r♦❞✉❝❡s ❛♥ ❡❝❤♦ ✇❤❡♥ t❤❡ ❢❛st❡r s♣✐♥s ❝❛t❝❤ ✉♣ ✇✐t❤ t❤❡ s❧♦✇❡r
s♣✐♥s✳ ❚❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❡❝❤♦ ✐s st✉❞✐❡❞ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ τ ✳ ❋r♦♠ t❤✐s
♠❡❛s✉r❡♠❡♥t✱ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ T2 ❞❡❝♦❤❡r❡♥❝❡ t✐♠❡ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❬✹❪✳
❚❤✐s ♣r♦❝❡❞✉r❡ ✐s s❝❤❡♠❛t✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✷✳
Z
Y
X
Z
Y
X
Z
Y
X
Z
Y
X
Echo
Pulses
Signals
FIDFID Echo
t
t
❋✐❣✉r❡ ✷✳✷✿ ❉✐❛❣r❛♠ ♦❢ ❛ s♣✐♥ ❡❝❤♦ ♣r♦❝❡❞✉r❡✳ ❋✐st❧② ❛ π/2 ♣✉❧s❡ r♦t❛t❡s t❤❡ ♠❛❣✲
♥❡t✐③❛t✐♦♥ ~M ♦♥t♦ t❤❡ ❳❨ ♣❧❛♥❡✳ ❆❢t❡r ❛ t✐♠❡ τ t❤❡ s♣✐♥ ♣❛❝❦❛❣❡ ✇✐❧❧ ❤❛✈❡ s♣r❡❛❞
❛❝❝♦r❞✐♥❣ t♦ ✐ts r❡❧❛①❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❚❤❡♥✱ ❛ π ♣✉❧s❡ ✐s ❛♣♣❧✐❡❞ t❤❛t r❡✈❡rs❡s t❤❡
s♣✐♥s ♣❧❛❝✐♥❣ t❤❡ ❢❛st❡r r♦t❛t✐♥❣ ❝♦♠♣♦♥❡♥ts ❜❡❤✐♥❞ t❤❡ s❧♦✇❡r ❝♦♠♣♦♥❡♥ts✳ ❆t t✐♠❡
2τ t❤❡ ❢❛st❡r ♣r❡❝❡ss✐♥❣ s♣✐♥s ❝❛t❝❤ ✉♣ ✇✐t❤ t❤❡ s❧♦✇❡r ♣r❡❝❡ss✐♥❣ s♣✐♥s ❣❡♥❡r❛t✐♥❣
t❤❡ s♣✐♥ ❡❝❤♦✳
❊❧❡①s②s ❊✲✺✽✵ s♣❡❝tr♦♠❡t❡r
❚❤❡ ❊P❘ s②st❡♠ ✉s❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❛♥
❊❧❡①s②s ❊✲✺✽✵ s♣❡❝tr♦♠❡t❡r ❜② ❇r✉❦❡r ❈♦r♣♦r❛t✐♦♥ ❬✺❪ ♣r♦♣❡rt② ♦❢ t❤❡ ❯♥✐✲
✷✳✷✳ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✷✶
✈❡rs✐t② ♦❢ ❩❛r❛❣♦③❛ ✭✜❣✉r❡ ✷✳✸✮✳ ■t ✐s ❝❛♣❛❜❧❡ ♦❢ t❛❦✐♥❣ ❊P❘ ♠❡❛s✉r❡♠❡♥ts
✐♥ ❜♦t❤ ❳✲❜❛♥❞ ✭✽✲✶✵ ●❍③✮ ❛♥❞ ◗✲❜❛♥❞ ✭✸✺ ●❍③✮ ❛♥❞ ✐♥ ❡✐t❤❡r ❝♦♥t✐♥✉♦✉s
✇❛✈❡ ❛♥❞ ♣✉❧s❡❞ ♠♦❞❡s✳ ❋♦r ❛♥✐s♦tr♦♣✐❝ s❛♠♣❧❡s✱ t❤❡ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t② ❝❛♥ ❜❡
✜tt❡❞ ✇✐t❤ ❛ r♦t❛t✐♥❣ st❛❣❡ ♠❡❝❤❛♥✐s♠ t❤❛t ❛❧❧♦✇s t❤❡ ❛✉t♦♠❛t✐❝ ❛❝q✉✐s✐t✐♦♥
♦❢ s♣❡❝tr❛ ❢♦r ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s✳ ■t ✐s ❛❧s♦ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❤❡❧✐✉♠ ✢♦✇
❝r②♦st❛t t❤❛t ❝❛♥ ❝♦♦❧ t❤❡ s❛♠♣❧❡s ❞♦✇♥ t♦ ✺ ❑✳ ❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t ✉s❡❞ ❢♦r
t❤❡ ❉❈ ✜❡❧❞s ❝❛♥ ❛♣♣❧② ✜❡❧❞s ♦❢ ✉♣ t♦ ✶✳✹ ❚✳
❋✐❣✉r❡ ✷✳✸✿ ❊❧❡①s②s ❊✲✺✽✵ ❊P❘ s♣❡❝tr♦♠❡t❡r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❩❛r❛❣♦③❛
✷✳✷✳✷ P❤②s✐❝❛❧ Pr♦♣❡rt② ▼❡❛s✉r❡♠❡♥t ❙②st❡♠
❚❤❡ P❤②s✐❝❛❧ Pr♦♣❡rt② ▼❡❛s✉r❡♠❡♥t ❙②st❡♠ ✭PP▼❙✮ ✐s ❛ ❝♦♠♠❡r❝✐❛❧ s②st❡♠
❜② ◗✉❛♥t✉♠ ❉❡s✐❣♥ ❬✻❪ t❤❛t ❛❧❧♦✇s t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♣r♦♣✲
❡rt✐❡s ✭s✉❝❤ ❛s r❡s✐st✐✈✐t②✱ ❤❡❛t ❝❛♣❛❝✐t②✱ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✱ ❤❡❛t tr❛♥s♣♦rt✱
❡t❝✳✮ ♦❢ s❛♠♣❧❡s ✉♥❞❡r ✈❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡✱ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♣r❡ss✉r❡ ❝♦♥✲
❞✐t✐♦♥s✳ ■ts ❛r❝❤✐t❡❝t✉r❡ ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢ ❞✐✛❡r❡♥t s❛♠♣❧❡ st❛❣❡s ❢♦r ❞✐✛❡r❡♥t
❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛❧❧♦✇s ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝✉st♦♠ ❜✉✐❧t ❛❝❝❡ss♦r✐❡s✳ ❚✇♦
PP▼❙ s②st❡♠s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ✉s❡ ❛t t❤❡ ❙❡r✈✐❝✐♦ ❞❡ ▼❡❞✐❞❛s ❋ís✐❝❛s ❛t t❤❡
❯♥✐✈❡rs✐❞❛❞ ❞❡ ❩❛r❛❣♦③❛ ❬✼❪✳
❚❤❡ s②st❡♠ ❝♦♥s✐sts ♠❛✐♥❧② ♦❢ ❛ ❧✐q✉✐❞ ❤❡❧✐✉♠ ❞❡✇❛r ✇✐t❤ ❛ ♣r♦❜❡ ✐♥s❡rt❡❞
✐♥t♦ t❤❡ ❤❡❧✐✉♠ ❜❛t❤✳ ❚❤✐s ♣r♦❜❡ ✐♥t❡❣r❛t❡s ❛ ✹❍❡ ❝r②♦st❛t ❬✽❪✱ s❛♠♣❧❡ ❝❤❛♠✲
❜❡r ❛♥❞ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡t✳ ❚❤❡ ❝r②♦st❛t ❛❧❧♦✇s t❤❡ s❛♠♣❧❡ ❝❤❛♠❜❡r✬s
t❡♠♣❡r❛t✉r❡ t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ ❛♥❞ ✈❛r✐❡❞ ✐♥ t❤❡ r❛♥❣❡ ♦❢ 1.9❑✲400❑ ❛♥❞ ❛❧❧♦✇s
❝♦♥t✐♥✉♦✉s ♦♣❡r❛t✐♦♥ ❛s ❧♦♥❣ ❛s t❤❡ ❧✐q✉✐❞ ❤❡❧✐✉♠ s✉♣♣❧② ✐s ♠❛✐♥t❛✐♥❡❞✳ ❚❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡t ❤❛s ❛ ♠❛①✐♠✉♠ ✜❡❧❞ ♦❢ ✾ ♦r ✶✹ ❚ ❢♦r ♦✉r ❛✈❛✐❧❛❜❧❡
♠♦❞❡❧s✳ ❚❤❡ s❛♠♣❧❡ ❛ ❝❤❛♠❜❡r ❛❧s♦ ❤❛s ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥s ❛t t❤❡ ❜♦tt♦♠
✷✷ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
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Magnet
Thermometer
Sealed sample space
Cooling annulus
Puck
Heaters and thermometers
Dual impedance system
❋✐❣✉r❡ ✷✳✹✿ PP▼❙ ❞❡✇❛r✱ ♠♦❞❡❧ ✻✵✵✵ ❛♥❞ PP▼❙ ♣r♦❜❡ s❝❤❡♠❛t✐❝s
✭✜❣✉r❡ ✷✳✹✮ ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ s❛♠♣❧❡ ❛♥❞ t❛❦❡ t❤❡ ♠❡❛s✉r❡✲
♠❡♥ts✳ ❚❤❡ ❞✐✛❡r❡♥t s❛♠♣❧❡ ❤♦❧❞❡rs ✭♦r ♣✉❝❦s✮ ❛r❡ ♠❛❞❡ t♦ ✜t t❤✐s ❝♦♥♥❡❝t✐♦♥✳
❚❤❡ ❡♥t✐r❡ s②st❡♠ ✐s ❝♦♥tr♦❧❧❡❞ t❤r♦✉❣❤ ❛♥ ❡①t❡r♥❛❧ ❡❧❡❝tr♦♥✐❝ s②st❡♠ ✭♠♦❞❡❧
✻✵✵✵✮ t❤❛t ✐♥❝❧✉❞❡s ❛❧❧ t❤❡ ❡❧❡❝tr♦♥✐❝s ♥❡❝❡ss❛r② ❢♦r t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❝❤❛♠❜❡r
♣r❡ss✉r❡✱ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✜❡❧❞✳ ❆❞❞✐t✐♦♥❛❧ ♠♦❞✉❧❡s ❛r❡ ✐♥st❛❧❧❡❞ ❢♦r ❡❛❝❤ ♦❢
t❤❡ ♠❡❛s✉r❡♠❡♥t ♦♣t✐♦♥s ❞❡s✐r❡❞✳ ❆♥ ❡①t❡r♥❛❧ P❈ ❛♥❞ s♦❢t✇❛r❡ ❛❧❧♦✇ s✐♠♣❧❡
♣r♦❣r❛♠♠✐♥❣ ♦❢ ❛✉t♦♠❛t❡❞ ♠❡❛s✉r❡♠❡♥t s❡q✉❡♥❝❡s✳
❖♥❡ ♦❢ t❤❡ ♦♣t✐♦♥s ✇❡ ✇✐❧❧ ❝♦♠♠♦♥❧② ✉s❡ ✐s ❛ ✸❍❡ ❝r②♦st❛t ❬✽❪ t❤❛t ❝❛♥ ❜❡
✐♥s❡rt❡❞ ✐♥t♦ t❤❡ PP▼❙ ♣r♦❜❡ t♦ ❛❝❤✐❡✈❡ t❡♠♣❡r❛t✉r❡s ❞♦✇♥ t♦ 350♠❑ ✭✜❣✉r❡
✷✳✺✮✳ ❚❤❡ ✐♥s❡rt ❤❛s ❞✐✛❡r❡♥t ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥s t♦ s❛♠♣❧❡s t❤❛♥ t❤❡ ❜❛s❡
s②st❡♠ ❛♥❞ s♣❡❝✐✜❝ ♣✉❝❦s ♠✉st ❜❡ ✉s❡❞✳
❲❡ ♥♦✇ ❣✐✈❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❞❡t❛✐❧s ❢♦r t❤❡ t✇♦ ♠❡❛s✉r❡♠❡♥t t②♣❡s ✇❡
♣❡r❢♦r♠ ♦♥ t❤❡s❡ s②st❡♠s✿ ❘❡s✐st✐✈✐t② ❛♥❞ ❤❡❛t ❝❛♣❛❝✐t②✳
✷✳✷✳ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✷✸
❋✐❣✉r❡ ✷✳✺✿ ✸❍❡ ❝r②♦st❛t ✐♥s❡rt ❢♦r PP▼❙ s②st❡♠
❉❈ r❡s✐st✐✈✐t② ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ PP▼❙ s②st❡♠
❉❈ r❡s✐st✐✈✐t② ♠❡❛s✉r❡♠❡♥ts ❛r❡ t❤❡ ♠♦st ❜❛s✐❝ ♠❡❛s✉r❡♠❡♥ts ♣♦ss✐❜❧❡ ❛♥❞
r❡q✉✐r❡ ♥♦ ❛❞❞✐t✐♦♥❛❧ ♦♣t✐♦♥s ❛♣❛rt ❢r♦♠ t❤❡ ❜❛s❡ PP▼❙ s②st❡♠✳ ❚❤❡ ♠❡❛✲
s✉r❡♠❡♥t ✉s❡s ❛ st❛♥❞❛r❞ ✹ ♣♦✐♥t r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡
r❡s✐st✐✈✐t② ❣✐✈❡♥ t❤❡ s❛♠♣❧❡ ❣❡♦♠❡tr②✳ ❆ ❣✐✈❡♥ ❝✉rr❡♥t ✐s ❝✐r❝✉❧❛t❡❞ ❢r♦♠ t❤❡
+I t♦ t❤❡ −I ❧❡❛❞ ❛♥❞ t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss t❤❡ +V t♦ −V ❧❡❛❞s ✐s ♠❡❛s✉r❡❞✳
❚❤❡ r❡s✐st❛♥❝❡ ♦♥ t❤❡ ±V ❜r❛♥❝❤ ✐s ❞❡s✐❣♥❡❞ t♦ ❜❡ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢
t❤❡ ±I ❜r❛♥❝❤✱ t❤✉s ❣✉❛r❛♥t❡❡✐♥❣ t❤❛t ❛❧♠♦st ❛❧❧ t❤❡ ❝✉rr❡♥t ❝✐r❝✉❧❛t❡s ❢r♦♠
+I t♦ −I ❛♥❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s t♦ t❤❡ ♣♦✲
t❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡ ∆V ♦♥ t❤❡ ±V ❜r❛♥❝❤✳ ❚❤❡ r❡s✐st❛♥❝❡ ✐s t❤❡♥ s✐♠♣❧② ∆V/I✳
❚❤❡ r❡s✐st✐✈✐t② ♦❢ t❤❡ s❛♠♣❧❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❦♥♦✇✐♥❣ t❤❡ s❛♠♣❧❡ ❧❡♥❣t❤ ✭l✮
❜❡t✇❡❡♥ t❤❡ ±V ❧❡❛❞s ❛♥❞ t❤❡ s❛♠♣❧❡ ❝r♦ss s❡❝t✐♦♥ ✭S✮ t❤r♦✉❣❤ t❤❡ ❞❡✜♥✐t✐♦♥
ρ = RS/l✳
❚❤❡ ❞✐✛❡r❡♥t r❡s✐st✐✈✐t② ♣✉❝❦s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✻✳ ❚❤❡ st❛♥❞❛r❞ ♣✉❝❦
❤❛s ❡❧❡❝tr✐❝❛❧ ❝♦♥t❛❝ts ❢♦r ✉♣ t♦ t❤r❡❡ s❛♠♣❧❡s s✐♠✉❧t❛♥❡♦✉s❧②✳ ■t ❛❧s♦ ❛❧❧♦✇s
♠❡❛s✉r❡♠❡♥t ♦❢ ❍❛❧❧ ✈♦❧t❛❣❡s ♦♥ ❛ ✜❢t❤ ❧❡❛❞ ✭Vhall✮✳ ❙❛♠♣❧❡s ❛r❡ ❛tt❛❝❤❡❞ ♦r
❣❧✉❡❞ t♦ t❤❡ ✢❛t ♣✉❝❦ s✉r❢❛❝❡ ❛♥❞ ✉s✉❛❧❧② ✇✐r❡ ❜♦♥❞❡❞ t♦ t❤❡ ❝♦♥t❛❝ts✳ ■♥ t❤❡
st❛♥❞❛r❞ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣✉❝❦
s✉r❢❛❝❡✳ ❚♦ ❛♣♣❧② ❛♥ ✐♥ ♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥ ❛❞❛♣t❡r ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤♦❧❞
✷✹ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
▼♦❞❡ ❈✉rr❡♥t r❛♥❣❡ ❱♦❧t❛❣❡ r❛♥❣❡ ❋r❡q✉❡♥❝✐❡s
❉❈ ±0.01− 5000 ➭❆ ±1− 95♠❱ ❉❈ ♦r ✺✵ ❍③
❆❈❚ ±0.02 ➭❆− 2❆ ±40 ➭❱− 5❱ 1❍③− 1 ❦❍③
❋✐❣✉r❡ ✷✳✻✿ ❉❈ r❡s✐st✐✈✐t② ♣✉❝❦s ❢♦r t❤❡ PP▼❙ ❛♥❞ ♣❛r❛♠❡t❡r ❧✐♠✐ts✳ ❋r♦♠ ❧❡❢t t♦
r✐❣❤t✿ ❙t❛♥❞❛r❞ ♣✉❝❦✱ ✸❍❡ ♣✉❝❦✱ ✐♥ ♣❧❛♥❡ ✜❡❧❞ ❛❞❛♣t❡r✳
❛ ✸❍❡ t②♣❡ ♣✉❝❦ ✐♥ t❤❡ ❝♦rr❡❝t ♣♦s✐t✐♦♥✳ ❚❤❡ ✸❍❡ ♣✉❝❦ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡
st❛♥❞❛r❞ ♣✉❝❦ ❜✉t ✐s s♠❛❧❧❡r ❛♥❞ ❤❛s ♦♥❧② t✇♦ ♠❡❛s✉r❡♠❡♥t ❝❤❛♥♥❡❧s✳
❚❤❡ PP▼❙ ❛❧s♦ ✐♥❝❧✉❞❡s ❛♥ ♦♣t✐♦♥❛❧ ❆❈ tr❛♥s♣♦rt ♠♦❞✉❧❡ ✭❆❈❚✮ ❝❛♥ ❛❧s♦
❜❡ ✉s❡❞ t♦ ❛♣♣❧② ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❝✉rr❡♥ts✳ ■t ✐s s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r
♠❡❛s✉r✐♥❣ ❝r✐t✐❝❛❧ ❝✉rr❡♥ts ❛♥❞ ■❱ ❝✉r✈❡s ❢♦r s✉♣❡r❝♦♥❞✉❝t♦rs✳ ❚❤❡ ❝✉rr❡♥t✱
✈♦❧t❛❣❡ ❛♥❞ ❢r❡q✉❡♥❝② ❧✐♠✐ts ❢♦r ❜♦t❤ ❉❈ ❛♥❞ ❆❈❚ ❛r❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷✳✻✳
❍❡❛t ❝❛♣❛❝✐t② ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ PP▼❙ s②st❡♠
❚❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦♣t✐♦♥ ♠❡❛s✉r❡s ❤❡❛t ❝❛♣❛❝✐t② ❛t ❝♦♥st❛♥t ♣r❡ss✉r❡ Cp =(
dQ
dT
)
p
✉s✐♥❣ ❛ r❡❧❛①❛t✐♦♥ t❡❝❤♥✐q✉❡ ❬✾❪✳ ❚❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦♣t✐♦♥ ❝♦♥tr♦❧s t❤❡
❤❡❛t ❛❞❞❡❞ ❛♥❞ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s❛♠♣❧❡ ✇❤✐❧❡ ♠♦♥✐t♦r✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡
❝❤❛♥❣❡s✳ ❆ ❝♦♥st❛♥t ♣♦✇❡r ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ s❛♠♣❧❡ ❢♦r ❛ ✜①❡❞ t✐♠❡ ❢♦❧❧♦✇❡❞
❜② ❛ ❝♦♦❧✐♥❣ ♣❡r✐♦❞ ♦❢ t❤❡ s❛♠❡ ❞✉r❛t✐♦♥✳ ❆ s✐♠♣❧❡ ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t t❤❡
t❡♠♣❡r❛t✉r❡ T ♦❢ t❤❡ ❝❛❧♦r✐♠❡t❡r ❜❧♦❝❦ ✭t❤❡ ❝❛❧♦r✐♠❡t❡r ✐ts❡❧❢ ♣❧✉s t❤❡ s❛♠♣❧❡✮
♦❜❡②s t❤❡ ❡q✉❛t✐♦♥✿
Ctotal
dT
dt
= −Kw(T − Tb) + P (t); ✭✷✳✶✮
✷✳✷✳ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✷✺
✇❤❡r❡ Ctotal ✐s t❤❡ t♦t❛❧ ❤❡❛t ❝❛♣❛❝✐t② ♦❢ t❤❡ s❛♠♣❧❡ ❛♥❞ ♣❧❛t❢♦r♠✱ Kw ✐s t❤❡
t❤❡r♠❛❧ ❝♦♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ s✉♣♣♦rt✐♥❣ ✇✐r❡s✱ Tb ✐s t❤❡ t❤❡r♠❛❧ ❜❛t❤ t❡♠♣❡r❛✲
t✉r❡ ✭♣✉❝❦ t❡♠♣❡r❛t✉r❡✮ ❛♥❞ P (t) t❤❡ ❛♣♣❧✐❡❞ ❤❡❛t ♣♦✇❡r ✭❡q✉❛❧ t♦ P0 ❞✉r✐♥❣
❤❡❛t✐♥❣ ❛♥❞ 0 ❞✉r✐♥❣ ❝♦♦❧✐♥❣✮✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❡①♣♦✲
♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ t✐♠❡ ❝♦♥st❛♥ts τ ❡q✉❛❧ t♦ Ctotal/Kw✳ ❙✐♥❝❡ Kw ✐s ❦♥♦✇♥
❢r♦♠ ♣r❡✈✐♦✉s ❝❛❧✐❜r❛t✐♦♥ ❡①♣❡r✐♠❡♥ts✱ t❤✐s ❞❛t❛ ❡♥❛❜❧❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢
Ctotal ❛♥❞✱ ❢r♦♠ ✐t✱ t❤❡ s❛♠♣❧❡ ❝♦♥tr✐❜✉t✐♦♥✳ ❚❤✐s ✐s t❤❡ ♠♦❞❡❧ ❝♦♠♠♦♥❧② ✉s❡❞
❜② t❤❡ PP▼❙ ❛♥❞ ✐t ❛ss✉♠❡s ❣♦♦❞ t❤❡r♠❛❧ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ s❛♠♣❧❡ ❛♥❞
♣❧❛t❢♦r♠✳ ▼♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s ✇✐t❤ ♠✉❧t✐♣❧❡ t✐♠❡ ❝♦♥st❛♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r
❝❛s❡s ✇❤❡♥ t❤❡ t❤❡r♠❛❧ ❝♦♥t❛❝t ✐s ♣♦♦r✳
Heater on Heater off
Time
❋✐❣✉r❡ ✷✳✼✿ ❍❡❛t ❝❛♣❛❝✐t② ♣✉❝❦ ❢♦r ✸❍❡ ✐♥s❡rt ❛♥❞ t②♣✐❝❛❧ t❡♠♣❡r❛t✉r❡ r❡s♣♦♥s❡ ❞✉r✐♥❣
❛ ♠❡❛s✉r❡♠❡♥t
❚❤❡ s❛♠♣❧❡ ✐s ♠♦✉♥t❡❞ ♦♥ ❛ s♠❛❧❧ s❛♣♣❤✐r❡ ♣❧❛t❢♦r♠ ✭❛❜♦✉t 2♠♠ s✐❞❡✮ ✇✐t❤
❛ ♣❧❛t❢♦r♠ ❤❡❛t❡r ❛♥❞ ❛ t❤❡r♠♦♠❡t❡r ♦♥ t❤❡ ❜♦tt♦♠ s✐❞❡✳ ❚❤❡ ✇✐r❡s ❝♦♥♥❡❝t✐♥❣
t❤❡ ❤❡❛t❡r ❛♥❞ t❤❡r♠♦♠❡t❡r ♣r♦✈✐❞❡ t❤❡ ♦♥❧② str✉❝t✉r❛❧ s✉♣♣♦rt t♦ t❤❡ ♣❧❛t❢♦r♠
❛♥❞✱ s✐♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❤✐❣❤ ✈❛❝✉✉♠✱ t❤❡ ❞♦♠✐♥❛♥t t❤❡r♠❛❧
❝♦♥♥❡❝t✐♦♥✳ P♦✇❡r ♣✉❧s❡s ❛r❡ s❡t t♦ ✐♥❞✉❝❡ ♦♥❧② s♠❛❧❧ ❡①❝✉rs✐♦♥s ❢r♦♠ t❤❡ ❜❛t❤
t❡♠♣❡r❛t✉r❡✱ ♦❢ t❤❡ ♦r❞❡r ♦❢ 3 − 5% ♦❢ Tb ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳
❚❤❡ ❝♦♠♣❧❡t❡ ♣✉❝❦ ❛❞❡q✉❛t❡ ❢♦r t❤❡ ✸❍❡ s②st❡♠ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳✼
❛❧♦♥❣ ✇✐t❤ ❛ t②♣✐❝❛❧ r❡s♣♦♥s❡ ❝✉r✈❡ ✇❤✐❧❡ ♠❡❛s✉r✐♥❣✳ ❚♦ ❝♦rr❡❝t❧② ❡✈❛❧✉❛t❡
t❤❡ s❛♠♣❧❡ ❤❡❛t ❝❛♣❛❝✐t②✱ t❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦❢ t❤❡ ❡♠♣t② ♣❧❛t❢♦r♠ ♠✉st ❜❡
❝❛❧✐❜r❛t❡❞ ✭❛❞❞❡♥❞❛✮ ❛s ✇❡❧❧ ❛s ❛♥② ❛❞❤❡s✐✈❡ ♠❛t❡r✐❛❧ ✉s❡❞ ✭❛❞❞❡♥❞❛ ♦✛s❡t✮✳
❚❤❡ s②st❡♠ s♣❡❝✐✜❝❛t✐♦♥s ❛❧❧♦✇ ✉s t♦ ♠❡❛s✉r❡ t❤❡ ❤❡❛t ❝❛♣❛❝✐t② ♦❢ r❡❧❛t✐✈❡❧②
✢❛t s❛♠♣❧❡s ♦❢ ❜❡t✇❡❡♥ ✶ ❛♥❞ ✷✵✵ ♠❣ ♠❛ss ❛t t❡♠♣❡r❛t✉r❡s ❢r♦♠ ✵✳✸✺ ❑ t♦
r♦♦♠ t❡♠♣❡r❛t✉r❡ ✇✐t❤ ♦r ✇✐t❤♦✉t ❛♥ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ s❡♥s✐t✐✈✐t②
✐s ❤✐❣❤❡r t❤❛♥ ❛❞✐❛❜❛t✐❝ ♠❡t❤♦❞s ❛s ✐t r❡❧✐❡s ♦♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ t✐♠❡
❝♦♥st❛♥t τ ✳ ❖✉r s❛♠♣❧❡s ❛r❡ ✉s✉❛❧❧② s♠❛❧❧ ❝r②st❛❧s ♦r ♣♦✇❞❡rs t❤❛t ❛r❡ ♣r❡ss❡❞
✐♥t♦ ✢❛t ♣❡❧❧❡ts ✉s✐♥❣ ❛ ❤❛♥❞ ♣r❡ss ✭≃ 1♠♠ ❛♥❞ . 10♠❣✮✳ ❚❤❡② ❛r❡ ❛tt❛❝❤❡❞
t♦ t❤❡ ♣❧❛t❢♦r♠ ✉s✐♥❣ ❆♣✐❡③♦♥ ◆ ❣r❡❛s❡ ❬✶✵❪ t❤❛t ♣r♦✈✐❞❡s ❣♦♦❞ t❤❡r♠❛❧ ❝♦♥t❛❝t✳
✷✻ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
rf-SQUID
Vout
Scan
Vout
Sample
A B
❋✐❣✉r❡ ✷✳✽✿ ❆✮ ▼P▼❙✲❳▲ s②st❡♠ ❛t ❙❡r✈✐❝✐♦ ❞❡ ▼❡❞✐❞❛s ❋ís✐❝❛s ✭❯♥✐✈❡rs✐❞❛❞ ❞❡
❩❛r❛❣♦③❛✮✳ ❇✮ ❉✐❛❣r❛♠ ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣✐❝❦✉♣ ❝♦✐❧s ♦❢ t❤❡ s❡❝♦♥❞ ❞❡❣r❡❡
❣r❛❞✐♦♠❡t❡r ❝♦♥♥❡❝t❡❞ t♦ ❙◗❯■❉ ❡❧❡❝tr♦♥✐❝s
✷✳✷✳✸ ▼❛❣♥❡t✐❝ Pr♦♣❡rt② ▼❡❛s✉r❡♠❡♥t ❙②st❡♠
❚❤❡ ▼❛❣♥❡t✐❝ Pr♦♣❡rt② ▼❡❛s✉r❡♠❡♥t ❙②st❡♠ ♦r ▼P▼❙ ✐s ❛♥♦t❤❡r ❝♦♠♠❡r❝✐❛❧
s②st❡♠ ❜② ◗✉❛♥t✉♠ ❞❡s✐❣♥ ❬✶✶❪ t❤❛t ✐s ❞❡s✐❣♥❡❞ s♣❡❝✐✜❝❛❧❧② ❢♦r ♠❡❛s✉r✐♥❣
❜♦t❤ ❉❈ ❛♥❞ ❆❈ ♠❛❣♥❡t✐❝ r❡s♣♦♥s❡s ♦❢ ❛ ♠❛t❡r✐❛❧✳ ❚❤❡ s②st❡♠ ✉s❡❞ ✐s ❛
♠♦❞❡❧ ▼P▼❙✲❳▲ ❛❧s♦ ♣r♦✈✐❞❡❞ ❜② ❙❡r✈✐❝✐♦ ❞❡ ▼❡❞✐❞❛s ❋ís✐❝❛s ✭❯♥✐✈❡rs✐❞❛❞
❞❡ ❩❛r❛❣♦③❛✮ ❬✼❪ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ PP▼❙ s②st❡♠✳ ■t ✐s ✈❡r② s✐♠✐❧❛r t♦
t❤❡ PP▼❙ s②st❡♠ ✭s❡❝t✐♦♥ ✷✳✷✳✷✮ ❡①❝❡♣t ✐♥ t❤❛t t❤❡ ♣r♦❜❡ ❝♦♥t❛✐♥s ❛❞❞✐t✐♦♥❛❧
❝♦♠♣♦♥❡♥ts ✐♥t❡♥❞❡❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥ts✳ ■t ❛❧s♦ ♦♣❡r❛t❡s ❛s ❛ ✹❍❡
❝r②♦st❛t ❛♥❞ ❝❛♥ ♦♣❡r❛t❡ ❛t t❡♠♣❡r❛t✉r❡s ❢r♦♠ 1.8−300❑✳ ■ts s✉♣❡r❝♦♥❞✉❝t✐♥❣
♠❛❣♥❡t ❝❛♥ ❛♣♣❧② st❛t✐❝ ✜❡❧❞s ♦❢ ✉♣ t♦ 5❚ ❛♥❞ ❆❈♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ❢r❡q✉❡♥❝✐❡s
✐♥ t❤❡ r❛♥❣❡ 0.1❍③− 10 ❦❍③ ❛♥❞ ✉♣ t♦ ✹ ❖❡ ✐♥ ❛♠♣❧✐t✉❞❡✳
❚❤❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ▼P▼❙ s②st❡♠ ✐s t❤❡ ❙◗❯■❉ ✭❙✉♣❡r❝♦♥❞✉❝t✲
✐♥❣ ◗✉❛♥t✉♠ ■♥t❡r❢❡r❡♥❝❡ ❉❡✈✐❝❡✮ ♠❛❣♥❡t♦♠❡t❡r✳ ❙◗❯■❉s ❛r❡ ✈❡r② s❡♥s✐t✐✈❡
♠❛❣♥❡t✐❝ ✢✉①✲t♦✲✈♦❧t❛❣❡ tr❛♥s❞✉❝❡rs ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❧♦✇ ♥♦✐s❡ ❝✉rr❡♥t ❛♠✲
♣❧✐✜❡rs ❬✶✸✱ ✶✹❪✳ ❚❤✐s ❛❧❧♦✇s t❤❡♠ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ✈❡r② s♠❛❧❧
♠❛❣♥❡t✐❝ s✐❣♥❛❧s ❜② ❛♠♣❧✐❢②✐♥❣ s♠❛❧❧ ❝✉rr❡♥ts ❣❡♥❡r❛t❡❞ ❜② ♠♦✈✐♥❣ ♠❛❣♥❡✲
t✐③❡❞ s❛♠♣❧❡s t❤r♦✉❣❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦✐❧s✳ ❚❤❡ ♠❛①✐♠✉♠ s❡♥s✐t✐✈✐t② t❤❛t
❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ ♦✉r s②st❡♠ ✐s ♦❢ 2 · 10−8 ❡♠✉✳ ❆ ❜❛s✐❝ s❝❤❡♠❛t✐❝ ♦❢ t❤❡
❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✜❣✉r❡ ✷✳✽✳ ❚❤❡ s❛♠♣❧❡ ✐s ♠♦✉♥t❡❞ ❛t
t❤❡ ❡♥❞ ♦❢ ❛ t❤✐♥ r♦❞ t❤❛t ✐s ❛tt❛❝❤❡❞ t♦ t❤❡ s❛♠♣❧❡ ♠♦t♦r✳ ❚❤✐s ❛❧❧♦✇s t❤❡
✷✳✷✳ ●❡♥❡r❛❧ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✷✼
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❋✐❣✉r❡ ✷✳✾✿ ❆❈ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ♣♦❧②❝r②st❛❧❧✐♥❡ ♠❛❣♥❡t♦❢❡r✲
r✐t✐♥ ❬✶✷❪✳ ●r❛♣❤s ❆ ❛♥❞ ❇ s❤♦✇ t❤❡ ❆❈ s✉s❝❡♣t✐❜✐❧✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡
❛♥❞ ❢♦r ❞✐✛❡r❡♥t ❆❈ ✜❡❧❞ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❆❈ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ✭hac✮ ✉s❡❞ ✇❛s ✹ ❖❡✳
❚❤❡ ❣r❛♣❤ ❆ s❤♦✇s t❤❡ r❡❛❧ ❝♦♠♣♦♥❡♥t ✭χ′ = m′/hac✮ ❛♥❞ ❣r❛♣❤ ❇ s❤♦✇s t❤❡ ✐♠❛❣✲
✐♥❛r② ❝♦♠♣♦♥❡♥t ✭χ′′ = m′′/hac✮✳ ❚❤❡ ✐♥s❡t s❤♦✇s ❛ ✜t ♦❢ t❤❡ ❜❧♦❝❦✐♥❣ t❡♠♣❡r❛t✉r❡
✭♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ χ′ ❢♦r ✜❧❧❡❞ ❝✐r❝❧❡s ❛♥❞ χ′′ ❢♦r ♦♣❡♥ ❝✐r❝❧❡s✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❆❈ ❢r❡q✉❡♥❝② t♦ ❛♥ ❆rr❤❡♥✐✉s ▲❛✇✱ logω = A+B/T ✇❤❡r❡ A ❛♥❞ B ✜tt❡❞ ❝♦♥st❛♥ts
r❡❧❛t❡❞ t♦ t❤❡ ❛tt❡♠♣t t✐♠❡ ❛♥❞ t❤❡ ❛♥✐s♦tr♦♣② ❡♥❡r❣② ❜❛rr✐❡r ♣r❡✈❡♥t✐♥❣ t❤❡ ✢✐♣♣✐♥❣
♦❢ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts✳ ❚❤❡ tr✐❛♥❣❧❡ ✐♥ t❤❡ ✐♥s❡t ✐s t❤❡ ✈❛❧✉❡ ❢♦r t❤❡
❉❈ ❜❧♦❝❦✐♥❣ t❡♠♣❡r❛t✉r❡✳ ●r❛♣❤ ❈ s❤♦✇s t❤❡ ❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
H/T ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ✇❤✐❧❡ t❤❡ ✐♥s❡t s❤♦✇s t❤❡ s❛t✉r❛t✐♦♥ ♠❛❣♥❡t✐③❛t✐♦♥ ❛s
❛ ❢✉♥❝t✐♦♥ t❡♠♣❡r❛t✉r❡✳ ●r❛♣❤ ❉ s❤♦✇s ❤②st❡r❡s✐s ❝②❝❧❡s ❢♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❡♠♣❡r✲
❛t✉r❡s✳ ❚❤❡ ✐♥s❡ts s❤♦✇ t❤❡ ❝♦❤❡r❝✐✈❡ ✜❡❧❞ ❛♥❞ r❡♠❛♥❡♥t ♠❛❣♥❡t✐③❛t✐♦♥ ❢♦r ❛❧❧ t❤❡
♠❡❛s✉r❡❞ ❤②st❡r❡s✐s ❝②❝❧❡s✳
✷✽ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
s❛♠♣❧❡ t♦ ❜❡ ♠♦✈❡❞ ✈❡rt✐❝❛❧❧② t❤r♦✉❣❤ ❛ s②st❡♠ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✭◆✐❚✐✮
s❡❝♦♥❞✲♦r❞❡r ❣r❛❞✐♦♠❡t❡r ❝♦✐❧s✱ ✐✳❡✳✱ ❢♦✉r ❝♦✐❧s ♣❧❛❝❡❞ ♦♥❡ ❛❜♦✈❡ t❤❡ ♦t❤❡r ✇✐t❤
t❤❡ t✇♦ ❝❡♥tr❛❧ ❝♦✐❧s s♣♦♦❧❡❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ❛s t❤❡ t✇♦ ❡①t❡r♥❛❧ ❝♦✐❧s✳
❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ s✉♣♣r❡ss❡s ❛♥② ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✢✉① ❢r♦♠ ❡①t❡r♥❛❧ ✉♥✐✲
❢♦r♠ ✜❡❧❞s✳ ■❢ t❤❡ s❛♠♣❧❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❤❛s ❛ ♥❡t ♠❛❣♥❡t✐③❛t✐♦♥✱ ✐t ✇✐❧❧
♣r♦❞✉❝❡ ❛ ❝✉rr❡♥t s✐❣♥❛❧ ❛s ✐s ♣❛ss❡s t❤r♦✉❣❤ ❡❛❝❤ ❝♦✐❧✳ ❚❤✐s ❝✉rr❡♥t ✐s t❤❡♥
❛♠♣❧✐✜❡❞ ✉s✐♥❣ ❛ ♣✐❝❦✉♣ ❝✐r❝✉✐t t❤❛t ✐♥❝♦r♣♦r❛t❡s ❛♥ r❢✲❙◗❯■❉✳ ❚❤❡ ✈♦❧t❛❣❡
s✐❣♥❛❧ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s❛♠♣❧❡ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❲❤❡♥ ♦♣❡r❛t✐♥❣ ✐♥ ❆❈
♠♦❞❡✱ ❛ ❝♦✐❧ ❣❡♥❡r❛t❡s ❛♥ ❆❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ❛ ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ s②st❡♠ ✐s
✉s❡❞ t♦ ❡①tr❛❝t t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s✐❣♥❛❧✳
❆s ✐♥ t❤❡ PP▼❙ ❝❛s❡✱ t❤❡ ▼P▼❙ ✐s ❝♦♥tr♦❧❧❡❞ t❤r♦✉❣❤ ❡①t❡r♥❛❧ ❡❧❡❝tr♦♥✐❝s
❛♥❞ ❝♦♠♣✉t❡r s♦❢t✇❛r❡ t❤❛t ❝❛♥ ❛✉t♦♠❛t❡ ♠❛♥② ♦❢ t❤❡ st❛♥❞❛r❞ ♠❡❛s✉r❡♠❡♥ts
❛♥❞ t❛s❦s✳ ❙❡q✉❡♥❝❡s ♦❢ ❝♦♠♠❛♥❞s ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♠❛② ❜❡ ♣r❡✲♣r♦❣r❛♠♠❡❞
❛♥❞ r✉♥ ✉♥❛tt❡♥❞❡❞✳
❆s ❛♥ ❡①❛♠♣❧❡ ♠❡❛s✉r❡♠❡♥t ✇❡ ♣r❡s❡♥t ♠❡❛s✉r❡♠❡♥ts ♦❢ s❛♠♣❧❡s ♦❢ ♣♦❧②✲
❝r②st❛❧❧✐♥❡ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ❞♦♥❡ ✐♥ t❤❡ ▼P▼❙ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❩❛r❛❣♦③❛
❬✶✷❪✳ ❋❡rr✐t✐♥ ✐s ❛ ♣r♦t❡✐♥ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡ s❤❛♣❡ ♦❢ ❛ s♣❤❡r✐❝❛❧ ❝❛❣❡ t❤❛t
♣r♦✈✐❞❡s ❛ ❝♦♥✜♥❡❞ ✈❡ss❡❧ ✇❤❡r❡ ❣✉❡st s♣❡❝✐❡s ❝❛♥ ❡♥t❡r ❛♥❞ r❡❛❝t t♦ ❣✐✈❡ ❛
❝♦r❡ ✇✐t❤ ❛ ❞❡✜♥❡❞ s❤❛♣❡ ❛♥❞ s✐③❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♠❛❣♥❡t♦❢❡rr✐t✐♥✱ t❤❡ ✐♥t❡r✐♦r
✐s ✜❧❧❡❞ ✇✐t❤ ❛ ♠❛❣❤❡♠✐t❡ ❝♦r❡ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❞✐❛♠❡t❡r ♦❢ ✺✳✼ ♥♠ ❢♦r ♦✉r
s❛♠♣❧❡s✳ ❋✐❣✉r❡s ✷✳✾❆❇ s❤♦✇ ♠❡❛s✉r❡♠❡♥ts ❢♦r ❛♥ ❆❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❧❡
✜❣✉r❡s ✷✳✾❈❉ s❤♦✇ ❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ ❤②st❡r❡s✐s ❝②❝❧❡s✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts
♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❜❛s✐❝ ♣❛r❛♠❡t❡rs✱ s✉❝❤ ❛s t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛♥❞
✐ts ❞✐str✐❜✉t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ s♣✐♥ ❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ t✐♠❡ s❝❛❧❡s✳
❘♦t❛t✐♥❣ ❙❛♠♣❧❡ ❙t❛❣❡
❲❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❝r②st❛❧s ✐t ✐s ♦❢t❡♥ ✐♠♣♦rt❛♥t t♦
♠❡❛s✉r❡ t❤❡ r❡s♣♦♥s❡ ✇❤❡♥ t❤❡ ✜❡❧❞s ❛r❡ ❛♣♣❧✐❡❞ ❛❧♦♥❣ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ s❛♠♣❧❡✳ ❲❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ♣♦✇❞❡rs ♦r ✐s♦tr♦♣✐❝ s❛♠♣❧❡s✱ t❤❡s❡
❛r❡ ✉s✉❛❧❧② ♣❧❛❝❡❞ ✐♥ ❝❛♣s✉❧❡s ✐♥s✐❞❡ ❛ ♣❧❛st✐❝ t✉❜❡ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❛tt❛❝❤❡❞
t♦ t❤❡ r♦❞ t❤❛t t❤❡ ▼P▼❙ ♠♦✈❡s t❤r♦✉❣❤ t❤❡ ♠❛❣♥❡t♦♠❡t❡r ❝♦✐❧s ✭s❡❡ ✜❣✉r❡
✷✳✽✮✳ ❚❤❡ t✉❜❡ ✐s ❝❤♦s❡♥ t♦ ❜❡ ✉♥✐❢♦r♠ ❛♥❞ ❧♦♥❣ ❡♥♦✉❣❤ t♦ ♦❝❝✉♣② ❛❧❧ ✹ ❝♦✐❧s
❣✐✈✐♥❣ ❛ ✈❡r② ❧♦✇ ❜❛❝❦❣r♦✉♥❞ ❝♦♥tr✐❜✉t✐♦♥✳ ❚❤✐s s❡t✉♣ ❤♦✇❡✈❡r ❞♦❡s ♥♦t ❛❧❧♦✇
✉s t♦ r♦t❛t❡ t❤❡ s❛♠♣❧❡✳ ❆ ❞✐✛❡r❡♥t st❛❣❡ ♠✉st ❜❡ ✉s❡❞ ✇❤❡♥ ✇❡ ✇✐s❤ t♦ st✉❞②
❛♥✐s♦tr♦♣✐❝ ❡✛❡❝ts✳
❚❤❡ r♦t❛t✐♥❣ s❛♠♣❧❡ st❛❣❡ ❛❧❧♦✇s ✉s t♦ r♦t❛t❡ ❛ s❛♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥
❛①✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✭t❡❤ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ✈❡rt✐❝❛❧ ❛♥❞ t❤❡
r♦t❛t✐♦♥ ❛①✐s ❤♦r✐③♦♥t❛❧ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② ❢r❛♠❡✮✳ ■t ✐s s❤♦✇♥ s❝❤❡♠❛t✐❝❛❧❧② ✐♥
✜❣✉r❡ ✷✳✶✵✳ ❚❤❡ st❛❣❡ ❝♦♥s✐sts ♦❢ ❛ s♠❛❧❧ ❝♦♣♣❡r ♣❧❛t❢♦r♠ ✇✐t❤✐♥ ❛ ❝♦♣♣❡r t✉❜❡
✷✳✸✳ ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✷✾
Sample
Rotation
Angle
H
0°
Copper platform
Sample
❋✐❣✉r❡ ✷✳✶✵✿ ❘♦t❛t✐♥❣ s❛♠♣❧❡ st❛❣❡ ❢♦r ▼P▼❙
✭♦①✐❣❡♥ ❢r❡❡✮✳ ❚❤❡ ♣❧❛t❢♦r♠ ❤❛s ❛ ♣✉❧❧❡② ❛tt❛❝❤❡❞ t♦ ❛ t❤✐♥ ✇✐r❡ t❤❛t ❛❧❧♦✇s ✐t
t♦ ❜❡ r♦t❛t❡❞ ❜② ♠♦t♦rs ❛t t❤❡ ❤❡❛❞ ♦❢ t❤❡ r♦❞ ✐♥ 0.1◦ st❡♣s✳ ❚❤❡ s❛♠♣❧❡ ✐s
✉s✉❛❧❧② ❛tt❛❝❤❡❞ t♦ t❤❡ ♣❧❛t❢♦r♠ ✉s✐♥❣ ❛ t❤✐♥ ❧❛②❡r ♦❢ ❆♣✐❡③♦♥ ◆ ❣r❡❛s❡ ❬✶✵❪✳
❚❤❡ ❝♦♣♣❡r ♣❧❛t❢♦r♠ ❝♦♥tr✐❜✉t❡s ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ s✐❣♥❛❧ t♦ ♠❡❛s✉r❡♠❡♥ts
♦❢ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ♠❡❛s✉r✐♥❣ ❆❈ s✐❣♥❛❧s ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ✭✶
❦❍③ ❛♥❞ ❤✐❣❤❡r✮✱ t❤❡ ❝♦♠♣❧❡① ♦r r❡❛❝t✐✈❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❤❛s
❛ ❝❤❛r❛❝t❡r✐st✐❝ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ♣❧❛t❢♦r♠ ✭s❡❡ ✜❣✉r❡ ✷✳✶✶✮✳ ❚❤❡ s✐❣♥❛❧
✐s ❞✉❡ t♦ ✐♥❞✉❝t✐♦♥ ❝✉rr❡♥ts ✐♥ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ t❤❡② ❛r❡ ♠❛①✐♠✉♠ ✇❤❡♥
t❤❡ ♣❧❛t❢♦r♠ ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✳ ❆ss✉♠✐♥❣ ♦✉r s❛♠♣❧❡ ❤❛s
s♠❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s ❛t t❤❡s❡ ❢r❡q✉❡♥❝✐❡s✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ❡❛s✐❧② ✜♥❞ ❛ r❡❢❡r❡♥❝❡
♣♦s✐t✐♦♥ ❢r♦♠ ✇❤✐❝❤ t♦ ♠❡❛s✉r❡ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡s✳
✷✳✸ ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s
✷✳✸✳✶ ❯❧tr❛✲❱✐♦❧❡t P❤♦t♦❧✐t❤♦❣r❛♣②
❚❤❡ ♠✐❝r♦✇❛✈❡ r❡s♦♥❛t♦rs ❛♥❞ ✇❛✈❡❣✉✐❞❡s ✇❡ st✉❞② ✐♥ ❧❛t❡r ❝❤❛♣t❡rs ❛r❡ ❢❛❜r✐✲
❝❛t❡❞ ♠❛✐♥❧② t❤r♦✉❣❤ ❛ st❛♥❞❛r❞ ✉❧tr❛✲✈✐♦❧❡t ✭❯❱✮ ♣❤♦t♦❧✐t❤♦❣r❛♣② ♣r♦❝❡❞✉r❡✳
✸✵ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
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❋✐❣✉r❡ ✷✳✶✶✿ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ r♦t❛t✐♥❣ s❛♠♣❧❡ st❛❣❡ t♦ ▼P▼❙ ❆❈ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛✲
s✉r❡♠❡♥ts ❛t ✾✼✻ ❍③ ❛♥❞ T = 300❑ ❛♥❞ T = 4.8❑✳ ❚♦♣ ❣r❛♣❤s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
r❡❛❧ ❝♦♠♣♦♥❡♥t ✭✐♥ ♣❤❛s❡✮ ♠❛❣♥❡t✐③❛t✐♦♥ ✇❤✐❧❡ t❤❡ ❧♦✇❡r ❣r❛♣❤s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
✐♠❛❣✐♥❛r② ✭r❡❛❝t✐✈❡✮ ❝♦♠♣♦♥❡♥t✳
❍❡r❡ ✇❡ ❞❡t❛✐❧ t❤❡ ❜❛s✐❝ ♣r♦❝❡❞✉r❡ ❛♥❞ ♠❛t❡r✐❛❧s t❤❛t ✇❡r❡ ✉s❡❞ ✐♥ t❤✐s ♣❤❛s❡✳
❚❤❡ ❢❛❜r✐❝❛t✐♦♥ ✇❛s ❞♦♥❡ ❛❧♠♦st ❡♥t✐r❡❧② ✉s✐♥❣ t❤❡ ❢❛❝✐❧✐t✐❡s ❛t t❤❡ ■♥st✐t✉t♦
❞❡ ◆❛♥♦❝✐❡♥❝✐❛ ❞❡ ❆r❛❣ó♥ ✭❯♥✐✈❡rs✐❞❛❞ ❞❡ ❩❛r❛❣♦③❛✮✳
❯❱ ♣❤♦t♦❧✐t❤♦❣r❛♣❤② ✐s ❛ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡ t❤❛t ❛❧❧♦✇s ♣❛tt❡r♥s
t♦ ❜❡ tr❛♥s❢❡rr❡❞ ❢r♦♠ ❛ ♠❛s❦ t♦ ❛ ♣❤♦t♦s❡♥s✐t✐✈❡ r❡s✐♥ ♦r ♣❤♦t♦r❡s✐st ♦♥ ❛
s✉❜str❛t❡✳ ❖✉r ♠❛s❦ ♣❛tt❡r♥s ✇❡r❡ ❞❡s✐❣♥❡❞ ✉s✐♥❣ st❛♥❞❛r❞ ❈❆❉ s♦❢t✇❛r❡
❛♥❞ ♣r♦✈✐❞❡❞ t♦ t❤❡ ❝♦♠♣❛♥② ❉❡❧t❛ ▼❛s❦ ❜✳✈✳ t❤❛t ♣r♦❞✉❝❡❞ t❤❡ ✜♥✐s❤❡❞
♣❤♦t♦♠❛s❦s✳ ❆♥ ❡①❛♠♣❧❡ ♠❛s❦ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶✷✳ ❉✐✛❡r❡♥t ❝❤❡♠✐❝❛❧ ❛♥❞
♣❤②s✐❝❛❧ ♣r♦❝❡❞✉r❡s t❤❡♥ ❛❧❧♦✇ t❤❡ ♣❛tt❡r♥ t♦ ❜❡ ❡♥❣r❛✈❡❞ ✐♥ s♦♠❡ ✇❛② ♦♥ t❤❡
✉♥❞❡r❧②✐♥❣ s✉❜str❛t❡✳ ❚❤❡ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡s✐r❡❞ ❞❡♣t❤
♦❢ t❤❡ ♣❛tt❡r♥ ❛♥❞ ♦♥ t❤❡ ♠❛t❡r✐❛❧s ❛♥❞ ♣r♦❝❡❞✉r❡s ✐♥✈♦❧✈❡❞✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r
♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡s ❛❝❤✐❡✈❛❜❧❡ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢
1 ➭♠✳
❆s ❛♥ ❡①❛♠♣❧❡ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ✇❤❛t ♣r♦❝❡❞✉r❡s ✇❡r❡ ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❢❛❜✲
r✐❝❛t✐♦♥ ♦❢ ♦✉r ❞❡✈✐❝❡s✳ ❚❤❡ ♣r♦❝❡ss ✐s s❤♦✇♥ s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ✜❣✉r❡ ✷✳✶✸✳ ❖✉r
❞❡✈✐❝❡s ❛r❡ ❢❛❜r✐❝❛t❡❞ ♦♥ ✹ ✐♥❝❤ ✐♥ ❞✐❛♠❡t❡r ❛♥❞ 500 ➭♠ t❤✐❝❦ ❈✲♣❧❛♥❡ s❛♣♣❤✐r❡
✇❛❢❡rs✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r✐♥t s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♥✐♦❜✐✉♠ ❝✐r❝✉✐ts ♦♥t♦ t❤❡s❡
✇❛❢❡rs ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡ ♦❢ ❛r♦✉♥❞ 4 ➭♠✳
✷✳✸✳ ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✸✶
❋✐❣✉r❡ ✷✳✶✷✿ ❯❱ ♣❤♦t♦❧✐t❤♦❣r❛♣❤② ♠❛s❦ ❈❆❉ ❞❡s✐❣♥ ❛♥❞ ✜♥✐s❤❡❞ ♠❛s❦
❚❤❡ ✜rst st❡♣ ✐♥✈♦❧✈❡s ❝♦✈❡r✐♥❣ ♦♥❡ s✐❞❡ ♦❢ t❤❡ s❛♣♣❤✐r❡ ✇❛❢❡r ✇✐t❤ ❛ ✶✺✵ ♥♠
❧❛②❡r ♦❢ ◆❜ ✉s✐♥❣ ✐♦♥✲❜❡❛♠ s♣✉tt❡r✐♥❣ ✭■❇❙✮✳ ▼❛♥② ♦t❤❡r ♠❡t❛❧s ❞♦ ♥♦t r❡q✉✐r❡
■❇❙ t♦ ❝r❡❛t❡ ❧❛②❡rs ❛♥❞ s♦♠❡ ♦❢ ♦✉r t❡sts ✉s❡❞ ❧❛②❡rs ♦❢ ❝♦♣♣❡r ❛♥❞ ❣♦❧❞ ✇❤✐❝❤
❛r❡ ❞❡♣♦s✐t❡❞ ❜② ❡✈❛♣♦r❛t✐♦♥ ✉s✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠ ♣❤②s✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥
✭❊❇P❱❉✮ ✭❢♦r ❣♦❧❞✮ ♦r ❡✈❡♥ t❤❡r♠❛❧ ❡✈❛♣♦r❛t✐♦♥ ✇✐t❤ ❛ ❤✐❣❤ ♣♦✇❡r r❡s✐st♦r ✭❢♦r
❝♦♣♣❡r✮✳ ■♥ ❛♥② ❝❛s❡✱ ❛❢t❡r t❤❡ ♠❡t❛❧ ❧❛②❡r ✐s ❞❡♣♦s✐t❡❞✱ t❤❡ ✇❛❢❡r ✐s ♣r♦❝❡ss❡❞
✉♥❞❡r ❝❧❡❛♥ r♦♦♠ ❝♦♥❞✐t✐♦♥s t♦ ❛✈♦✐❞ ❞✉st ❛♥❞ ✐♠♣✉r✐t✐❡s ❢r♦♠ ❞❛♠❛❣✐♥❣ t❤❡
✜♥❛❧ ♣❛tt❡r♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s ❛r❡ t❤❡♥ ❝❛rr✐❡❞ ♦✉t ✐♥ s❡q✉❡♥❝❡✳
• ❚❤❡ ✇❛❢❡rs ❛r❡ t❤♦r♦✉❣❤❧② ❝❧❡❛♥❡❞ ✉s✐♥❣ ✉❧tr❛s♦✉♥❞ ❜❛t❤s ✐♥ ❛❝❡t♦♥❡✱
✐s♦♣r♦♣❛♥♦❧ ❛♥❞ ❞❡✲✐♦♥✐③❡❞ ✭❉■✮ ✇❛t❡r✳ ❚❤❡② ❛r❡ t❤❡♥ ❤❡❛t❡❞ ❛t 120 ◦❈
❞❡❣r❡❡s ❢♦r ✶✵ ♠✐♥✉t❡s t♦ r❡♠♦✈❡ ❤✉♠✐❞✐t②✳
• ❆❢t❡r t❤❡ ✇❛❢❡r ❤❛s ❝♦♦❧❡❞✱ ❛ s♣✐♥ ❝♦❛t❡r ✐s ✉s❡❞ t♦ ❛♣♣❧② ❛ t❤✐♥ ❧❛②❡r
♦❢ ❛❞❤❡s✐♦♥ ♣r♦♠♦t❡r ✭❚■ ♣r✐♠❡✮ ❛♥❞ ❛ 2.4 ➭♠ ❧❛②❡r ♦❢ ♣❤♦t♦r❡s✐st ✭❆❩
✻✻✷✹✮✳
• ❚❤❡ ✇❛❢❡r ✐s t❤❡♥ s♦❢t ❜❛❦❡❞ ❛t 110 ◦❈ ❢♦r 50 s
• ■t ✐s ❧♦❛❞❡❞ ✐♥t♦ t❤❡ ♠❛s❦ ❛❧✐❣♥❡r ❢♦r ✐rr❛❞✐❛t♦♥✳ ❚❤❡ ♠❛s❦ ❛❧✐❣♥❡r ❤♦❧❞s
t❤❡ ♠❛s❦ ❛♥❞ ♠❡r❝✉r② ❯❱ ❧❛♠♣ ♥❡❝❡ss❛r② t♦ ✐♠♣r✐♥t t❤❡ ♣❛tt❡r♥s ♦♥t♦
t❤❡ r❡s✐♥✳ ❚❤❡ ♣❤♦t♦♠❛s❦ ✇✐t❤ t❤❡ ❝✐r❝✉✐t ♣❛tt❡r♥s ✐s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡
r❡s✐♥ ❝♦✈❡r❡❞ ✇❛❢❡r ❛♥❞ ♣✉t ✐♥t♦ ❝❧♦s❡ ❝♦♥t❛❝t ❜② ❛♣♣❧②✐♥❣ ✈❛❝✉✉♠✳ ❚❤❡
✇❛❢❡r ✐s t❤❡♥ ✐rr❛❞✐❛t❡❞ t❤r♦✉❣❤ t❤❡ ♠❛s❦ ❢♦r ✶✵✲✷✵ s❡❝♦♥❞s ✭❝❛❧❝✉❧❛t❡❞
t♦ ❣❡t ❛ ❞♦s❡ ♦❢ ❛❜♦✉t 154♠❏❝♠−2✮✳
• ❖♥❝❡ ✐♠♣r✐♥t❡❞✱ t❤❡ ✇❛❢❡r ✐s ❜❛t❤❡❞ ✐♥ ❛ ✶✿✶ s♦❧✉t✐♦♥ ♦❢ ♣❤♦t♦r❡s✐st ❞❡✲
✈❡❧♦♣❡r ✭❆❩ ❞❡✈❡❧♦♣❡r✮ ❛♥❞ ❉■ ✇❛t❡r ❢♦r ❛❜♦✉t ✺✵✲60 s t♦ r❡♠♦✈❡ t❤❡
✸✷ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
Photoresist
Metal
Substrate
Irradiated
Photomask
UV radiation
Finished pattern
RIE etching
Photoresist
Substrate
Photomask
UV radiation
Irradiated
Reversal bake
+ UV ﬂood
Developed
Sputtering 
Lift-oﬀ
Not irradiated
Developed
ETCHING METHOD LIFT-OFF METHOD
Finished pattern
❋✐❣✉r❡ ✷✳✶✸✿ ❚✇♦ ❯❱ ♣❤♦t♦❧✐t❤♦❣r❛♣❤② ♣r♦❝❡❞✉r❡s✳
❡①♣♦s❡❞ ❛r❡❛s ♦❢ r❡s✐♥✳ ❚❤❡ ✇❛❢❡r ✐s t❤❡♥ ✐♥s♣❡❝t❡❞ ✉♥❞❡r ❛ ♠✐❝r♦s❝♦♣❡✳
■❢ t❤❡ ♣❛tt❡r♥s ❛r❡ ❞❡❢❡❝t✐✈❡ ✐♥ s♦♠❡ ✇❛②✱ t❤❡ r❡s✐♥ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ✉s✐♥❣
✉❧tr❛s♦✉♥❞ ❛♥❞ ❛❝❡t♦♥❡ ❛♥ t❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ r❡♣❡❛t❡❞✳
• ■❢ t❤❡ ♣❛tt❡r♥s ❛r❡ ✇❡❧❧ r❡♣r♦❞✉❝❡❞✱ t❤❡ ✇❛❢❡r ✐s ❤❛r❞ ❜❛❦❡❞ ❛t 125 ◦❈ ❢♦r
2♠✐♥ t♦ ❤❛r❞❡♥ t❤❡ ♣❤♦t♦r❡s✐st✳
• ❚❤❡ ♥❡①t st❡♣ ✐♥✈♦❧✈❡s ❡t❝❤✐♥❣ t❤❡ ❡①♣♦s❡❞ ♥✐♦❜✐✉♠ ✉s✐♥❣ r❡❛❝t✐✈❡ ✐♦♥
❡t❝❤✐♥❣ ✭❘■❊✮✳ ❚❤❡ ✇❛❢❡r ✐s ❧♦❛❞❡❞ ✐♥t♦ t❤❡ ❘■❊ ❝❤❛♠❜❡r ❛♥❞ ❛tt❛❝❦❡❞
✉s✐♥❣ ❙❋✻ ❣❛s ♣r❡❝❡❞❡❞ ❜② ✶ ♠✐♥✉t❡ ♦❢ ✵✷ ♣❧❛s♠❛✳ ❚❤❡ ❜❛s❡ st❛♥❞❛r❞
♣❛r❛♠❡t❡rs ❛r❡ ✷✵✵ ❲❛tts ♦❢ ❘❋ ♣♦✇❡r✱ 0.19♠❜❛r ❣❛s ♣r❡ss✉r❡ ❛♥❞ ❛ ✷✵
s❝❝♠ ❣❛s ✢✉① ❛♥❞ ❛♥ ❛tt❛❝❦ t✐♠❡ ♦❢ ✶✵ ♠✐♥✉t❡s✳
• ❚❤❡ r❡♠❛✐♥✐♥❣ r❡s✐♥ ✐s ✜♥❛❧❧② r❡♠♦✈❡❞ ✉s✐♥❣ ❛♥ ❛❝❡t♦♥❡ ❜❛t❤ ❧❡❛✈✐♥❣ t❤❡
✜♥✐s❤❡❞ ❞❡✈✐❝❡s✳
■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ t②♣✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ❢❛❜r✐❝❛t❡ ❛ ♣❤♦t♦❧✐t❤♦❣r❛♣❤②
♠❛s❦ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡t❛✐❧❡❞ ❤❡r❡✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡
❡①♣♦s✉r❡ st❡♣✳ ■♥st❡❛❞ ♦❢ ✐❧❧✉♠✐♥❛t✐♥❣ t❤❡ s❛♠♣❧❡ ✭✐♥ t❤❡ ♠❛s❦ ❝❛s❡ ❛ ❧❛②❡r
♦❢ ❝❤r♦♠✐✉♠ ♦♥ ❢✉s❡❞ q✉❛rt③✮ t❤r♦✉❣❤ ❛ ♠❛s❦✱ ❛♥ ❡❧❡❝tr♦♥ ❜❡❛♠ ♦r ❛ ❧❛s❡r ✐s
✉s❡❞ t♦ ✐rr❛❞✐❛t❡ t❤❡ ❞❡s✐r❡❞ ❛r❡❛s ♦❢ t❤❡ r❡s✐♥✳
✷✳✸✳ ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✸✸
■♥st❡❛❞ ♦❢ ❘■❊ ❡t❝❤✐♥❣✱ ❧✐❢t✲♦✛ ❧✐t❤♦❣r❛♣❤② ✇❛s ❛❧s♦ ✉s❡❞ ✐♥ s♦♠❡ ❝❛s❡s✳
❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❛❧s♦ ✈❡r② s✐♠✐❧❛r ❜✉t ✐♥✈♦❧✈❡s ✉s✐♥❣ ❞✐✛❡r❡♥t r❡s✐♥s ❛♥❞ ❛ ❢❡✇
❛❞❞✐t✐♦♥❛❧ st❡♣s✳ ❚❤❡ r❡s✐♥ ♣❛tt❡r♥✐♥❣ ✐s ❞♦♥❡ ❞✐r❡❝t❧② ♦♥ t❤❡ ❜❛r❡ s❛♣♣❤✐r❡
✇❛❢❡r ✉s✐♥❣ ❛ ♥❡❣❛t✐✈❡ r❡s✐♥ ✭❚■ ✸✺ ❊❙✮✳ ❚❤✐s r❡s✐♥ ✐s ✜rst ❡①♣♦s❡❞ t❤r♦✉❣❤
t❤❡ s❛♠❡ ♣❤♦t♦♠❛s❦ ✭❢♦r ❛ 200♠❏❝♠−2 r❛❞✐❛t✐♦♥ ❞♦s❡✮ ❛♥❞ t❤❡♥ ❛ r❡✈❡rs❛❧
❜❛❦❡ ✭❛t 130 ◦❈ ❢♦r 2♠✐♥✮ ✐s ❛♣♣❧✐❡❞✳ ❚❤✐s ♠❛❦❡s t❤❡ ❡①♣♦s❡❞ ❛r❡❛s r❡s✐st❛♥t
t♦ t♦ ❯❱ r❛❞✐❛t✐♦♥ ❛♥❞ t♦ t❤❡ ♣❤♦t♦r❡s✐st ❞❡✈❡❧♦♣❡r✳ ❆❢t❡r ✐t ❝♦♦❧s✱ t❤❡ ❡♥t✐r❡
✇❛❢❡r ✐s ✢♦♦❞❡❞ ✐♥ ❯❱ ❧✐❣❤t ✭♥♦ ♣❤♦t♦♠❛s❦✮ ✇❤✐❝❤ ✇✐❧❧ ♥♦✇ ❛✛❡❝t ♦♥❧② t❤❡
✐♥✐t✐❛❧❧② ✉♥❡①♣♦s❡❞ ♣❛rts✳ ❚❤❡ ✇❛❢❡r ✐s t❤❡♥ ❞❡✈❡❧♦♣❡❞ ❧❡❛✈✐♥❣ ❛♥ ✐♥✈❡rt❡❞
r❡s✐♥ ♣❛tt❡r♥✳ ◆✐♦❜✐✉♠ ✐s t❤❡♥ s♣✉tt❡r❡❞ ♦♥ t♦♣ ♦❢ t❤✐s ♣❛tt❡r♥ ✐♥ ❛ ✉♥✐❢♦r♠
❧❛②❡r✳ ❚❤❡ ♥✐♦❜✐✉♠ r❡st✐♥❣ ♦♥ t❤❡ r❡s✐♥ ❝♦✈❡r❡❞ ❛r❡❛s ✐s ❧✐❢t❡❞ ♦✛ ❜② ❜❛t❤✐♥❣
t❤❡ ✇❛❢❡r ✐♥ ❛❝❡t♦♥❡ ✇❤✐❧❡ t❤❡ ♥✐♦❜✐✉♠ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❜❛r❡ s❛♣♣❤✐r❡ ❛r❡❛s ✐s
♠❛✐♥t❛✐♥❡❞ ❧❡❛✈✐♥❣ t❤❡ s❛♠❡ ♣❛tt❡r♥s ❛s ✐♥ t❤❡ ❘■❊ ❝❛s❡✳ ❇♦t❤ t❤❡ ❘■❊ ❛♥❞
t❤❡ ❧✐❢t✲♦✛ ♣r♦❝❡❞✉r❡s ❛r❡ s❝❤❡♠❛t✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✸✳
❋✐❣✉r❡ ✷✳✶✹✿ ❯❱ ♣❤♦t♦❧✐t❤♦❣r❛♣❤② ❝❧❡❛♥ r♦♦♠ ✇✐t❤ t❤❡ ♠❛s❦ ❛❧✐❣♥❡r ✭❢♦r❡❣r♦✉♥❞✮ ❛♥❞
t❤❡ s♣✐♥ ❝♦❛t❡r ❛♥❞ ❤♦t ♣❧❛t❡ ✭❜❛❝❦❣r♦✉♥❞✮✳
❆s ❛ ✜♥❛❧ st❡♣ ✐♥ ❜♦t❤ t❤❡ ❘■❊ ❛♥❞ ❧✐❢t ♦✛ ❝❛s❡s✱ t❤❡ ✇❛❢❡r ♠✉st ❜❡ ❞✐❝❡❞
t♦ s❡♣❛r❛t❡ t❤❡ ❞✐✛❡r❡♥t ❞❡✈✐❝❡s ✭t❤❡r❡ ❛r❡ ❛❜♦✉t ✸✵ ❞✐✛❡r❡♥t ❞❡✈✐❝❡s ♦♥ ❡✈✲
❡r② ✇❛❢❡r✮✳ ❚❤✐s ✐s ❞♦♥❡ ✉s✐♥❣ ❛ ❞✐❛♠♦♥❞ s❛✇ ❛♥❞ ✐s ✉s✉❛❧❧② t❤❡ ❧❡♥❣t❤✐❡st
✭❛♥❞ ♦❢t❡♥ t❤❡ ♠♦st ❝r✐t✐❝❛❧✮ ♣❛rt ♦❢ t❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡✳ ●✐✈❡♥ t❤❡ ♠❡❝❤❛♥✲
✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ s❛♣♣❤✐r❡✱ t❤❡ ❝✉ts ♠✉st ❜❡ ❞♦♥❡ ✈❡r② s❧♦✇❧② ✭♥♦ ♠♦r❡ t❤❛♥
2♠♠♠✐♥−1✮ ❛♥❞ ✇✐t❤ ❛♥ ❛❞❡q✉❛t❡ s❛✇✳ ❚❤❡ ✇❛❢❡rs ❡❛s✐❧② s❤❛tt❡r ✐❢ ❝✉t t♦♦
q✉✐❝❦❧②✳
✸✹ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
✷✳✸✳✷ ❙❝❛♥♥✐♥❣ ❊❧❡❝tr♦♥ ▼✐❝r♦s❝♦♣② ✭❙❊▼✮ ❛♥❞ ❋♦❝✉s❡❞ ■♦♥
❇❡❛♠ ✭❋■❇✮
❙❝❛♥♥✐♥❣ ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣② ✭❙❊▼✮ ❛♥❞ ❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ✭❋■❇✮ ❛r❡ t✇♦
t❡❝❤♥✐q✉❡s t❤❛t ✇❡ ✉s❡ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ♥❛♥♦s❝❛❧❡ ❢❡❛t✉r❡s ✐♥ ♦✉r s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts✳
❙❊▼ ✐s ❛ ♠✐❝r♦s❝♦♣② t❡❝❤♥✐q✉❡ t❤❛t ❝♦♥s✐sts ✐♥ ❜♦♠❜❛r❞✐♥❣ ❛ s❛♠♣❧❡ ✇✐t❤ ❛
❤✐❣❤ ❡♥❡r❣② ❡❧❡❝tr♦♥ ❜❡❛♠ ✭∼❦❡❱✮✳ ❚❤❡s❡ ❡❧❡❝tr♦♥ ❝❛♥ ❜❡ ❡✐t❤❡r ❜❛❝❦s❝❛tt❡r❡❞
♦r tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡ s❛♠♣❧❡ ❛♥❞ ❝❛♥ ♣r♦❞✉❝❡ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s ❛s ❛
r❡s✉❧t ♦❢ ✐♦♥✐③❛t✐♦♥ ✭∼❡❱✮✳ ■♥ ❙❊▼✱ t❤❡s❡ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s ❛r❡ ❝♦❧❧❡❝t❡❞ t♦
♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s❛♠♣❧❡ ❛♥❞ ✐ts t♦♣♦❣r❛♣❤②✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇s
✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ✭❞♦✇♥ t♦ ✶ ♥♠✮ ❛♥❞ ❤❛s ❛ ❧❛r❣❡ ❞❡♣t❤ ♦❢ ✜❡❧❞
❛❧❧♦✇✐♥❣ ✐♠❛❣❡s ✇✐t❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✸❉ ❛♣♣❡❛r❛♥❝❡✳
❋■❇ ✐s s✐♠✐❧❛r t♦ ❙❊▼ ❜✉t t❤❡ ❡❧❡❝tr♦♥s ❛r❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ❜❡❛♠ ♦❢ ❛❝❝❡❧✲
❡r❛t❡❞ ✐♦♥s ✭✐♥ ♦✉r ❝❛s❡ ●❛✰ ❛t ✸✵ ❦❱✮✳ ❆❧t❤♦✉❣❤ ✐♠❛❣✐♥❣ ✐s ♣♦ss✐❜❧❡ ✇✐t❤ ❛♥
✐♦♥ ❜❡❛♠✱ ✐t ✐s ✐♥❤❡r❡♥t❧② ❞❡str✉❝t✐✈❡ t♦ t❤❡ s❛♠♣❧❡ s✉r❢❛❝❡✳ ❚❤✐s ♠❛❦❡s s❛♠♣❧❡
❡t❝❤✐♥❣ t❤❡ ❜❡❛♠✬s ♣r✐♠❛r② ✉s❡✳ ◆❛♥♦s❝❛❧❡ ✭❛s s♠❛❧❧ ❛s ∼ ✶✵ ♥♠✮ str✉❝t✉r❡s
❛♥❞ ❞❡s✐❣♥s ❝❛♥ ❜❡ ❡t❝❤❡❞ ✐♥t♦ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ s✉❜str❛t❡s ❛♥❞ s❛♠♣❧❡s✳ ❚❤✐s
s❛♠❡ ✐♦♥ ❜❡❛♠ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❜✉✐❧❞ str✉❝t✉r❡s ❜② ✐♥❥❡❝t✐♥❣ ❛ ♣r❡❝✉rs♦r ❣❛s
❝❧♦s❡ t♦ t❤❡ s❛♠♣❧❡ s✉r❢❛❝❡ ✐♥ ❛ ♣r♦❝❡ss ❦♥♦✇♥ ❛s ❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ✐♥❞✉❝❡❞
❞❡♣♦s✐t✐♦♥ ✭❋■❇■❉✮❬✶✺❪✳ ❚❤❡ ♠♦❧❡❝✉❧❡s ♦❢ ❛ ♣r❡❝✉rs♦r ❣❛s ❛r❡ ✐♥❥❡❝t❡❞ ❝❧♦s❡ t♦
t❤❡ s❛♠♣❧❡ s✉r❢❛❝❡ ❛♥❞ ❛r❡ ❛❞s♦r❜❡❞ t♦ t❤❡ s✉r❢❛❝❡✳ ❚❤❡ ✐♥❝♦♠✐♥❣ ✐♦♥s ❞❡❝♦♠✲
♣♦s❡ t❤❡s❡ ♠♦❧❡❝✉❧❡s ❛♥❞ r❡♠♦✈❡ t❤❡ ✈♦❧❛t✐❧❡ ❝♦♠♣♦♥❡♥ts ❧❡❛✈✐♥❣ ❛ ❞❡♣♦s✐t
❝♦♠♣♦s❡❞ ♦❢ ♥♦♥✲✈♦❧❛t✐❧❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r❡❝✉rs♦r ❣❛s ✇✐t❤ ✐♠♣❧❛♥t❡❞ ✐♦♥s
❢r♦♠ t❤❡ ❜❡❛♠✳ ▼❛t❡r✐❛❧s t❤❛t ❝❛♥ ❜❡ ❞❡♣♦s✐t❡❞ ✐♥❝❧✉❞❡ t✉♥❣st❡♥✱ ♣❧❛t✐♥✉♠✱
❝♦❜❛❧t✱ ❝❛r❜♦♥ ❛♥❞ ❣♦❧❞✳ ■♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ t✉♥❣st❡♥✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ t❤❡
t❤❡ ●❛✰ ✐♦♥s ❛❧❧♦✇s t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✇✐r❡s ❬✶✻✱ ✶✼❪✳
❍❡❧✐♦s ◆❛♥♦▲❛❜ ❉✉❛❧❇❡❛♠
❚❤❡ ❙❊▼✴❋■❇ s②st❡♠ ✇❡ ✉s❡ ✐♥ t❤✐s ✇♦r❦ ✐s ❛ ❍❡❧✐♦s ◆❛♥♦❧❛❜ ❉✉❛❧❇❡❛♠ ❜②
❋❊■ ❬✶✽❪✭s❡❡ ✜❣✉r❡ ✷✳✶✺✮✳ ■t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ▲❛❜♦r❛t♦r✐♦ ❞❡ ▼✐❝r♦s❝♦♣í❛s
❆✈❛♥③❛❞❛s ✭▲▼❆✮ ❬✶✾❪ ❛t t❤❡ ■♥st✐t✉t♦ ❞❡ ◆❛♥♦❝✐❡♥❝✐❛ ❞❡ ❆r❛❣ó♥ ✭■◆❆✮ ❬✷✵❪
❝❧❡❛♥ r♦♦♠✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ❞✉❛❧❜❡❛♠ s②st❡♠s ✭♠♦❞❡❧ ✻✺✵✱ ✻✵✵ ❛♥❞ ❛ ♦❧❞❡r
♥♦✈❛ ✷✵✵ ♠♦❞❡❧✮✳ ❚❤❡ ❉✉❛❧❇❡❛♠ ❞❡s✐❣♥❛t✐♦♥ r❡❢❡rs t♦ t❤❡ ❢❛❝t t❤❛t t❤❡s❡
s②st❡♠s ❝♦♠❜✐♥❡ t✇♦ ❝♦❧✉♠♥s✱ ♦♥❡ ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❛♥❞✱ ❛t 52◦✱ ❛♥♦t❤❡r
❢♦r t❤❡ ●❛✰ ✐♦♥ ❜❡❛♠✳ ❚❤✐s ❛❧❧♦✇s t❤❡ s❛♠♣❧❡ t♦ ❜❡ ✐♠❛❣❡❞ ✭❜② ❙❊▼✮ ❛♥❞
♣r♦❝❡ss❡❞ ✭✇✐t❤ ❋■❇ ♦r ❋■❇■❉✮ s✐♠✉❧t❛♥❡♦✉s❧②✳
❖✉r s❛♠♣❧❡s ❛r❡ ✉s✉❛❧❧② ❧♦❛❞❡❞ ✐♥t♦ t❤❡ ◆❛♥♦❧❛❜ ❝❤❛♠❜❡r t❛♣❡❞ ♦♥t♦ ❛
s❛♠♣❧❡ ❤♦❧❞❡r ✉s✐♥❣ ❝♦♣♣❡r ♦r ❝❛r❜♦♥ t❛♣❡ t♦ ❡♥s✉r❡ ❣♦♦❞ ❡❧❡❝tr✐❝❛❧ ❝♦♥t❛❝t t♦
✷✳✸✳ ▲✐t❤♦❣r❛♣❤② ❛♥❞ ❝✐r❝✉✐t ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✸✺
❋✐❣✉r❡ ✷✳✶✺✿ ❍❡❧✐♦s ✻✺✵ s②st❡♠ ✐♥ ❝❧❡❛♥ r♦♦♠ ❛t ■♥st✐t✉t♦ ❞❡ ◆❛♥♦❝✐❡♥❝✐❛ ❞❡ ❆r❛❣ó♥
❣r♦✉♥❞✳ ❚❤✐s ✐s ♥❡❝❡ss❛r② t♦ ❛✈♦✐❞ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❤❛r❣❡s ✐♥ t❤❡ s❛♠♣❧❡
s✐♥❝❡ t❤❡s❡ ❝❤❛r❣❡s ❝❛♥ ❞❡✢❡❝t t❤❡ ❜❡❛♠s✱ r❡❞✉❝❡ ♦✉r r❡s♦❧✉t✐♦♥ ❛♥❞ ✐♥❞✉❝❡
❞r✐❢t ✐♥ t❤❡ ✐♠❛❣❡s ❛♥❞ ❡t❝❤❡❞ ♣❛tt❡r♥s✳ ❆❢t❡r t❤❡ ❝❤❛♠❜❡r ✐s ❛t ✈❛❝✉✉♠
✭❛♣♣r♦①✐♠❛t❡❧② 10−6 ♠❜❛r✮✱ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✐s ✉s❡❞ t♦ ✐♠❛❣❡ t❤❡ s❛♠♣❧❡
❛♥❞ ❧♦♦❦ ❢♦r t❤❡ ❛r❡❛ ✇❡ ✇✐s❤ t♦ ♣❛tt❡r♥✳ ❖♥❝❡ ✐t ✐s ❧♦❝❛t❡❞✱ t❤❡ s❛♠♣❧❡ ✐s
r♦t❛t❡❞ t♦ ❛❧✐❣♥ ✐t ✇✐t❤ t❤❡ ✐♦♥ ❝♦❧✉♠♥ ❛♥❞ ❛ ❜r✐❡❢ ✐♠❛❣❡ ✐s t❛❦❡♥ ♦❢ t❤❡ ❛r❡❛✳
❚❤❡ ♣❛tt❡r♥s t♦ ❜❡ ❡t❝❤❡❞ ❛r❡ t❤❡♥ ♦✈❡r❧❛✐❞ ♦♥ t❤❡ ✐♠❛❣❡ ❛♥❞ t❤❡ ❜❡❛♠ ✐s
s✇❡♣t ♦✈❡r t❤❡ ❞❡s✐❣♥❛t❡❞ ❛r❡❛s t♦ ❝r❡❛t❡ t❤❡ ❞❡s✐r❡❞ str✉❝t✉r❡s✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡rs t♦ ❛❞❥✉st ✐s t❤❡ ✐♦♥ ❜❡❛♠ ❝✉rr❡♥t✳ ❚❤❡ ❜❡❛♠
❝✉rr❡♥t ❞❡t❡r♠✐♥❡s t❤❡ s♣♦t s✐③❡ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ r❡s♦❧✈❛❜❧❡ str✉❝t✉r❡s ❛s
✇❡❧❧ ❛s t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ♣❛tt❡r♥s✳ ❍✐❣❤ ❜❡❛♠ ❝✉rr❡♥ts ✭✉♣
t♦ ✷✶ ♥❆✮ ❛❧❧♦✇ ❢❛st ✭✶✲✶✵ ♠✐♥✉t❡s✮ ♣❛tt❡r♥✐♥❣ ♦r ❝✉tt✐♥❣ ♦❢ ❧❛r❣❡ ❛r❡❛s ✭✉♣
t♦ 100 ➭♠✮ ❜✉t r❡❞✉❝❡ t❤❡ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❧♦✇❡st ❝✉rr❡♥t ✭∼ 1 ♣❆✮ ❤❛s ❛ s♣♦t
s✐③❡ ♦❢ ❛❜♦✉t ✺ ♥♠ ❢♦r ❡t❝❤✐♥❣ ✜♥❡ ❞❡t❛✐❧s ❜✉t r❡q✉✐r❡s ❧♦♥❣❡r ❡t❝❤✐♥❣ t✐♠❡s✳
❱❡r② ❧♦♥❣ ❡t❝❤✐♥❣ t✐♠❡s ❝❛♥ ❜❡ ♣r♦❜❧❡♠❛t✐❝ ❛s s❛♠♣❧❡ ❞r✐❢t ❛♥❞ ❝❤❛r❣✐♥❣ ❝❛♥
❛❧s♦ ❧✐♠✐t t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♦✉r str✉❝t✉r❡s✳ ❚❤❡ ❝✉rr❡♥ts ❛♥❞ ♣❛tt❡r♥s ❤❛✈❡ t♦
t❤❡r❡❢♦r❡ ❜❡ ❛❞❥✉st❡❞ s✉❝❤ t❤❛t t❤❡ ♣❛tt❡r♥✐♥❣ t✐♠❡s ❞♦ ♥♦t ❡①❝❡❡❞ ✶✵ ♠✐♥✉t❡s
✸✻ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
♦♥ ❛✈❡r❛❣❡ t♦ ❛✈♦✐❞ t❤✐s ✐ss✉❡✳ ■♥ s♦♠❡ ❝❛s❡s✱ s❡✈❡r❛❧ st❡♣s ❛t ❞✐✛❡r❡♥t ❝✉rr❡♥ts
♠❛② ❜❡ ♥❡❝❡ss❛r② t♦ ❣❡♥❡r❛t❡ ❛❧❧ t❤❡ ❢❡❛t✉r❡s✳
✷✳✹ ❘❋ ❝✐r❝✉✐t ♠❡❛s✉r❡♠❡♥t
✷✳✹✳✶ ❱❡❝t♦r ◆❡t✇♦r❦ ❆♥❛❧②③❡r
❆ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✐s ❛♥ ✐♥str✉♠❡♥t t❤❛t ♠❡❛s✉r❡s t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✲
✢❡❝t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦s ✐♥ t❤❡ r❛❞✐♦✲❢r❡q✉❡♥❝② ✭❘❋✮ r❡❣✐♠❡✳
❚❤❡ ❞❡✈✐❝❡ ✉s❡s ❛ ❘❋ s♦✉r❝❡ t♦ s❡♥❞ ❛ ❦♥♦✇♥ ✇❛✈❡ ✐♥t♦ t❤❡ ❡❧❡❝tr✐❝❛❧ s②st❡♠
t❤r♦✉❣❤ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ❛♥❞ ♠❡❛s✉r❡s t❤❡ r❡✢❡❝t❡❞ ❛♥❞ tr❛♥s♠✐tt❡❞ ✇❛✈❡s
❛t t❤❡ ❞❡✈✐❝❡✬s ♣♦rts ❬✷✶❪✳
■t ✐s ❤❡❧♣❢✉❧ t♦ t❤✐♥❦ ♦❢ t❤❡s❡ ❡❧❡❝tr✐❝❛❧ ✇❛✈❡s ✉s✐♥❣ ❛♥ ♦♣t✐❝❛❧ ❛♥❛❧♦❣② ❛♥❞
t♦ r❡♣❧❛❝❡ t❤❡ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦ ✇✐t❤ ❛ s②st❡♠ ♦❢ ❧❡♥s❡s✳ ❲❡ ❝❛♥ ✐♠❛❣✐♥❡
✐♥❝✐❞❡♥t ❧✐❣❤t str✐❦✐♥❣ t❤❡ ♦♣t✐❝❛❧ s②st❡♠ ❛♥❞ ❤❛✈✐♥❣ ♣❛rt ♦❢ t❤❡ ✇❛✈❡ r❡✢❡❝t❡❞
❛♥❞ ♣❛rt tr❛♥s♠✐tt❡❞✳ ■❢ t❤❡ ❧❡♥s❡s ❛r❡ ❧♦ss②✱ ❢♦r ❡①❛♠♣❧❡✱ s♦♠❡ ♦❢ t❤❡ ❧✐❣❤t
✇✐❧❧ ❜❡ ❛❜s♦r❜❡❞ ❜② t❤❡ ❧❡♥s❡s✳ ■❢ t❤❡ s②st❡♠ ✐♥❝❧✉❞❡s ♠✐rr♦rs✱ ❧❛r❣❡ ❛♠♦✉♥ts
♦❢ ❧✐❣❤t ♠✐❣❤t ❛❧s♦ ❜❡ r❡✢❡❝t❡❞✳ ❚❤❡s❡ ❧❡♥s❡s ♠✐❣❤t ❛❧s♦ ❜❡❤❛✈❡ ❞✐✛❡r❡♥t❧② ❛t
❞✐✛❡r❡♥t ✇❛✈❡ ❢r❡q✉❡♥❝✐❡s ✐❢ t❤❡ ♠❛t❡r✐❛❧s ❛r❡ ❞✐s♣❡rs✐✈❡✳ ❚❤❡s❡ ❝♦♥❝❡♣ts ❛r❡
st✐❧❧ ✈❛❧✐❞ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❘❋ s✐❣♥❛❧s ❡①❝❡♣t t❤❛t t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②
❧✐❡s ✐♥ t❤❡ ❘❋✴♠✐❝r♦✇❛✈❡ r❛♥❣❡ ✐♥st❡❛❞ ♦❢ t❤❡ ♦♣t✐❝❛❧ r❛♥❣❡✳ ◆❡t✇♦r❦ ❛♥❛❧②s✐s
✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ r❛t✐♦s ♦❢ t❤❡ r❡✢❡❝t❡❞ ❛♥❞
tr❛♥s♠✐tt❡❞ s✐❣♥❛❧s t♦ t❤❡ ✐♥❝✐❞❡♥t s✐❣♥❛❧✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛ ♥❡t✇♦r❦ ❛♥❛❧②③❡r✱ ❛❧t❤♦✉❣❤ s✐♠✐❧❛r ✐♥ s♦♠❡
r❡s♣❡❝ts✱ ❤❛s s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡s ✇✐t❤ ❛ s♣❡❝tr✉♠ ❛♥❛❧②③❡r✳ ◆❡t✇♦r❦ ❛♥❛✲
❧②③❡rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦s ❛♥❞ ✐♥❝❧✉❞❡
t❤❡ s✐❣♥❛❧ s♦✉r❝❡ ✐♥ t❤❡ ❞❡✈✐❝❡✳ ❚❤❡② ♠❡❛s✉r❡ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ t♦
❛ ❦♥♦✇♥ s✐❣♥❛❧ ✇✐t❤✱ ❢♦r ❡①❛♠♣❧❡✱ ❛ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
s♣❡❝tr✉♠ ❛♥❛❧②③❡rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ r❡❝❡✐✈❡❞ s✐❣✲
♥❛❧ ✭s✐❣♥❛❧ ♦r ❝❛rr✐❡r ❧❡✈❡❧✱ s✐❞❡❜❛♥❞s✱ ❤❛r♠♦♥✐❝s✱ ♣❤❛s❡ ♥♦✐s❡✱ ❡t❝✳✮✳ ❚❤❡② ❛r❡
✉s✉❛❧❧② ❝♦♥✜❣✉r❡❞ ❛s ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧ r❡❝❡✐✈❡r ✇✐t❤♦✉t ❛ s✐❣♥❛❧ s♦✉r❝❡✳
◆❡t✇♦r❦ ❛♥❛❧②③❡rs ❝♦♠❡ ✐♥ ❜♦t❤ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ♠♦❞❡❧s✳ ❆ s❝❛❧❛r ♥❡t✇♦r❦
❛♥❛❧②③❡r ♦♥❧② ♠❡❛s✉r❡s t❤❡ r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ r❡✢❡❝t❡❞ ❛♥❞ tr❛♥s♠✐tt❡❞
s✐❣♥❛❧s t♦ t❤❡ s♦✉r❝❡✳ ❚❤✐s ✐s s✉✣❝✐❡♥t ✐♥ ♠❛♥② ❝❛s❡s✳ ❍♦✇❡✈❡r✱ ✐♥ ♦t❤❡r ❝❛s❡s
t❤❡ ♣❤❛s❡ ❞✐✛❡r♥❝❡ ✐s ❛❧s♦ ♥❡❝❡ss❛r② t♦ ❣❡t ❛ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡
s②st❡♠✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r t❤❛t
♠❡❛s✉r❡s ❜♦t❤ t❤❡ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ s✐❣♥❛❧s✳
❆ ❣❡♥❡r❛❧✐③❡❞ ❜❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ ❛ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✐s ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷✳✶✻✳
❚❤❡ ❢♦✉r ♠❛✐♥ ❝♦♠♣♦♥❡♥ts ❛r❡✿
✷✳✹✳ ❘❋ ❝✐r❝✉✐t ♠❡❛s✉r❡♠❡♥t ✸✼
❋✐❣✉r❡ ✷✳✶✻✿ ❇❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ ❛ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ❬✷✶❪✳
• ❆ s✐❣♥❛❧ s♦✉r❝❡ ✲ ■t ♣r♦✈✐❞❡s t❤❡ st✐♠✉❧✉s ❢♦r ♦✉r s②st❡♠ ❛♥❞ ❝❛♥ ✉s✉❛❧❧②
❜❡ ♣r♦❣r❛♠♠❡❞ t♦ s✇❡❡♣ ❡✐t❤❡r ❢r❡q✉❡♥❝② ♦r ♣♦✇❡r✳
• ❙✐❣♥❛❧ s❡♣❛r❛t✐♦♥ ❞❡✈✐❝❡s ✲ ❚❤✐s ❜❧♦❝❦ ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ t❡st s❡t ❛♥❞
s❡r✈❡s t✇♦ ♣r✐♠❛r② ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✜rst ✐s t♦ ♠❡❛s✉r❡ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡
✐♥♣✉t s✐❣♥❛❧ t♦ ♣r♦✈✐❞❡ ❛ r❡❢❡r❡♥❝❡ ❢♦r r❛t✐♦✐♥❣✳ ❚❤❡ s❡❝♦♥❞ ✐s t♦ s❡♣❛r❛t❡
t❤❡ ✐♥❝✐❞❡♥t ❛♥❞ r❡✢❡❝t❡❞ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❛t t❤❡ ✐♥♣✉t ♦❢ ♦✉r ❡❧❡❝tr✐❝❛❧
❞❡✈✐❝❡ ✉♥❞❡r t❡st ✭❉❯❚✮✳ ❇♦t❤ t❤❡s❡ t❛s❦s ❛r❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ❞✐✛❡r❡♥t
❝♦♠♣♦♥❡♥ts s✉❝❤ ❛s s♣❧✐tt❡rs✱ ❞✐r❡❝t✐♦♥❛❧ ❝♦✉♣❧❡rs ❛♥❞ ❜r✐❞❣❡s✳
• ❘❡❝❡✐✈❡rs t♦ ❞❡t❡❝t t❤❡ s✐❣♥❛❧s ✲ ❈❛♥ ❜❡ ❞✐♦❞❡ ❞❡t❡❝t♦rs ✭s❝❛❧❛r ❛♥❞ ❜r♦❛❞✲
❜❛♥❞✮ ♦r t✉♥❡❞ r❡❝❡✐✈❡rs ✭♠❛❣♥✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ✐♥❢♦r♠❛t✐♦♥✮✳ ❱❡❝t♦r ♥❡t✲
✇♦r❦ ❛♥❛❧②③❡rs ✉s❡ t✉♥❡❞ r❡❝❡✐✈❡rs✳ ❚❤❡s❡ ✉s❡ ❛ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✭▲❖✮ t♦
♠✐① t❤❡ ❘❋ ❞♦✇♥ t♦ ❛ ❧♦✇❡r ✐♥t❡r♠❡❞✐❛t❡ ❢r❡q✉❡♥❝② ✭■❋✮✳ ❚❤❡ ■❋ s✐❣♥❛❧
✐s t❤❡♥ ❜❛♥❞♣❛ss ✜❧t❡r❡❞ ✇❤✐❝❤ ❣r❡❛t❧② ✐♠♣r♦✈❡s s❡♥s✐t✐✈✐t② ❛♥❞ ❞②♥❛♠✐❝
r❛♥❣❡✳ ▼♦❞❡r♥ ❛♥❛❧②③❡rs t❤❡♥ ✉s❡ ❛♥ ❛♥❛❧♦❣✲t♦✲❞✐❣✐t❛❧ ❝♦♥✈❡rt❡r ✭❆❉❈✮
❛♥❞ ❞✐❣✐t❛❧ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✭❉❙P✮ t♦ ❡①tr❛❝t t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡
❞❛t❛ ❢r♦♠ t❤❡ ■❋ s✐❣♥❛❧✳
• ❆ ♣r♦❝❡ss♦r ❛♥❞ ❞✐s♣❧❛② s②st❡♠ t♦ s❤♦✇ t❤❡ r❡s✉❧ts ✲ ❚❤❡ r❡s✉❧ts ❛r❡ ♣r♦✲
❝❡ss❡❞ ❛♥❞ ❞✐s♣❧❛②❡❞ s♦ t❤❛t t❤❡② ❛r❡ ❡❛s② t♦ ✐♥t❡r♣r❡t✳ ❙♦♠❡ s②st❡♠s ❛❧s♦
❛❧❧♦✇ ❢♦r ❛✉t♦♠❛t❡❞ ♠❡❛s✉r❡♠❡♥ts t♦ ❜❡ ♣r♦❣r❛♠♠❡❞ ✭Pr♦❣r❛♠♠❛❜❧❡
◆❡t✇♦r❦ ❆♥❛❧②③❡r ♦r P◆❆✮✳
▼♦❞❡r♥ ❝♦♠♠❡r❝✐❛❧ ♥❡t✇♦r❦ ❛♥❛❧②③❡rs ❧✐❦❡ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❤❛✈❡
❛❧❧ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✐♥t❡❣r❛t❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ✐♥str✉♠❡♥t t❤❛t ✐♥❝❧✉❞❡s ❛ ❢✉❧❧
✸✽ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
♦♣❡r❛t✐♥❣ s②st❡♠ ❛♥❞ ❣r❛♣❤✐❝❛❧ ✐♥t❡r❢❛❝❡✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❤❛✈❡ ✷ ♦r ♠♦r❡ ♠❡❛✲
s✉r❡♠❡♥t ♣♦rts ❛❧❧♦✇✐♥❣ t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐✲♣♦rt ♥❡t✇♦r❦s✳ ❚❤❡ ❡①❝✐t❛t✐♦♥
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ♦❢ t❤❡ ♣♦rts ✇❤✐❧❡ ♠❡❛s✉r✐♥❣ t❤❡ r❡s♣♦♥s❡ ♦♥ ❛❧❧ ♦❢ t❤❡♠
s✐♠✉❧t❛♥❡♦✉s❧②✳
■♥ ♠♦st ❝❛s❡s ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ♠❡❛s✉r❡♠❡♥ts✱ ♥❡t✇♦r❦ ❛♥❛❧②③❡rs ❛r❡ ❝❛❧✲
✐❜r❛t❡❞ ✉s✐♥❣ ❛ ❝❛❧✐❜r❛t✐♦♥ st❛♥❞❛r❞ ❝♦♥♥❡❝t❡❞ ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❝❡
✉♥❞❡r t❡st ✐♥❝❧✉❞✐♥❣ ❛❧❧ t❤❡ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✜♥❛❧ ♠❡❛✲
s✉r❡♠❡♥t✳ ❆ ❢✉❧❧ t✇♦ ♣♦rt ❝❛❧✐❜r❛t✐♦♥ r❡q✉✐r❡s ♠❡❛s✉r✐♥❣ ❛ s❡r✐❡s ♦❢ ❞✐✛❡r❡♥t
❝♦♥♥❡❝t✐♦♥s✿
• ❆♥ ♦♣❡♥ ❝♦♥♥❡❝t✐♦♥ ❛t ❡❛❝❤ ♣♦rt
• ❆ s❤♦rt❡❞ ❝♦♥♥❡❝t✐♦♥ ❛t ❡❛❝❤ ♣♦rt
• ❆ ♠❛t❝❤❡❞ ❧♦❛❞ ❛t ❡❛❝❤ ♣♦rt ✭✉s✉❛❧❧② ❛ 50Ω r❡s✐st❛♥❝❡✮
• ❆ t❤r✉ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦rts
• ❆♥ ✐s♦❧❛t✐♦♥ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦rts ✭✉s✉❛❧❧② ♦♣t✐♦♥❛❧✮
❲✐t❤ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✇✐❧❧ ❝♦♠♣❡♥s❛t❡ ❢♦r ❡✛❡❝ts
❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s ❛♥❞ ♠❡❛s✉r❡ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ❉❯❚ ♦♥❧②✳
❖♥ ♠♦st ♠♦❞❡r♥ ♥❡t✇♦r❦ ❛♥❛❧②③❡rs t❤❡s❡ ❝❛❧✐❜r❛t✐♦♥s ❝❛♥ ❜❡ s❛✈❡❞ ❛♥❞ r❡✲
✉s❡❞ ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ r❡♠❡❛s✉r❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ st❛♥❞❛r❞✳ ❚❤❡r❡ ❛r❡ ❛❧s♦
❡❧❡❝tr♦♥✐❝ ❝❛❧✐❜r❛t✐♦♥ st❛♥❞❛r❞s t❤❛t ❛❧❧♦✇ s♦♠❡ s②st❡♠s t♦ ♣❡r❢♦r♠ ❛✉t♦♠❛t✐❝
❝❛❧✐❜r❛t✐♦♥s✳
✷✳✹✳✷ ❘♦❤❞❡ ✫ ❙❝❤✇❛r③✱ ❩❱❇✶✹ ❱❡❝t♦r ◆❡t✇♦r❦ ❆♥❛❧②③❡r
❚❤❡ s♣❡❝✐✜❝ ♠♦❞❡❧ ✉s❡❞ ❢♦r ♠♦st ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤✐s t❤❡s✐s ✐s ❛ ❘✫❙ ❩❱❇✶✹
❱❡❝t♦r ◆❡t✇♦r❦ ❆♥❛❧②③❡r ❬✷✷❪✳ ❆ ♣❤♦t♦❣r❛♣❤ ❛♥❞ t❤❡ ❜❛s✐❝ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥
❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳✶✼✳ ❊❛❝❤ ♦❢ t❤❡ ❞❡✈✐❝❡s ✹ ♣♦rts ❤❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡✲
♠❡♥t r❡❝❡✐✈❡r ❛♥❞ r❡❢❡r❡♥❝❡ r❡❝❡✐✈❡r ❛s ✇❡❧❧ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s✐❣♥❛❧ ❣❡♥❡r❛t♦r✳
■t ✉s❡s ❛♥ ✐♥t❡r♥❛❧ ❝♦♠♣✉t❡r t♦ r✉♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❝❛♥ ❜❡ ♣r♦❣r❛♠♠❡❞
r❡♠♦t❡❧② ❡✐t❤❡r ✉s✐♥❣ r❡♠♦t❡ ❞❡s❦t♦♣ s②st❡♠s ♦r ✐♥❝❧✉❞❡❞ ◆■ ▲❛❜❱✐❡✇ ❞r✐✈❡rs
❬✷✸❪✳
❖✉r ♥❡t✇♦r❦ ❛♥❛❧②③❡r ♣♦rts ✉s❡ 3.5♠♠ ✭♠❛❧❡✮ ❝♦♥♥❡❝t♦rs ✇❤✐❝❤ ❛r❡ ❝♦♠✲
♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠♦r❡ ✇✐❞❡s♣r❡❛❞ ❙▼❆ ❝♦♥♥❡❝t♦rs✳ ■♥ ♠❡❛s✉r❡♠❡♥ts ♣❡r✲
❢♦r♠❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ ♦♥❧② ♣♦rts ✶ ❛♥❞ ✷ ✇✐r❡❞ t♦ ♦✉r s②st❡♠
✈✐❛ t✇♦ ✶ ♠❡t❡r ❧♦♥❣ ❝♦❛①✐❛❧ ❝❛❜❧❡s ✭❙▼❆ t♦ ❙▼❆✮✳ ❲❡ ❤♦✇❡✈❡r ❞♦ ♥♦t ✉s❡ ❛♥②
❝❛❧✐❜r❛t✐♦♥ st❛♥❞❛r❞ t♦ r❡♠♦✈❡ t❤❡s❡ ✇✐r❡s ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❖✉r ❛❝t✉❛❧
❉❯❚s ✭❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✻✮ ❛r❡ ✉s✉❛❧❧② ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❛♥❞ ❤❛✈❡
✷✳✹✳ ❘❋ ❝✐r❝✉✐t ♠❡❛s✉r❡♠❡♥t ✸✾
◆✉♠❜❡r ♦❢ P♦rts ✹
❋r❡q✉❡♥❝② r❛♥❣❡ ✶✵ ▼❍③ t♦ ✶✹ ●❍③
P♦✇❡r r❛♥❣❡ ✲✹✺ t♦ ✶✸ ❞❇♠
❉②♥❛♠✐❝ r❛♥❣❡ ✭❛t ✶✵ ❍③ ■❋ ❜❛♥❞✇✐❞t❤✮ ❃✶✷✵ ❞❇
■❋ ❜❛♥❞✇✐❞t❤s ✶ ❍③ t♦ ✺✵✵ ❦❍③
▼❡❛s✉r❡♠❡♥t ♣♦✐♥ts ♣❡r tr❛❝❡ ✶ t♦ ✻✵✵✵✶
❖♣❡r❛t✐♥❣ s②st❡♠ ❛♥❞ ✐♥t❡r♥❛❧ P❈ ❲✐♥❞♦✇s ❳P
P♦rt ❝♦♥♥❡❝t♦r t②♣❡ ✸✳✺♠♠ ♠❛❧❡
❋✐❣✉r❡ ✷✳✶✼✿ ❘♦❤❞❡ ❛♥❞ ❙❝❤✇❛r③✱ ❩❱❇✶✹ ❱❡❝t♦r ◆❡t✇♦r❦ ❆♥❛❧②③❡r
❧♦♥❣❡r ✇✐r❡s ❛tt❛❝❤❡❞ ✇❤✐❝❤ ❤❛✈❡ ♠✉❝❤ ❧❛r❣❡r ❧♦ss❡s t❤❛♥ t❤❡s❡ ✶ ♠ ✇✐r❡s✳ ❲❡
❞♦ ♥♦t ❤❛✈❡ ❛ ❝❛❧✐❜r❛t✐♦♥ st❛♥❞❛r❞ t❤❛t ✐s ❛❞❡q✉❛t❡ ❢♦r ❝♦♥♥❡❝t✐♦♥ ❛t t❤♦s❡
t❡♠♣❡r❛t✉r❡s✳ ❚❤❡r❡❢♦r❡ ♦✉r ♠❡❛s✉r❡♠❡♥ts ✇✐❧❧ ✐♥❝❧✉❞❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢
❛❧❧ t❤❡s❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s✳
✷✳✹✳✸ 4❑ ♣r♦❜❡ ❢♦r ❘❋ ♠❡❛s✉r❡♠❡♥ts
❆ s✐♠♣❧❡ 4❑ ♣r♦❜❡ ✇❛s ❜✉✐❧❞ t♦ s✉❜♠❡r❣❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠✐❝r♦✇❛✈❡ ❝✐r❝✉✐ts
✐♥t♦ ❧✐q✉✐❞ ❤❡❧✐✉♠ ❛♥❞ ♠❡❛s✉r❡ ❘❋ tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ✐t✳ ❆s ✇❡ ❞❡t❛✐❧ ✐♥
s❡❝t✐♦♥ ✻✳✸✱ ♦✉r ❝✐r❝✉✐ts ❛r❡ ♠♦✉♥t❡❞ ♦♥ ✹ ❝♠ ❧♦♥❣ ✜❜❡r❣❧❛ss ❤♦❧❞❡rs ❡q✉✐♣♣❡❞
✇✐t❤ ❙▼P ❬✷✹❪ ❝♦♥♥❡❝t♦rs✳ ❚❤❡s❡ ❤♦❧❞❡rs ❛r❡ s❝r❡✇❡❞ ♦♥t♦ ❛ ❝♦♣♣❡r ❜♦① t❤❛t
✐♥ t✉r♥ ✐s ❛tt❛❝❤❡❞ t♦ ❛ ❝❡❧♦t❡① ❜♦❛r❞✳ ❚❤✐s ❜♦❛r❞ ✐s ❛t t❤❡ ❡♥❞ ♦❢ ❛ ✷ ♠ st❡❡❧
t✉❜❡ t❤❛t ❤♦❧❞s t✇♦ ❝r②♦❣❡♥✐❝ ❝♦❛①✐❛❧ ❝❛❜❧❡s ✭✜❣✉r❡ ✷✳✶✽✮✳ ❚❤❡ ❝❛❜❧❡s ❛r❡ ♠♦❞❡❧
❙❈✲✵✽✻✴✺✵✲❙❇✲❇ ❜② ❈❖❆❳ ❈❖✳ ✭❏❛♣❛♥✮ ❬✷✺❪ ❛♥❞ t❤❡✐r ❜❛s✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶✽✳ ❚❤❡ ❝❛❜❧❡s ❥♦✐♥ t❤❡ ❝✐r❝✉✐t ♦♥ t❤❡ ✜❜❡r❣❧❛ss ❤♦❧❞❡rs t♦
❜✉❧❦❤❡❛❞ ❙▼❆ ❝♦♥♥❡❝t♦rs ❛t t❤❡ ♦t❤❡r ❡♥❞ ♦❢ t❤❡ t✉❜❡ t❤❛t ❛❧❧♦✇ t❤❡♠ t♦ ❜❡
❝♦♥♥❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ❡❧❡❝tr♦♥✐❝s✳ ❚❤❡ ♣r♦❜❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ✢❛♥❣❡ ❛❧❧♦✇ ✐t
✹✵ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
SMA connectors
Semi-rigid coaxial
Copper boxCelotex
Silver-plated berillium-copper
Berillium-copperPTFE
0.86 mm0.203 mm
❋✐❣✉r❡ ✷✳✶✽✿ 4❑ ♣r♦❜❡ ❢♦r ❘❋ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❞✐❛❣r❛♠ ♦❢ s❡♠✐✲r✐❣✐❞ ❝♦❛①✐❛❧ ❝❛❜❧❡✳
❖✉t ♦❢ t❤❡ ✹ ✈✐s✐❜❧❡ ❙▼❆ ❝♦♥♥❡❝t♦rs ♦♥ t❤❡ ♣r♦❜❡ ❤❡❛❞✱ ♦♥❧② t✇♦ ❛r❡ ❛❝t✉❛❧❧② ✇✐r❡❞✳
t♦ ❜❡ ✉s❡❞ ❜② ❞✐r❡❝t❧② ✐♥s❡rt✐♥❣ ✐t ✐♥ ♦♥❡ ♦❢ ♦✉r 100▲ ❧✐q✉✐❞ ❤❡❧✐✉♠ tr❛♥s♣♦rt
❞❡✇❛rs ♦r ✐♥ t❤❡ ❝r②♦st❛t ❤♦❧❞✐♥❣ ♦✉r s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✈❡❝t♦r ♠❛❣♥❡t ✭s❡❝t✐♦♥
✷✳✹✳✹✮✳
✷✳✹✳✹ ❱❡❝t♦r ▼❛❣♥❡t
❚❤❡ ▲♦✇ ❚❡♠♣❡r❛t✉r❡ ▲❛❜ ❛t t❤❡ ■♥st✐t✉t♦ ❞❡ ❈✐❡♥❝✐❛ ❞❡ ▼❛t❡r✐❛❧❡s ❞❡ ❆r❛❣ó♥
✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✈❡❝t♦r ♠❛❣♥❡t ♠❛♥✉❢❛❝t✉r❡❞ ❜② ❖①❢♦r❞
■♥str✉♠❡♥ts✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♣✐❡❝❡s ♦❢ ❡q✉✐♣♠❡♥t ✉s❡❞ ✐♥ s♦♠❡ ❊P❘✲❧✐❦❡
❡①♣❡r✐♠❡♥ts ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✼✳
❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡ts ❬✷✻❪ ❛❧❧♦✇ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s t♦ ❜❡ ❣❡♥❡r❛t❡❞
✐♥ ❧❛❜♦r❛t♦r② s❝❛❧❡ ❝r②♦st❛ts ✇✐t❤♦✉t t❤❡ ❦❲ ♦r ▼❲ ♣♦✇❡r s✉♣♣❧✐❡s ♥❡❝❡ss❛r②
❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡ts✳ ■♥ ♠♦st ❝❛s❡s✱ t❤❡ ❝♦st ♦❢ ❝♦♦❧✐♥❣ ❛ s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡t ✐s ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ♣♦✇❡r r❡q✉✐r❡❞ ❢♦r ❛ r❡s✐st✐✈❡
❡❧❡❝tr♦♠❛❣♥❡t✳
❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡ts ❝♦♥s✐st ♦❢ ❛ ♥✉♠❜❡r ♦❢ ❝♦❛①✐❛❧ s♦❧❡♥♦✐❞ s❡❝t✐♦♥s
✇♦✉♥❞ ✉s✐♥❣ ♠✉❧t✐✜❧❛♠❡♥t❛r② s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✇✐r❡✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥✲
t❛❣❡s ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡ts ✐s t❤❡ ❛❜✐❧✐t② t♦ ✇♦r❦ ✐♥ ♣❡rs✐st❡♥t ♠♦❞❡✳
■♥ t❤✐s ♠♦❞❡✱ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐t ✐s ❝❧♦s❡❞ ♦❢ ✉s✐♥❣ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣
s✇✐t❝❤✱ ❦❡❡♣✐♥❣ t❤❡ ❝✉rr❡♥t ❝✐r❝✉❧❛t✐♥❣ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❧♦♦♣✳ ❚❤❡ ♣♦✇❡r s✉♣♣❧②
❝❛♥ t❤❡♥ ❜❡ s✇✐t❝❤❡❞ ♦✛ ❧❡❛✈✐♥❣ t❤❡ ♠❛❣♥❡t ❛t ✜❡❧❞✳ ❚❤❡ ✜❡❧❞ t❤❡♥ ❞❡❝❛②s ✈❡r②
s❧♦✇❧② ✭❛❜♦✉t ✶ ♣❛rt ✐♥ 104 ♣❡r ❤♦✉r ♦r ❧♦✇❡r✮✳
❚❤❡r❡ ❛r❡ t❤r❡❡ s❡♣❛r❛t❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦✐❧s t❤❛t ❛♣♣❧② ♠❛❣♥❡t✐❝ ✜❡❧❞s
✐♥ t❤r❡❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❧❛r❣❡st ❝♦✐❧ ❛♣♣❧✐❡s ✜❡❧❞ ✐♥ t❤❡ ✈❡rt✐❝❛❧
✭♦r ❩✮ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❛♥❞ ❝❛♥ ♠❛✐♥t❛✐♥ ✜❡❧❞s ♦❢
✷✳✹✳ ❘❋ ❝✐r❝✉✐t ♠❡❛s✉r❡♠❡♥t ✹✶
Power supplies
Dewar and magnet
❋✐❣✉r❡ ✷✳✶✾✿ ❱❡❝t♦r ♠❛❣♥❡t ❛♥❞ ♣♦✇❡r s✉♣♣❧✐❡s ❛t t❤❡ ▲♦✇ ❚❡♠♣❡r❛t✉r❡ ▲❛❜♦r❛t♦r②
✭■❈▼❆✮✳
✉♣ t♦ ±9❚✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ❝♦✐❧s ❛♣♣❧② ✜❡❧❞s ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❧❛❜♦r❛t♦r②
♣❧❛♥❡ ✭❞✐r❡❝t✐♦♥s ❳ ❛♥❞ ❨✮ ❛♥❞ ❝❛♥ r❡❛❝❤ ✉♣ t♦ ±1❚✳ ❊❛❝❤ ♠❛❣♥❡t ❤❛s ❛♥
✐♥❞❡♣❡♥❞❡♥t ♣♦✇❡r s✉♣♣❧② t❤❛t ♣r♦✈✐❞❡s t❤❡ ❝✉rr❡♥t t♦ ♠❛✐♥t❛✐♥ t❤❡ ✜❡❧❞s ✐♥
❡❛❝❤ ♠❛❣♥❡t✳ ❚❤❡ ❩ ❛♥❞ ❳ ♠❛❣♥❡ts ✉s❡ ♠♦❞❡❧ ■P❙✶✷✵✲✶✵ ♣♦✇❡r s✉♣♣❧② ✇❤✐❧❡
t❤❡ ❨ ♠❛❣♥❡t ✉s❡s ❛♥ ♦❧❞❡r ■P❙✶✷✵✲✸ ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♥ ♥♦t r❡✈❡rs❡ t❤❡ ♣♦❧❛r✐t②
♦❢ t❤❡ ✜❡❧❞ ✭♦♥❧② ✵ t♦ +1❚✮✳
❚❤❡ ♠❛❣♥❡t ✐s ❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ ❛ 90▲ ❝❛♣❛❝✐t② ❧✐q✉✐❞ ❤❡❧✐✉♠ ❞❡✇❛r t❤❛t
❦❡❡♣s t❤❡ ♠❛❣♥❡t ❜❡❧♦✇ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡✳ ❆♥② s❛♠♣❧❡
t❤❛t ✐s ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ♠❛❣♥❡t ✇✐❧❧ ❛❧s♦ ❜❡ s✉❜♠❡r❣❡❞ ✐♥ t❤✐s ❧✐q✉✐❞ ❤❡❧✐✉♠
❜❛t❤✳ ❚❤❡ ❞❡✇❛r ✐♥❝❧✉❞❡s ❛ ❧✐q✉✐❞ ♥✐tr♦❣❡♥ ❝♦♦❧❡❞ r❛❞✐❛t✐♦♥ s❤✐❡❧❞ ❛♥❞ ❛♥ ♦✉t❡r
✈❛❝✉✉♠ ❝❤❛♠❜❡r t♦ ✐♥s✉❧❛t❡ t❤❡ ❧✐q✉✐❞ ❤❡❧✐✉♠ r❡s❡r✈♦✐r ❛♥❞ ♣r❡✈❡♥t ❧♦ss❡s✳
❚❤✐s ♠❛❣♥❡t s②st❡♠ ✐s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♠❡❛s✉r❡♠❡♥ts
t❤❛t r❡q✉✐r❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ■♥ ❝❤❛♣t❡r ✻ ✐t ✐s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✐♥ t❤❡ ♣r❡s❡♥❝❡
✹✷ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
❋✐❣✉r❡ ✷✳✷✵✿ ❙❝r❡❡♥s❤♦t ♦❢ ▲❛❜✈✐❡✇ ♣r♦❣r❛♠ ❢♦r ❝♦♦r❞✐♥❛t❡❞ ❝♦♥tr♦❧ ♦❢ t❤❡ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ ♠❛❣♥❡ts ❛♥❞ t❤❡ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r
♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ✐♥ ❝❤❛♣t❡r ✼ ✐t ✐s ✉s❡❞ ✐♥ ❊P❘✲❧✐❦❡ ❡①♣❡r✐♠❡♥ts t♦ t✉♥❡
❧❡✈❡❧ s❡♣❛r❛t✐♦♥s ✐♥t♦ r❡s♦♥❛♥❝❡✳ ❚❤❡ ♠❛❣♥❡ts ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❝♦♠♣✉t❡r
t❤r♦✉❣❤ ❛ ❘❙✷✸✷ ✐♥t❡r❢❛❝❡ ❛♥❞ ❛♥ ▲❛❜✈✐❡✇ ❬✷✸❪ ❞r✐✈❡r ❢r♦♠ ❖①❢♦r❞ ■♥str✉♠❡♥ts✳
❚❤❡ ♠❛❣♥❡t ❞r✐✈❡r ✐s ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ❝✉st♦♠ ▲❛❜✈✐❡✇ ♣r♦❣r❛♠s t♦ ❝♦♦r❞✐♥❛t❡
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐t❤ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ❢r♦♠ ♦✉r ♥❡t✇♦r❦ ❛♥❛❧②③❡r ❛❧❧♦✇✐♥❣
t❤❡ ❛✉t♦♠❛t✐♦♥ ❞✐✛❡r❡♥t ♠❡❛s✉r❡♠❡♥t s❡q✉❡♥❝❡s ✭✜❣✉r❡ ✷✳✷✵✮✳
✷✳✺ ▲♦❝❛❧ s❝❛♥♥✐♥❣ ♣r♦❜❡ s②st❡♠s
✷✳✺✳✶ ❆t♦♠✐❝ ❛♥❞ ▼❛❣♥❡t✐❝ ❋♦r❝❡ ▼✐❝r♦s❝♦♣② ✭❆❋▼✴▼❋▼✮
❆t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✐s ❛ t②♣❡ ♦❢ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣② t❤❛t ❝♦♥s✐sts
✐♥ s✇❡❡♣✐♥❣ ❛ s❤❛r♣ t✐♣ ♦✈❡r ❛ s❛♠♣❧❡ s✉r❢❛❝❡ ❛♥❞ ❞❡t❡❝t✐♥❣ ❝❤❛♥❣❡s ✐♥ ✐ts
❞❡✢❡❝t✐♦♥ ❬✷✼✱ ✷✽✱ ✷✾❪✳ ❚②♣✐❝❛❧❧② t❤❡ t✐♣ ✐s ❛t t❤❡ ❡♥❞ ♦❢ ❛ ❝❛♥t✐❧❡✈❡r ❛♥❞
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r ✐s ♠♦♥✐t♦r❡❞ ✇✐t❤ ❛ ❧❛s❡r ❛♥❞ ♣❤♦t♦❞✐♦❞❡ ✭✜❣✉r❡
✷✳✷✶✮✳ ❚❤❡ s❛♠♣❧❡ ❛♥❞ t✐♣ ♠♦✈❡♠❡♥ts ❛r❡ ✉s✉❛❧❧② ❝♦♥tr♦❧❧❡❞ ✉s✐♥❣ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs t♦ ♣r❡❝✐s❡❧② ❝♦♥tr♦❧ t❤❡✐r ♣♦s✐t✐♦♥s✳ ❆❋▼ ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ t♦
❜❡ ❛❜❧❡ t♦ ❛❝❤✐❡✈❡ t♦♣♦❣r❛♣❤✐❡s ✇✐t❤ ❛t♦♠✐❝ r❡s♦❧✉t✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡ ♠♦st
❝♦♠♠♦♥ ❆❋▼ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♦❢ s❛♠♣❧❡ t♦♣♦❣r❛♣❤✐❡s✱ ♦t❤❡r ♠❛❣♥✐t✉❞❡s
✷✳✺✳ ▲♦❝❛❧ s❝❛♥♥✐♥❣ ♣r♦❜❡ s②st❡♠s ✹✸
❝❛♥ ❛❧s♦ ❜❡ ♠❡❛s✉r❡❞ ❜② ❝♦❛t✐♥❣ t❤❡ t✐♣ ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s s❡♥s✐t✐✈❡ t♦
♦t❤❡r ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ t✐♣ ❝❛♥ ❜❡ ♠❛❞❡ t♦ r❡❣✐st❡r ♠❛❣♥❡t✐❝ ❞♦♠❛✐♥s✱ ❡❧❡❝tr✐❝
❝❤❛r❣❡✱ ❝♦♥❞✉❝t✐✈✐t②✱ ❡t❝✳
A
B
C
❋✐❣✉r❡ ✷✳✷✶✿ ❆t♦♠✐❝ ❋♦r❝❡ ▼✐❝r♦s❝♦♣② ✭❆❋▼✮✳ ●r❛♣❤ ❆ s❤♦✇s ❛ s❝❤❡♠❛t✐❝ ♦❢ ❛♥ ❆❋▼
♠❡❛s✉r❡♠❡♥t s②st❡♠✳ ●r❛♣❤s ❇ ❛♥❞ ❈ s❤♦✇ ❛ t❛♣♣✐♥❣ ♠♦❞❡ t♦♣♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥t
♦❢ ●❞✷✲❛❝ ❞r♦♣❧❡ts ❞❡♣♦s✐t❡❞ ♦♥ ❛ ❙✐❖✷ s✉❜str❛t❡ ❜② ❞✐♣✲♣❡♥ ♥❛♥♦❧✐t❤♦❣r❛♣❤② ❬✸✵❪ ✭s❡❡
s❡❝t✐♦♥ ✷✳✺✳✷✮
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ♦♣❡r❛t✐♥❣ ♠♦❞❡s ❢♦r ❆❋▼ s②st❡♠s ❛♥❞ ♠♦st
s②st❡♠s ❝❛♥ s✇✐t❝❤ ❜❡t✇❡❡♥ t❤❡s❡ ♠♦❞❡s✳
• ❈♦♥t❛❝t ♠♦❞❡ ❝♦♥s✐sts ✐♥ ❜r✐♥❣✐♥❣ t❤❡ t✐♣ ✐♥t♦ ❞✐r❡❝t ❝♦♥t❛❝t ✇✐t❤ t❤❡
s❛♠♣❧❡ s✉r❢❛❝❡ ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ t✐♣✳ ❆s t❤❡ t✐♣ ✐s s✇❡♣t
♦✈❡r t❤❡ s✉r❢❛❝❡ t❤❡ ❞❡✢❡❝t✐♦♥ ❝❤❛♥❣❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t♦♣♦❣r❛♣❤②
❛♥❞ ❛ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ❛❞❥✉sts t❤❡ s❛♠♣❧❡ ❤❡✐❣❤t t♦ ❦❡❡♣ t❤❡ ❞❡✢❡❝t✐♦♥
❝♦♥st❛♥t✳ ❚❤✐s ❢❡❡❞❜❛❝❦ ♣r♦✈✐❞❡s ❛ t♦♣♦❣r❛♣❤② s✐❣♥❛❧ ✇❤✐❝❤ ✐s r❡❝♦r❞❡❞✳
❚❤✐s t❡❝❤♥✐q✉❡ ✐s t❤❡ ♠♦st ❞✐r❡❝t ✇❛② ♦❢ ♠❡❛s✉r✐♥❣ ❆❋▼ ❜✉t ✐s s♦♠❡✇❤❛t
❛❣❣r❡s✐✈❡ ❢♦r ❜♦t❤ t❤❡ t✐♣ ❛♥❞ s❛♠♣❧❡✳ ❚♦ ♠✐♥✐♠✐③❡ ❞❛♠❛❣❡ t♦ t❤❡ t✐♣
❛♥❞ s❛♠♣❧❡✱ t❤❡ ❝❛♥t✐❧❡✈❡rs ✉s❡❞ ❛r❡ ✉s✉❛❧❧② s♦❢t ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡
❤❛✈❡ ❛ ❧♦✇ ❡❧❛st✐❝ ❝♦♥st❛♥t✳
• ❙❡♠✐✲❝♦♥t❛❝t ♦r t❛♣♣✐♥❣ ♠♦❞❡ ❝♦♥s✐sts ✐♥ ❛❝t✐✈❡❧② ❡①❝✐t✐♥❣ ❛ ✈✐❜r❛t✐♦♥
r❡s♦♥❛♥❝❡ ✐♥ t❤❡ t✐♣ ✇❤✐❧❡ ✐t ✐s s✇❡♣t ♦✈❡r t❤❡ s✉r❢❛❝❡✳ ❚❤❡ t✐♣ ✐s ♣♦✲
s✐t✐♦♥❡❞ ❛❜♦✈❡ t❤❡ s✉r❢❛❝❡ ❛t s✉❝❤ ❛ ❞✐st❛♥❝❡ t❤❛t t❤❡ t✐♣ t♦✉❝❤❡s t❤❡
s✉r❢❛❝❡ ❛t t❤❡ ❡♥❞ ♦❢ ✐ts ♦s❝✐❧❧❛t✐♦♥✳ ❚❤❡ ❢❡❡❞❜❛❝❦ s②st❡♠ ♠♦♥✐t♦rs t❤❡
✈✐❜r❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ✉s❡s ✐t ❛s t❤❡ ❢❡❡❞❜❛❝❦ s✐❣♥❛❧ t♦ ♣r♦❞✉❝❡ t❤❡ t♦✲
♣♦❣r❛♣❤②✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❧❡ss ❛❣❣r❡ss✐✈❡ t❤❛♥ ❝♦♥t❛❝t ♠♦❞❡ s✐♥❝❡ ❝♦♥t❛❝t
♦♥❧② ♦❝❝✉rs ❢♦r ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥ ❛♥❞ ✐s t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ✐♥
st❛♥❞❛r❞ ♠❡❛s✉r❡♠❡♥ts✳ ❈❛♥t✐❧❡✈❡rs ❤❛✈❡ ❤✐❣❤❡r ❡❧❛st✐❝ ❝♦♥st❛♥ts t❤❛♥
✐♥ ❝♦♥t❛❝t ♠♦❞❡ t♦ ❣❡t ❤✐❣❤❡r q✉❛❧✐t② r❡s♦♥❛♥❝❡s✳
✹✹ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
• ◆♦♥✲❝♦♥t❛❝t ♦r ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t❡❞ ♠♦❞❡ ✐s s✐♠✐❧❛r t♦ s❡♠✐✲❝♦♥t❛❝t
♠♦❞❡ ❜✉t t❤❡ t✐♣ ✐s ❦❡♣t ♦✉t ♦❢ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✉r❢❛❝❡✳ ❚❤❡ s✉r❢❛❝❡
✐s ❞❡t❡❝t❡❞ ❜② ♠♦♥✐t♦r✐♥❣ ❝❤❛♥❣❡s ✐♥ t❤❡ t✐♣ ✈✐❜r❛t✐♦♥ ♣❤❛s❡ ❛♥❞ r❡s♦✲
♥❛♥t ❢r❡q✉❡♥❝②✳ ❚❤❡ r❡s♦♥❛♥❝❡ ✐s ❡st❛❜❧✐s❤❡❞ ✇❤❡♥ t❤❡ t✐♣ ✐s ❢❛r ❢r♦♠
t❤❡ s✉r❢❛❝❡ ❛♥❞ t❤❡ ♣❤❛s❡ ✉s❡❞ ❛s ❛ ❢❡❡❞❜❛❝❦ ✈❛r✐❛❜❧❡✳ ❉❡✈✐❛t✐♦♥s ❢r♦♠
t❤❡ ❝❡♥tr❛❧ ✈❛❧✉❡ ❛r❡ ❝♦rr❡❝t❡❞ ❜② s❤✐❢t✐♥❣ t❤❡ ❡①❝✐t❛t✐♦♥ ❢r❡q✉❡♥❝②✳ ❚❤✐s
❢r❡q✉❡♥❝② s❤✐❢t ✐s r❡❝♦r❞❡❞ ❛s t❤❡ t✐♣ ✐s s✇❡♣t ❛t ❝♦♥st❛♥t ❤❡✐❣❤t ♦✈❡r t❤❡
s❛♠♣❧❡✳ ❚❤✐s ♠❡t❤♦❞ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❤✐❣❤❡st r❡s♦❧✉t✐♦♥ ❛♥❞ ❝❛♥ ❛❝❤✐❡✈❡
❛t♦♠✐❝ r❡s♦❧✉t✐♦♥ ✉♥❞❡r ❛❞❡q✉❛t❡ ❝♦♥❞✐t✐♦♥s✳ ❙✐♥❝❡ t❤❡ t✐♣ ♥❡✈❡r ❛❝t✉✲
❛❧❧② t♦✉❝❤❡s t❤❡ s✉r❢❛❝❡✱ ✐t ❝❛♥ ❜❡ ♠❛❞❡ ♠✉❝❤ s❤❛r♣❡r t❤❛♥ ✐♥ t❤❡ ♦t❤❡r
♠♦❞❡s ✇❤❡r❡ t❤❡ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✉r❢❛❝❡ q✉✐❝❦❧② ✇♦✉❧❞ ✇❡❛r ❞♦✇♥ t❤❡
t✐♣✳ ■t ❝❛♥ ❤♦✇❡✈❡r ♦♥❧② ❜❡ ✉s❡❞ ✇✐t❤ r❡❧❛t✐✈❡❧② ✢❛t s✉r❢❛❝❡s s✐♥❝❡ ✐t
r❡q✉✐r❡s s❝❛♥♥✐♥❣ ❛t ❛ ❝♦♥st❛♥t ❤❡✐❣❤t ❛♥❞ ❛❜r✉♣t t♦♣♦❣r❛♣❤② ❝❤❛♥❣❡s
❝❛♥ ❡❛s✐❧② ❝r❛s❤ t❤❡ t✐♣ ✐♥t♦ t❤❡ s✉r❢❛❝❡✳
■♥ t❤✐s ✇♦r❦ ✇❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ ❛♥ ❆❋▼ t❡❝❤♥✐q✉❡ ❦♥♦✇♥
❛s ♠❛❣♥❡t✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✭▼❋▼✮✳ ■♥ ▼❋▼✱ t❤❡ ❆▼❋ t✐♣ ✐s ❝♦❛t❡❞ ✐♥ ❛
♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧ ✭✉s✉❛❧❧② ❈♦ ❜❛s❡❞ ❝♦♠♣♦✉♥❞s✮ s♦ t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥t
✐s s❡♥s✐t✐✈❡ t♦ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ♠❛♣♣✐♥❣ ♦❢ ♠❛❣♥❡t✐❝
❞♦♠❛✐♥s ❛♥❞ ❞❡t❡❝t✐♥❣ str❛② ✜❡❧❞ ❢r♦♠ ♠❛❣♥❡t✐❝ r❡❣✐♦♥s✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥
♠❡t❤♦❞s ♦❢ ♠❡❛s✉r✐♥❣ ▼❋▼✿
• ❚❤❡ t✇♦✲♣❛ss ♠❡t❤♦❞ ✐♥✈♦❧✈❡s ✜rst t❛❦✐♥❣ ❛ t♦♣♦❣r❛♣❤② ♣r♦✜❧❡ ♦❢ ❡❛❝❤
♦❢ t❤❡ ❧✐♥❡s ✐♥ t❤❡ ✐♠❛❣❡✳ ■♥ ❝❧♦s❡ ❝♦♥t❛❝t ✭❛s ✐♥ t❛♣♣✐♥❣✲♠♦❞❡✮✱ t❤❡
t✐♣ ✐s ♦♥❧② s❡♥s✐t✐✈❡ t♦ t❤❡ t♦♣♦❣r❛♣❤② s✐♥❝❡ ❛t ❝❧♦s❡ r❛♥❣❡ ✐t ✐s ♠✉❝❤
❧❛r❣❡r t❤❛♥ ❛♥② ♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥✳ ❆❢t❡r t❤✐s s❝❛♥ t❤❡ t✐♣ ✐s ♠♦✈❡❞
✉♣ ✭∼ 100 ♥♠✮ ❛♥❞ r❡s❝❛♥♥❡❞ ♦✈❡r t❤❡ s❛♠❡ ❧✐♥❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠❡❛s✉r❡❞
t♦♣♦❣r❛♣❤② ♣r♦✜❧❡✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ s✉♣♣r❡ss t❤❡ t♦♣♦❣r❛♣❤② ❝♦♥tr✐✲
❜✉t✐♦♥ ❢r♦♠ t❤❡ ✜♥❛❧ ✐♠❛❣❡✳ ❙✐♥❝❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s ❤❛✈❡ ❛ ♠✉❝❤
❧♦♥❣❡r r❛♥❣❡ t❤❛♥ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❞✉❡ t♦ t♦♣♦❣r❛♣❤②✱ t❤❡ s❡❝♦♥❞ s❝❛♥
❤❡✐❣❤t ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ❧❡❛✈❡ ♦♥❧② ❛ ♠❛❣♥❡t✐❝ s✐❣♥❛❧ ❛♥❞ ❛ ♥❡❣❧✐❣✐❜❧❡
t♦♣♦❣r❛♣❤② s✐❣♥❛❧✳
• ❚♦ ♠❡❛s✉r❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ▼❋▼ ✐♠❛❣❡s✱ ♥♦♥✲❝♦♥t❛❝t t❡❝❤♥✐q✉❡s ♠✉st
❜❡ ✉s❡❞✳ ◆♦♥✲❝♦♥t❛❝t ▼❋▼ ✐s ✈❡r② s✐♠✐❧❛r t♦ st❛♥❞❛r❞ ♥♦♥✲❝♦♥t❛❝t ❆❋▼✱
❜✉t t❤❡ ❞✐st❛♥❝❡ ♥❡❡❞s t♦ ❜❡ ❛❞❥✉st❡❞ t♦ ❛ r❡❣✐♠❡ ✇❤❡r❡ t❤❡ t♦♣♦❣r❛♣❤②
✐s ✐♥✈✐s✐❜❧❡ ❛♥❞ ♦♥❧② t❤❡ ❧♦♥❣ r❛♥❣❡ ♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ✈✐s✐❜❧❡✳
❆❣❛✐♥ t❤❡r❡ ❛r❡ ❧✐♠✐t❛t✐♦♥s ❤♦✇ r♦✉❣❤ t❤❡ s✉r❢❛❝❡ ❝❛♥ ❜❡ t♦ ❣❡t ❛ ❝❧❡❛♥
♠❡❛s✉r❡♠❡♥t✳
✷✳✺✳ ▲♦❝❛❧ s❝❛♥♥✐♥❣ ♣r♦❜❡ s②st❡♠s ✹✺
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❋✐❣✉r❡ ✷✳✷✷✿ ▼❛❣♥❡t✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✭▼❋▼✳ ●r❛♣❤ ❆ s❤♦✇s ❛ ❞✐❛❣r❛♠ ♦❢ ❛ t✇♦✲
♣❛ss ▼❋▼♠❡❛s✉r❡♠❡♥t s❝❤❡♠❡✳ ●r❛♣❤ ❇ ❛♥❞ ❈ ❛r❡ t❤❡ t♦♣♦❣r❛♣❤② ❛♥❞ ▼❋▼ ♣❛ss❡s
✭✶✵✵ ♥♠ ❧✐❢t✮ ✐♥ ❛ t✇♦✲♣❛ss ▼❋▼ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛ ❤❛r❞ ❞✐s❦✳ ▼❛❣♥❡t✐❝ ❢❡❛t✉r❡s ❝❛♥
❝❧❡❛r❧② ❜❡ s❡❡♥ ❛♥❞ ❛r❡ ♥♦t ✈✐s✐❜❧❡ ♦♥ t❤❡ ✢❛t t♦♣♦❣r❛♣❤② ✭✇✐t❤✐♥ ∼ 70 ♥♠ ♦✈❡r ❛
r❡❣✐♦♥ ♦❢ 50 × 50 ➭♠✮✳ ●r❛♣❤ ❉ s❤♦✇s ❛ 12 × 12 ➭♠ ❝❧♦s❡ ✉♣ ♦❢ ❣r❛♣❤ ❇✳ ●r❛♣❤s ❊
❛♥❞ ❋ s❤♦✇ t❤❡ ▼❋▼ ♣❤❛s❡ ❛♥❞ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ 8 ➭♠ ♣r♦✜❧❡ ♠❛r❦❡❞ ✐♥ ❣r❛♣❤ ❉✳
◆❚✲▼❉❚ ❆❋▼ s②st❡♠
❚❤❡ s②st❡♠ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❛ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❝♦♠♠❡r❝✐❛❧ ❆❋▼ s②st❡♠ ❜②
◆❚✲▼❉❚ ❬✸✶❪ ✭✜❣✉r❡ ✷✳✷✸✮✳ ❚❤❡ ◆❚❊●❘❆ ♠♦❞❡❧ ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ ■♥st✐t✉t♦ ❞❡
❈✐❡♥❝✐❛ ❞❡ ▼❛t❡r✐❛❧❡s ❞❡ ❆r❛❣ó♥ ✭■❈▼❆✮ ❛❧❧♦✇s ♠❛♥② ❞✐✛❡r❡♥t ♠❡❛s✉r❡♠❡♥t
t②♣❡s✳ ❆♣❛rt ❢r♦♠ st❛♥❞❛r❞ ❝♦♥t❛❝t✱ s❡♠✐✲❝♦♥t❛❝t ❛♥❞ ♥♦♥✲❝♦♥t❛❝t ♠♦❞❡s✱ ✐t
❝❛♥ ♣❡r❢♦r♠ ❧❛t❡r❛❧ ❢♦r❝❡ ♠✐❝r♦s❝♦♣②✱ ❛❞❤❡s✐♦♥ ❢♦r❝❡ ✐♠❛❣✐♥❣✱ ▼❋▼ ✭s❡❡ ✜❣✲
✉r❡ ✷✳✷✷ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✱ ❡❧❡❝tr♦st❛t✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣②✱ s❝❛♥♥✐♥❣ ❝❛♣❛❝✐t❛♥❝❡
♠✐❝r♦s❝♦♣②✱ ❦❡❧✈✐♥ ♣r♦❜❡ ♠✐❝r♦s❝♦♣②✱ s♣r❡❛❞✐♥❣ r❡s✐st❛♥❝❡ ✐♠❛❣✐♥❣✱ s♦♠❡ ❜❛✲
s✐❝ ❧✐t❤♦❣r❛♣❤② ♣r♦❝❡❞✉r❡s ✭❢♦r❝❡ ❛♥❞ ❝✉rr❡♥t✮ ❛♥❞ ❜❛s✐❝ s❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣
♠✐❝r♦s❝♦♣②✳
✹✻ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
Electronic rack
Optical
microscope
Scanner and
tip holder
Anti-vibration
table
Cover
❋✐❣✉r❡ ✷✳✷✸✿ ◆❚✲▼❉❚ ◆❚❊●❘❆ s②st❡♠ ❛t ■♥st✐t✉t♦ ❞❡ ❈✐❡♥❝✐❛ ❞❡ ▼❛t❡r✐❛❧❡s ❞❡
❆r❛❣ó♥✳
❉✐✛❡r❡♥t ♠♦❞✉❧❡s ❛♥❞ ♦♣t✐♦♥s ❛❧s♦ ❛❧❧♦✇ ♠❡❛s✉r❡♠❡♥ts t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥
✈❛❝✉✉♠ ✭10−2♠❜❛r✮✱ ✐♥ ❛ ❧✐q✉✐❞ ❝❡❧❧✱ ❛♣♣❧②✐♥❣ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦r
✇✐t❤ t❡♠♣❡r❛t✉r❡ ❝♦♥tr♦❧ ✭❘♦♦♠ t❡♠♣❡r❛t✉r❡ t♦ 150 ◦❈✮✳ ❚❤❡ ❛✈❛✐❧❛❜❧❡ s❝❛♥
❤❡❛❞s ❛❧s♦ ❛❧❧♦✇ s❝❛♥♥✐♥❣ ❜② s❛♠♣❧❡ ✭✉s✉❛❧❧② ♠♦r❡ st❛❜❧❡ ❜✉t s❛♠♣❧❡s s✐③❡s
❛♥❞ ✇❡✐❣❤ts ❛r❡ ❧✐♠✐t❡❞✮ ♦r s❝❛♥♥✐♥❣ ❜② t❤❡ t✐♣ ✭✉s❛❜❧❡ ❢♦r ❧❛r❣❡r s❛♠♣❧❡s✮✳
■ts ♠❛①✐♠✉♠ s❝❛♥ r❛♥❣❡ ✐s ✶✵✵ ❜② 100 ➭♠ ❛♥❞ ✐ts t②♣✐❝❛❧ s❝❛♥♥❡r r❡s♦❧✉t✐♦♥
✐s ✵✳✷ ♥♠ ✐♥ t❤❡ ❳❨ s❝❛♥ ♣❧❛♥❡ ❛♥❞ ✵✳✵✺ ♥♠ ✐♥ t❤❡ ❩ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ ❛❧✲
t❤♦✉❣❤ ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♣r♦❜❡s✱ s❝❛♥♥❡rs ❛♥❞ ♠❡❛s✉r❡♠❡♥t s❝❤❡♠❡s
❝❛♥ ✐♠♣r♦✈❡ ✉♣♦♥ t❤✐s ❧✐♠✐t✳
✷✳✺✳✷ ❉✐♣✲P❡♥ ◆❛♥♦❧✐t❤♦❣r❛♣❤②
❆ r❡❧❛t❡❞ t❡❝❤♥✐q✉❡ t♦ ❆❋▼ t❤❛t ✐s t♦✉❝❤❡❞ ✉♣♦♥ ✐♥ t❤✐s ✇♦r❦ ✐s ❉✐♣✲P❡♥
♥❛♥♦❧✐t❤♦❣r❛♣❤② ❬✸✷❪✳ ❖♥ ❛ ❜❛s✐❝ ❧❡✈❡❧✱ ✐t ✐♥✈♦❧✈❡s ✉s✐♥❣ ❛♥ ❆❋▼ t✐♣ ❛s ❛ ♣❡♥
t♦ tr❛♥s❢❡r ❛ s❛♠♣❧❡ t♦ ❛ s✉❜str❛t❡ ❝r❡❛t✐♥❣ ❛ s♣❡❝✐✜❝ ♣❛tt❡r♥✳ P❛tt❡r♥s ✇✐t❤
❢❡❛t✉r❡s ✐♥ t❤❡ s✉❜ ✶✵✵ ♥♠ r❛♥❣❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❛♠♣❧❡
❛♥❞ s✉❜str❛t❡ ❬✸✸❪✳
❚❤❡ ❤✐❣❤❡st r❡s♦❧✉t✐♦♥ ❉P◆ ♣❛tt❡r♥s ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♠♦❧❡❝✉❧❛r
✐♥❦s t❤❛t ❤❛✈❡ ❛ s♣❡❝✐✜❝ ❛✣♥✐t② ❢♦r ❛ s✉❜str❛t❡✳ ❚❤❡s❡ ✐♥❦s ❛r❡ ❝♦❛t❡❞ ♦♥t♦
❆❋▼ t✐♣s ❛♥❞ t❤❡♥ ❜r♦✉❣❤t ✐♥t♦ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✉❜str❛t❡✳ ❚❤❡ ♠♦❧❡❝✉❧❡s
t❤❡♥ ❞✐✛✉s❡ t❤r♦✉❣❤ ❛ ✇❛t❡r ♠❡♥✐s❝✉s✳ ❉✐✛❡r❡♥t s✐③❡s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❝♦♥tr♦❧✲
❧✐♥❣ t❤❡ ❛♠❜✐❡♥t ❤✉♠✐❞✐t② ❛♥❞ ❞✇❡❧❧ t✐♠❡ ♦❢ t❤❡ t✐♣✳ ❆❧t❤♦✉❣❤ ❤✐❣❤ r❡s♦❧✉t✐♦♥s
❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡s❡ ✐♥❦s✱ t❤❡② ❛r❡ ✉s✉❛❧❧② ❧✐♠✐t❡❞ t♦ ❛ s✐♥❣❧❡ t②♣❡ ♦❢
✷✳✺✳ ▲♦❝❛❧ s❝❛♥♥✐♥❣ ♣r♦❜❡ s②st❡♠s ✹✼
s✉❜str❛t❡ ♣❡r ♠♦❧❡❝✉❧❛r ✐♥❦✳
■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✇♦r❦ ✇✐t❤ ❧✐q✉✐❞ ✐♥❦s t❤❛t ❛❧❧♦✇ ❢♦r ❛ ❣r❡❛t❡r ✈❛r✐❡t②
♦❢ s❛♠♣❧❡s ❛♥❞ s✉❜str❛t❡s✳ ❆ s♦❧✐❞ s❛♠♣❧❡ ❝❛♥ ❜❡ ❞✐ss♦❧✈❡❞ ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡
s♦❧✈❡♥t ❛♥❞ t❤✐s ✐♥❦ ❜❡ tr❛♥s❢❡rr❡❞ ✇✐t❤ ❛♥ ❆❋▼ t✐♣ t♦ t❤❡ s✉❜str❛t❡✳ ❉❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥❦ ♣r♦♣❡rt✐❡s✱ t❤❡ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡s ❛r❡ s♦♠❡✇❤❛t ❧❛r❣❡r
t❤❛♥ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ✐♥❦ ❝❛s❡ ❛♥❞ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ➭♠✳ ❚❤✐s ♠❡t❤♦❞ ❛❧s♦
❛❧❧♦✇s ❜✐♦✲♠♦❧❡❝✉❧❡s s✉❝❤ ❛s ♣r♦t❡✐♥s ♦r ❉◆❆ ❛s ✇❡❧❧ ❛s ✐♥♦r❣❛♥✐❝ ♠♦❧❡❝✉❧❡s
t♦ ❜❡ ♣❛tt❡r♥❡❞✳
Liquid ink
Molecular ink
Water meniscus
❋✐❣✉r❡ ✷✳✷✹✿ ❉✐♣✲♣❡♥ ♥❛♥♦❧✐t❤♦❣r❛♣❤②✳ ◆❛♥♦✐♥❦ ❉P◆ ✺✵✵✵ ❙②st❡♠ ❛t ■♥st✐t✉t♦ ❞❡
◆❛♥♦❝✐❡♥❝✐❛ ❞❡ ❆r❛❣ó♥✳
❆ ❝♦✉♣❧❡ ♦❢ ❡①❛♠♣❧❡s ♦❢ ❉P◆ ❞❡♣♦s✐t✐♦♥s ✉s✐♥❣ ❧✐q✉✐❞ ✐♥❦s ❛r❡ s❤♦✇♥ ✐♥
✜❣✉r❡ ✷✳✷✺✳ ■♥ ♦♥❡ ❡①❛♠♣❧❡ ✇❡ s❤♦✇ ❞r♦♣❧❡ts ♦❢ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ♦♥ ❛ ❙✐❖✷
s✉❜str❛t❡✳ ❚❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ♠♦❧❡❝✉❧❡ ✐s ♦❢ ❛❜♦✉t ✶✵✲✶✷ ♥♠ s♦✱
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦✜❧❡✱ t❤❡ ❞r♦♣❧❡ts ❝♦♥s✐st ♦❢ ❛❜♦✉t t✇♦ ❧❛②❡rs ♦❢ ♠♦❧❡❝✉❧❡s✳
❚❤❡ ♦t❤❡r ❡①❛♠♣❧❡ s❤♦✇s ❛ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ ▼♥✶✷✲❜❡♥③♦❛t❡ ♠♦❧❡❝✉❧❛r
♥❛♥♦♠❛❣♥❡ts ❬✸✹❪ ❞r♦♣❧❡ts ❥✉st ❛❢t❡r ❜❡✐♥❣ ❞❡♣♦s✐t❡❞ ❜② t❤❡ ❉P◆ t✐♣ ♦♥ ❛
30 ➭♠ ❞✐❛♠❡t❡r µ✲❙◗❯■❉ s❡♥s♦r ❬✸✺❪✳ ❆s ❛ ❢✉rt❤❡r ❡①❛♠♣❧❡✱ t❤❡ s❛♠♣❧❡ s❡❡♥
♣r❡✈✐♦✉s❧② ✐♥ t❤❡ ❆❋▼ ✐♠❛❣❡ ✐♥ ✜❣✉r❡ ✷✳✷✶ ✇❛s ❛❧s♦ ❢❛❜r✐❝❛t❡❞ ✉s✐♥❣ ❉P◆ ❬✸✵❪✳
✹✽ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
A
C
D
B
❋✐❣✉r❡ ✷✳✷✺✿ ❉✐♣✲♣❡♥ ♥❛♥♦❧✐t❤♦❣r❛♣❤②✳ ●r❛♣❤s ❆ ❛♥❞ ❇ s❤♦✇ ❛♥ ❆❋▼ ✐♠❛❣❡s ❛♥❞
♣r♦✜❧❡ ♦❢ ❞r♦♣❧❡ts ♦❢ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ❞❡♣♦s✐t❡❞ ✉s✐♥❣ ❉P◆✳ ●r❛♣❤ ❈ s❤♦✇s ❛ µ✲❙◗❯■❉
s❡♥s♦r ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r ❞r♦♣❧❡ts ♦❢ ▼♥✶✷✲❜❡♥③♦❛t❡ ❤❛✈❡ ❜❡❡♥ ❞❡♣♦s✐t❡❞ ✐♥s✐❞❡ ✐ts
30 ➭♠ ❧♦♦♣ ❛s ✇❡❧❧ ❛s t❤❡ ❉P◆ t✐♣ ✭❜❧❛❝❦ tr✐❛♥❣❧❡✮✳ ●r❛♣❤ ❉ s❤♦✇s ❛ ❙❊▼ ✐♠❛❣❡ ♦❢
t❤❡ µ✲❙◗❯■❉ ❛♥❞ ▼♥✶✷ ❞r♦♣❧❡ts ✭✈✐❡✇❡❞ ❛t ❛ 52
◦ ❛♥❣❧❡✮✳
✷✳✻✳ ❙♦❢t✇❛r❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✹✾
✷✳✻ ❙♦❢t✇❛r❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s
✷✳✻✳✶ ❈❖▼❙❖▲ ▼✉❧t✐♣❤②s✐❝sr
❈❖▼❙❖▲ ▼✉❧t✐♣❤②s✐❝s ❬✸✻❪ ✐s ❛ ❝♦♠♠❡r❝✐❛❧ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ t❤❛t ♣r♦✈✐❞❡s
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❤②s✐❝s ♣r♦❜❧❡♠s✳ ■t ✐♥❝❧✉❞❡s ❛
♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ♠♦❞✉❧❡s ❢♦r t❤❡r♠❛❧✱ ♠❡❝❤❛♥✐❝❛❧✱ ❡❧❡❝tr✐❝❛❧✱ ✢✉✐❞ ✢♦✇ ❛♥❞
❝❤❡♠✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡s❡ ❞✐✛❡r❡♥t ♠♦❞✉❧❡s ❝❛♥ ❛❧s♦ ❜❡ ❝r♦ss ❝♦✉♣❧❡❞✳ ❋♦r
❡①❛♠♣❧❡✱ ❛ ♣r♦❜❧❡♠ ♠❛② s✐♠✉❧t❛♥❡♦✉s❧② ✐♥✈♦❧✈❡ ✢✉✐❞ ✢♦✇ ❛♥❞ ❤❡❛t ✢♦✇✳ ❚❤❡
s②st❡♠ ❛❧❧♦✇s t❤❡ ✢♦✇ ❛♥❞ t❤❡r♠❛❧ ✈❛r✐❛❜❧❡s t♦ ❜❡ ❝♦✉♣❧❡❞ ❛♥❞ s♦❧✈❡❞ ❛s ❛
s✐♥❣❧❡ ♣r♦❜❧❡♠✳
❋✐❣✉r❡ ✷✳✷✻✿ ❙❝r❡❡♥s❤♦t ♦❢ ❈♦♠s♦❧ ✹✳✹✳ ▼❡s❤ ♦❢ ❛ str✐♣❧✐♥❡ r❡s♦♥❛t♦rs t♦ ❜❡ s✐♠✉❧❛t❡❞
✉s✐♥❣ t❤❡ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❲❛✈❡s ♠♦❞✉❧❡✳
❆t ✐ts ❤❡❛rt✱ ❈❖▼❙❖▲ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡s s②st❡♠s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✉s✐♥❣ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✳ ▼❛♥② ❝♦♠♠♦♥ s❡ts ♦❢ ❡q✉❛t✐♦♥s ❛r❡
✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r❡❞❡✜♥❡❞ ♣❛❝❦❛❣❡s✱ ❜✉t ❝✉st♦♠ ♣❤②s✐❝s ❛r❡ ♣♦ss✐❜❧❡✳ ❉✐✛❡r❡♥t
t②♣❡s ♦❢ ❡❧❡♠❡♥ts ❛♥❞ s♦❧✈❡rs ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♣r♦❜❧❡♠s
❛♥❞ ❜♦t❤ st❛t✐♦♥❛r② ❛♥❞ t✐♠❡ ❞♦♠❛✐♥ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❆ t②♣✐❝❛❧ s✐♠✲
✉❧❛t✐♦♥ ❜❡❣✐♥s ❞❡✜♥✐♥❣ t❤❡ ❣❡♦♠❡tr② ✭✶✱ ✷ ♦r ✸❉✮ ❛♥❞ ♣❤②s✐❝❛❧ str✉❝t✉r❡ ♦❢
t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡♥ t❤❡ ♣❤②s✐❝s ✐♥✈♦❧✈❡❞ ❛r❡ ❝❤♦s❡♥ ❛♥❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❣❡♦♠✲
❡tr② ✭❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛♣♣❧✐❝❛❜❧❡ ❞♦♠❛✐♥s✱ ❡t❝✮✳ ❚❤❡ ♥❡①t st❡♣ ✐♥✈♦❧✈❡s
♠❡s❤✐♥❣ t❤❡ ❣❡♦♠❡tr② s✉❝❤ t❤❛t t❤❡ ❞❡s✐r❡❞ ❢❡❛t✉r❡s ❝❛♥ ❜❡ r❡s♦❧✈❡❞✳ ❋✐♥❡r
♠❡s❤❡s ❝❛♥ r❡s♦❧✈❡ ♠♦r❡ ❞❡t❛✐❧s ❜✉t ♦❢ ❝♦✉rs❡ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ ♠❡♠♦r② ❛♥❞
✺✵ ❈❤❛♣t❡r ✷✳ ❊①♣❡r✐♠❡♥t❛❧ ❚❡❝❤♥✐q✉❡s
❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❋✐♥❛❧❧② t❤❡ ❞❡s✐r❡❞ s♦❧✈❡r ✐s ❡①❡❝✉t❡❞ ❛♥❞ ❛tt❡♠♣ts t♦ ✜♥❞
❛ s♦❧✉t✐♦♥✳ ■❢ t❤❡ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s✱ t❤❡ s♦❧✈❡❞ ✈❛r✐❛❜❧❡s ❛♥❞ ♦t❤❡r ❞❡r✐✈❡❞
✈❛r✐❛❜❧❡s ❝❛♥ t❤❡♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛♥❞ ♣r♦❝❡ss❡❞✳
❚❤❡ ♠♦❞✉❧❡s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❛r❡ ❧✐♠✐t❡❞ t♦ ❞✐✛❡r❡♥t ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣✲
♥❡t✐❝ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✉s❡ t❤❡ ✏▼❛❣♥❡t✐❝ ❛♥❞ ❊❧❡❝tr✐❝ ✜❡❧❞s✑ ♠♦❞✉❧❡
✭♠❡❢✮✱ t❤❡ ✏▼❛❣♥❡t✐❝ ✜❡❧❞s✑ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝✉rr❡♥ts ♠♦❞✉❧❡s ✭♠❢ ❛♥❞ ♠❢♥❝✮
❛♥❞ t❤❡ ✏❊❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s✑ ✭❡♠✇✮ ♠♦❞✉❧❡✳ ❆❧❧ t❤❡s❡ ♠♦❞✉❧❡s ✐♠♣❧❡♠❡♥t
❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛♣♣❧②✐♥❣ ❞✐✛❡r❡♥t s✐♠♣❧✐✜❝❛✲
t✐♦♥s✳
A
B
C
❋✐❣✉r❡ ✷✳✷✼✿ ❈♦♠s♦❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② t❤r♦✉❣❤ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣
✭❙◗❯■❉✮ ❧♦♦♣ ❬✸✺❪✳ ❚❤❡ ❞✐❛♠❡t❡r Di ✐s 26 ➭♠✳ ❚❤❡ ❝♦❧♦r s❝❛❧❡ ❢♦r ❣r❛♣❤s ❆ ❛♥❞ ❇
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❛❜s♦❧✉t❡ ✈❛❧✉❡✳ ●r❛♣❤ ❇ s❤♦✇s ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢
t❤❡ ❙◗❯■❉ ❧♦♦♣ ❛❧♦♥❣ ❛ ❞✐❛♠❡t❡r ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s✳ ●r❛♣❤ ❈ s❤♦✇s
s✐♠✉❧❛t❡❞ ✢✉① ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❛♠♣❧❡ ✭✐♥ ✉♥✐ts ♦❢ t❤❡ ✢✉① q✉❛♥t❛ φ0✮ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ ▼♥✶✷✲❜❡♥③♦❛t❡ ♣r❡s❡♥t✳ ❚❤❡ ♣♦✐♥ts ❛r❡ ❡①♣❡r✐♠❡♥t❛❧
♠❡❛s✉r❡♠❡♥ts✳
■♥ t❤✐s t❤❡s✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ♠♦st❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ r❢ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✈✐❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡s ❛♥❞ r❡s♦♥❛t♦rs ✭✜❣✉r❡ ✷✳✷✻
❛♥❞ ❝❤❛♣t❡r ✻✮✳ ❆s ❛ ❢✉rt❤❡r ❡①❛♠♣❧❡ ✇❡ s❤♦✇ ✐♥ ✜❣✉r❡ ✷✳✷✼ r❡s✉❧ts ♦❢ ❛
❈♦♠s♦❧ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❣❡♥❡r❛t❡❞ ❜② ❛ ♠❛❣♥❡t✐❝ ❧❛②❡r
t❤❛t ✜❧❧s ❛ ❙◗❯■❉ ❧♦♦♣ ❬✸✺❪✳ ❚❤❡ ❙◗❯■❉ ❧♦♦♣ ✐s ♠❡❛♥t t♦ ♠♦❞❡❧ ❛ ♠✐❝r♦✲
s✉s❝❡♣t♦♠❡t❡r t❤❛t ❝♦♥✈❡rts t❤❡ ✢✉① t❤r♦✉❣❤ t❤❡ ❧♦♦♣ t♦ ✈♦❧t❛❣❡✳ ❚❤❡ ❙◗❯■❉
✇✐r❡ ✐s s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❛♥❞ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s ❛ ♠❛❣♥❡t✐❝ ✐♥s✉❧❛t♦r t❤❛t
❞♦❡s ♥♦t ❛❧❧♦✇ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s t♦ ❡♥t❡r t❤❡ ❞♦♠❛✐♥ ❛♥❞ ✇✐❧❧ ❞❡❢♦r♠
t❤❡ str❛② ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠❛❣♥❡t✐③❡❞ s❛♠♣❧❡✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ ✐s ✉s❡❞
t♦ ❡st✐♠❛t❡ t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❛ ❣✐✈❡♥ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❛♥❞ ❛♣♣❧✐❡❞ ❉❈
✜❡❧❞ ♥❡❝❡ss❛r② t♦ ❣❡♥❡r❛t❡ s✉✣❝✐❡♥t ✢✉① t❤r♦✉❣❤ t❤❡ ❙◗❯■❉ t♦ ❜❡ ❞❡t❡❝t❡❞
❜② t❤❡ ❙◗❯■❉ ❡❧❡❝tr♦♥✐❝s✳ ■t ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢
❘❊❋❊❘❊◆❈❊❙ ✺✶
♦✉r s✐❣♥❛❧ ✇✐t❤ t❤❡ ❛♠♦✉♥t ❛♥❞ s✐③❡ ♦❢ t❤❡ s❛♠♣❧❡ s✐♥❝❡ ♥♦t ❛❧❧ ❛r❡❛s ♦❢ t❤❡
❝②❧✐♥❞❡r ❝♦♥tr✐❜✉t❡ ❡q✉❛❧❧②✳ ❘❡s✉❧ts ♦❢ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤
❞❛t❛ ♠❡❛s✉r❡❞ ♦♥ ❧❛②❡rs ♦❢ ▼♥✶✷✲❜❡♥③♦❛t❡ ❞❡♣♦s✐t❡❞ ♦♥t♦ ❛ µ✲❙◗❯■❉ ❧♦♦♣
✭✜❣✉r❡ ✷✳✷✼❈✮✳
✷✳✻✳✷ ❖t❤❡r ♣r♦❣r❛♠s ❛♥❞ ❧✐❜r❛r✐❡s
▼♦st ❞❛t❛ ♣r♦❝❡ss✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣ ❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣
❝✉st♦♠ ♣r♦❣r❛♠s ✇r✐tt❡♥ ✐♥ ❝✰✰ ❬✸✼❪ ❛♥❞ ❝♦♠♣✐❧❡❞ ✉s✐♥❣ t❤❡ ●◆❯ ❈♦♠♣✐❧❡r
❈♦❧❧❡❝t✐♦♥ ✭●❈❈✮ ❬✸✽❪✳ ❆❞❞✐t✐♦♥❛❧ ❧✐❜r❛r✐❡s ✇❡r❡ ❛❧s♦ ✉s❡❞ t♦ ♣❡r❢♦r♠ st❛♥❞❛r❞
t❛s❦s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡✿
• ❘❖❖❚ ✲ ❆♥ ♦❜❥❡❝t ♦r✐❡♥t❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ❧❛r❣❡ s❝❛❧❡ ❞❛t❛ ❛♥❛❧②s✐s ❞❡✲
✈❡❧♦♣❡❞ ❛t ❈❊❘◆ ❬✸✾❪✳
• ❆r♠❛❞✐❧❧♦ ✲ ❆ ❈✰✰ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❧✐❜r❛r② ❬✹✵❪✳
• ●◆❯ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✲ ❆ ♥✉♠❡r✐❝❛❧ ❧✐❜r❛r② ❢♦r ❈ ❛♥❞ ❈✰✰✳ ❚❤❡ ❧✐❜r❛r②
♣r♦✈✐❞❡s ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ r♦✉t✐♥❡s s✉❝❤ ❛s r❛♥❞♦♠ ♥✉♠❜❡r
❣❡♥❡r❛t♦rs✱ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ❧❡❛st✲sq✉❛r❡s ✜tt✐♥❣ ❬✹✶❪✳
❖t❤❡r ❝♦♠♠❡r❝✐❛❧ ❛♥❞ ♦♣❡♥ s♦✉r❝❡ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡s ✉s❡❞ ✐♥❝❧✉❞❡
• ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ✭✈❡rs✐♦♥ ✼✮ ❬✹✷❪
• ▼❛t❤✇♦r❦s ▼❛t▲❛❜ ❘✷✵✶✸❛ ❬✹✸❪ ❛♥❞ t❤❡ ❊❛s②s♣✐♥ ❊P❘ s✐♠✉❧❛t✐♦♥ ♣❛❝❦✲
❛❣❡ ❬✹✹❪✳
• ❖r✐❣✐♥▲❛❜ ❖r✐❣✐♥Pr♦ ✽ ❬✹✺❪
• ◆■ ▲❛❜❱✐❡✇ ✷✵✶✶ ❬✷✸❪
• ▲✐❜r❡❈❛❞ ❬✹✻❪
• ❈❧❡✇✐♥ ✸ ❬✹✼❪
❘❡❢❡r❡♥❝❡s
❬✶❪ ●✳ ❊✳ P❛❦❡ ❛♥❞ ❚✳ ▲✳ ❊st❧❡✱ ❚❤❡ ♣❤②s✐❝❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣✲
♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭✱ ✶✾✼✸✮✳
❬✷❪ ▼✳ ❆✳ ❆❧❉❛♠❡♥ ❡t ❛❧✳✱ ■♥♦r❣❛♥✐❝ ❝❤❡♠✐str② ✹✽✱ ✸✹✻✼ ✭✷✵✵✾✮✳
✺✷ ❘❊❋❊❘❊◆❈❊❙
❬✸❪ ❙✳ ❈❛r❞♦♥❛✲❙❡rr❛ ❡t ❛❧✳✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t② ✶✸✹✱
✶✹✾✽✷ ✭✷✵✶✷✮✳
❬✹❪ ▼✳ ❇r✉st♦❧♦♥ ❛♥❞ ❊✳ ●✐❛♠❡❧❧♦✱ ❡❞✐t♦rs✱ ❊❧❡❝tr♦♥ P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡✿
❆ Pr❛❝t✐t✐♦♥❡r✬s ❚♦♦❧❦✐t ✭❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ✷✵✵✾✮✳
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❝♦❤❡r❡♥t❧② ❜❡t✇❡❡♥ t✇♦ q✉❛♥t✉♠ st❛t❡s ✐♥ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❦♥♦✇♥ ❛s ❘❛❜✐
♦s❝✐❧❧❛t✐♦♥s ❬✶❪✳ ❚❤❡ ♦s❝✐❧❧❛t✐♦♥ ❢r❡q✉❡♥❝② ✐s ❦♥♦✇♥ ❛s t❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝② ΩR
❛♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ♦❢ t❤❡ ❛t♦♠ ✇✐t❤ t❤❡ ♣❤♦t♦♥ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■❢ t❤❡ ❛t♦♠ ✐♥✈♦❧✈❡❞ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥
❛s ❛ t✇♦ ❧❡✈❡❧ q✉❛♥t✉♠ s②st❡♠✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ ❝♦♠♣♦s✐t❡ s②st❡♠ ✐s
t❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ❍❛♠✐❧t♦♥✐❛♥ ❬✷❪✿
H = ~ωr
(
a†a+
1
2
)
+
~Ω
2
σz + ~g(a†σ− + σ+a) +Hκ +Hγ , ✭✸✳✶✮
✇❤❡r❡ ωr ✐s t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭t②♣✐❝❛❧❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❣❡♦♠✲
✺✻ ❈❤❛♣t❡r ✸✳ ❚♦✇❛r❞s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ s♣✐♥s
A
B C
❋✐❣✉r❡ ✸✳✶✿ ❆✳ ❇❛s✐❝ ❈❛✈✐t② ◗❊❉ s②st❡♠ ❛♥❞ ♣❛r❛♠❡t❡rs ❬✸❪✳ ❇✳ ❊♥❡r❣② ❧❡✈❡❧ s♣❡❝tr✉♠
♦❢ t❤❡ ❝♦✉♣❧❡❞ ❝❛✈✐t②✲q✉❜✐t s②st❡♠ ✐♥ t❤❡ ③❡r♦ ❞❡t✉♥✐♥❣ ❝❛s❡ ✭ωr = Ω✮✳ ❚❤❡ st❛t❡s
✐♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❝♦❧✉♠♥s r❡♣r❡s❡♥t t❤❡ ✉♥❞r❡ss❡❞ ✭♦r ✉♥❝♦✉♣❧❡❞✮ st❛t❡s ✇❤✐❧❡ t❤❡
❝❡♥t❡r ❝♦❧✉♠♥ s❤♦✇s t❤❡ ❞r❡ss❡❞ st❛t❡s✳ ❈✳ ❊♥❡r❣② ❧❡✈❡❧ s♣❡❝tr✉♠ ♦❢ t❤❡ ❝♦✉♣❧❡❞
❝❛✈✐t②✲q✉❜✐t s②st❡♠ ✐♥ t❤❡ ❧❛r❣❡ ❞❡t✉♥✐♥❣ ❝❛s❡ ✭∆ = Ω − ωr ≫ g✮✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s
r❡♣r❡s❡♥t t❤❡ ✉♥❞r❡ss❡❞ st❛t❡s ✇❤✐❧❡ t❤❡ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❞r❡ss❡❞ st❛t❡s✳ ❚❤❡
❧❡✈❡❧ s♣❛❝✐♥❣ ✐s ❞✐✛❡r❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ q✉❜✐t✳
❋✐❣✉r❡ ✸✳✷✿ ❙✐♠♣❧❡ ❝②❧✐♥❞r✐❝❛❧ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t②
✸✳✶✳ ❈❛✈✐t② ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ❍❛♠✐❧t♦♥✐❛♥ ✺✼
❡tr② ♦❢ t❤❡ ❝❛✈✐t② ❛♥❞ t❤❡ ♠❛t❡r✐❛❧s ✉s❡❞✮✱ ~Ω ✐s t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❛t♦♠ ❡♥❡r❣② ❧❡✈❡❧s✱ g ✐s t❤❡ ❝♦✉♣❧✐♥❣ r❛t❡ ♦❢ t❤❡ t✇♦ s②st❡♠s ✭❞❡♣❡♥❞❡♥t ♦♥
t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ❛t♦♠✬s ❧♦❝❛t✐♦♥ ❛s ✇❡❧❧ ❛s
t❤❡ ❛t♦♠✬s ♣r♦♣❡rt✐❡s s✉❝❤ ❛s ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ♦r s♣✐♥✮✱ Hκ ❞❡s❝r✐❜❡s t❤❡
❧♦ss❡s ♦❢ t❤❡ ❝❛✈✐t② ✭❞❡❝❛② r❛t❡ κ = ωr/Q✮ ❛♥❞ Hγ ❝♦♥t❛✐♥s t❤❡ ❞❡❝♦❤❡r❡♥❝❡
♦r ❞❡❝❛② ♦❢ t❤❡ ❛t♦♠ ✐♥t♦ ♦t❤❡r ❝❤❛♥♥❡❧s ✭r❡❧❛t❡❞ t♦ t❤❡ ❚2 ❞❡❝❛② t✐♠❡✮✳ ❚❤❡
❏❛②♥❡s✲❈✉♠♠✐♥❣s ❍❛♠✐❧t♦♥✐❛♥ ❛ss✉♠❡s t❤❛t t❤❡ r♦t❛t✐♥❣ ✇❛✈❡ ❛♣♣r♦①✐♠❛t✐♦♥
✭❡ss❡♥t✐❛❧❧② g ≪ ωr,Ω ❛♥❞ ωr ∼ Ω✮ ❛♥❞ t❤❡ ❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❤♦❧❞ ❬✸✱ ✹❪✳
■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞❛♠♣✐♥❣✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✳✶✮ ❝❛♥ ❜❡ r❡❛❞✐❧② ❞✐❛❣♦♥❛❧✲
✐③❡❞✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞❡t✉♥✐♥❣ ♣❛r❛♠❡t❡r ❛s ∆ = Ω− ωr✱ t❤❡ q✉❜✐t ❡✐❣❡♥st❛t❡s
❛s | ↑〉✱| ↓〉✱ ❛♥❞ t❤❡ ❝❛✈✐t② ❡✐❣❡♥st❛t❡s ❛s |n〉 ❢♦r n = 0, 1, 2, ...✳ ❚❤❡ ❡♥❡r❣②
❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥st❛t❡s ❢♦r t❤❡ ❥♦✐♥t s②st❡♠ ❛r❡ t❤❡♥✿
E±,n = (n+ 1)~ωr ±
~
2
√
4g2(n+ 1) + ∆2 ✭✸✳✷✮
E↑,0 = −~∆
2
✭✸✳✸✮
|+, n〉 = cos θn| ↓, n〉+ sin θn| ↑, n+ 1〉 ✭✸✳✹✮
|−, n〉 = − sin θn| ↓, n〉+ cos θn| ↑, n+ 1〉 ✭✸✳✺✮
tan 2θn =
2g
√
n+ 1
∆
✭✸✳✻✮
✇✐t❤ | ↑, 0〉 ❜❡✐♥❣ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ s②st❡♠✳ ❚❤❡s❡ st❛t❡s ❛r❡ r❡♣r❡✲
s❡♥t❡❞ s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ✜❣✉r❡ ✸✳✶ ❢♦r ❜♦t❤ t❤❡ ③❡r♦ ❞❡t✉♥✐♥❣ ✭∆ = 0✮ ❛♥❞ ❧❛r❣❡
❞❡t✉♥✐♥❣ ✭∆≫ g✮ ❝❛s❡s✳
■❢ ∆ = 0✱ ❡❛❝❤ ♣❛✐r ♦❢ st❛t❡s ✇✐t❤ n + 1 q✉❛♥t❛ ✭♥ ♣❤♦t♦♥s ✐♥ t❤❡ ❝❛✈✐t②
❛♥❞ ❛ q✉❜✐t ✐♥ t❤❡ ❡①❝✐t❡❞ st❛t❡ | ↓〉 ♦r ♥✰✶ ♣❤♦t♦♥s ❛♥❞ t❤❡ q✉❜✐t ✐♥ ✐ts
❣r♦✉♥❞ st❛t❡ | ↑〉✮ ✇♦✉❧❞ ❜❡ ❞❡❣❡♥❡r❛t❡ ❢♦r g = 0✳ ❆♥② ✜♥✐t❡ ❝♦✉♣❧✐♥❣ ❧✐❢ts t❤✐s
❞❡❣❡♥❡r❛❝② ❜② 2g
√
n+ 1✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ❡①❝✐t❛t✐♦♥✱ t❤❡ st❛t❡s ❛r❡ t❤❡
♠❛①✐♠❛❧❧② ❡♥t❛♥❣❧❡❞ ❛t♦♠✲❝❛✈✐t② st❛t❡s |±, 0〉 = (| ↑, 1〉+| ↓, 0〉)/√2 s❡♣❛r❛t❡❞
2g ✐♥ ❡♥❡r❣②✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛ q✉❜✐t ✐♥✐t✐❛❧❧② ✐♥ t❤❡ ↓ st❛t❡ ❝♦✉♣❧❡❞ t♦ ❛♥
❡♠♣t② ❝❛✈✐t② ✇✐❧❧ ❝♦❤❡r❡♥t❧② ♦s❝✐❧❧❛t❡ ✐♥t♦ ❛ ❝❛✈✐t② ❡①❝✐t❛t✐♦♥ ❛♥❞ ❜❛❝❦ ✇✐t❤
❛♥ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② 2g✳
❚❤❡ ❧❛r❣❡ ❞❡t✉♥✐♥❣ ✭♦r ❞✐s♣❡rs✐✈❡✮ ❝❛s❡ ❝♦rr❡s♣♦♥❞s t♦ ∆ ≫ g ✭❜✉t st✐❧❧
Ω ∼ ωr✮✳ ❊①♣❛♥❞✐♥❣ t♦ ✜rst ♦r❞❡r✱ t❤❡ ♦♥❡ ❡①❝✐t❛t✐♦♥ s♣❛❝❡ ❜❡❝♦♠❡s✿
|−, 0〉 ∼ −g
∆
| ↓, 0〉+ | ↑, 1〉
|+, 0〉 ∼ | ↓, 0〉+ g
∆
| ↑, 1〉 ✭✸✳✼✮
❚❤❡ st❛t❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ✉♥❞r❡ss❡❞ st❛t❡s ❜✉t ❤❛✈❡ s♠❛❧❧ ♠✐①✐♥❣s ✇✐t❤
♦t❤❡r st❛t❡s ✇✐t❤✐♥ t❤❡ ♠❛♥✐❢♦❧❞s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡①❝✐t❛t✐♦♥s✳ ❆❧s♦✱
✺✽ ❈❤❛♣t❡r ✸✳ ❚♦✇❛r❞s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ s♣✐♥s
❛s s❡❡♥ ✐♥ ✜❣✉r❡ ✸✳✶❈✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ st❛t❡s ✇✐t❤ n ❛♥❞
n + 1 ❝❛✈✐t② ❡①❝✐t❛t✐♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ q✉❜✐t ✇✐t❤ t❤❡ ❝❛✈✐t②
❢r❡q✉❡♥❝② ❜❡✐♥❣ ♣✉❧❧❡❞ ❜② ±g2∆ ❛s ❝❛♥ ❜❡ s❡❡♥ ❡①♣❛♥❞✐♥❣ ❡①♣r❡ss✐♦♥ ✭✸✳✷✮ ❢♦r
t❤❡ ❡♥❡r❣② ❡✐❣❡♥✈❛❧✉❡s✳
✸✳✶✳✶ ❊♥❡r❣② ❞❡♥s✐t② ❛♥❞ ❧✐♠✐ts ♦♥ t❤❡ ❝♦✉♣❧✐♥❣
❚❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ✐❧❧✉str❛t❡s ❤♦✇ t❤❡ ✈❛❧✉❡ ♦❢ g s❡ts t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤
q✉❛♥t✉♠ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤✐s s❡t✉♣✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s
✐♥ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✱ t❤❡ ❣♦❛❧ ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ ❝♦✉♣❧✐♥❣ g/π✱
✇❤✐❧❡ ❦❡❡♣✐♥❣ ✐t ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ t✇♦ ♠❛✐♥ ❞❡♣❤❛s✐♥❣ r❛t❡s ♦❢ t❤❡ s②st❡♠
g ≫ κ, γ✳ ❚❤✐s str♦♥❣ ❝♦✉♣❧✐♥❣ ❧✐♠✐t ❛❧❧♦✇s ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s
t♦ ❜❡ ♣❡r❢♦r♠❡❞ ❞✉r✐♥❣ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ q✉❛♥t✉♠ st❛t❡ ❛♥❞ ✐s ♥❡❝❡ss❛r②
❢♦r ❛ s②st❡♠ t♦ ❤❛✈❡ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳ ❆ s✐♠♣❧❡
❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❣✐✈❡ ✉s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ t♦ ❛ ✸❉ ❝❛✈✐t②
♦❢ ❛ s✐♥❣❧❡ ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ❬✺❪✳ ❆s ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❝♦✉♣❧✐♥❣
g ✐s ❣✐✈❡♥ ❜② t❤❡ ✜❡❧❞ str❡♥❣t❤ ❛t t❤❡ ❛t♦♠ s✐t❡ t✐♠❡s ✐ts ❞✐♣♦❧❡ ♠♦♠❡♥t✿
g =
dE0√
2~
✭❊❧❡❝tr✐❝✮ g =
µB0√
2~
✭▼❛❣♥❡t✐❝✮ ✭✸✳✽✮
✇❤❡r❡ E0 ❛♥❞ B0 ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡s✳ ●✐✈❡♥ ❛
t②♣✐❝❛❧ ❝②❧✐♥❞r✐❝❛❧ ❝❛✈✐t② ❣❡♦♠❡tr② ✭✜❣✉r❡ ✸✳✷✮✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❛✈❡r❛❣❡
✭s♣❛t✐❛❧✮ ✜❡❧❞ str❡♥❣t❤ r❡♠❡♠❜❡r✐♥❣ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ✜❡❧❞ ❛♠♣❧✐t✉❞❡
♦✈❡r t❤❡ ❝❛✈✐t② ✈♦❧✉♠❡ ✐s ❡q✉❛❧ t♦ t❤❡ ③❡r♦ ♣♦✐♥t ❡♥❡r❣② ♦❢ t❤❡ ❝❛✈✐t② ❬✻❪✿
1
2
∫
V
ǫ|E0|2dV = 1
2
∫
V
|B0|2
µ
dV =
~ωr
2
✭✸✳✾✮
❚❛❦✐♥❣ ❛ s♣❛❝❡ ❛✈❡r❛❣❡ ❛♥❞ s❡tt✐♥❣ ǫ = ǫ0 ❛♥❞ µ = µ0 ❣✐✈❡s✿
~ωr
2
=
1
2
ǫ0E
2
0V =
1
2µ0
B20V ✭✸✳✶✵✮
❚❤❡ ❝❛✈✐t② ❞✐♠❡♥s✐♦♥s ❣✐✈❡ ✉s V = πr2λ/2✳ ❘❡❛rr❛♥❣✐♥❣ t❡r♠s ❧❡❛❞s t♦✿
E0 =
1
r
√
~ω2r
π2ǫ0c
, B0 =
1
r
√
~ω2rµ0
π2c
✭✸✳✶✶✮
❚❤❡s❡ ❡q✉❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ✜❡❧❞ ✐♥ t❤❡ ❝❛✈✐t② ✭❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦✉♣❧✐♥❣ g✮
❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝❛✈✐t② r❛❞✐✉s ♦r ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♦♣❡r❛t✐♥❣
❢r❡q✉❡♥❝②✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ❤❛✈❡ t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ❡♥❡r❣② ❞❡♥s✐t②✳ ❙✐♥❝❡
✐♥❝r❡❛s✐♥❣ t❤❡ ❝❛✈✐t② ❢r❡q✉❡♥❝② ♠❛② ♥♦t ❜❡ ❛♥ ♦♣t✐♦♥ s✐♥❝❡ t❤❡ ❛t♦♠ ❡♥❡r❣②
❧❡✈❡❧s ♠❛② ♥♦t ❜❡ s✉✐t❡❞ t♦ t❤❡ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛r❡
✸✳✶✳ ❈❛✈✐t② ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ❍❛♠✐❧t♦♥✐❛♥ ✺✾
Substrate
Ground Ground
s w s
H
t
I0/2I0/2 I0
(Super)Conductor
z
x
y
❋✐❣✉r❡ ✸✳✸✿ ❈♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❝r♦ss✲s❡❝t✐♦♥
❛❧s♦ ❤❛r❞❡r t♦ ✇♦r❦ ✇✐t❤✱ t❤❡ ♠♦st ❞✐r❡❝t ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡ ❝❛✈✐t② ✜❡❧❞
✐s t♦ r❡❞✉❝❡ t❤❡ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ r ♦❢ t❤❡ ❝❛✈✐t②✳ ❋♦r ❡❧❡❝tr✐❝ s②st❡♠s✱ ❛♥❞
s♣❡❝✐❛❧❧② ❢♦r q✉❛♥t✉♠ ❝✐r❝✉✐ts ✭❝♦♦♣❡r ♣❛✐r ❜♦①❡s✮✱ t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ❝❛♥ ❜❡
❛♣♣r♦①✐♠❛t❡❞ ❜② d = eL ✇❤❡r❡ e ✐s t❤❡ ❡❧❡❝tr♦♥ ❝❤❛r❣❡ ❛♥❞ L ✐s t❤❡ ❞✐♣♦❧❡✬s
❝❤❛r❛❝t❡r✐st✐❝ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥✳ ■♥tr♦❞✉❝✐♥❣ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥t♦ ✭✸✳✽✮ ❛♥❞
t❤❡♥ ✉s✐♥❣ ✭✸✳✶✵✮ ✇❡ ❣❡t✿
g
ωr
=
L
r
√
2α
π
, ✭✸✳✶✷✮
✇❤❡r❡ α = e2/(4πǫ0~c) ✐s t❤❡ ✜♥❡ str✉❝t✉r❡ ❝♦♥st❛♥t✳ ❲❡ s❡❡ t❤❡♥ t❤❛t g/ωr
❞❡♣❡♥❞s ♦♥❧② ♦♥ ❤♦✇ ✇❡❧❧ t❤❡ ❛t♦♠ ✏✜❧❧s✑ t❤❡ ❝❛✈✐t② ✭L/r✮ ❛♥❞ ♦♥ ❢✉♥❞❛♠❡♥t❛❧
❝♦♥st❛♥ts✳ ❚❤✐s r❡✐t❡r❛t❡s ♦✉r ♣r❡✈✐♦✉s ♣♦✐♥t t❤❛t r❡❞✉❝✐♥❣ t❤❡ ❝❛✈✐t② s✐③❡ t♦
♠❛t❝❤ t❤❡ s②st❡♠ s✐③❡ ✐s ❛ ❣♦♦❞ ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣✳ ❋♦r ♠❛❣♥❡t✐❝
s②st❡♠s t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡s ❛❧t❤♦✉❣❤ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✐s ♥♦t ✐♥
❣❡♥❡r❛❧ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s②st❡♠ s✐③❡ s♦ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r g ❞♦❡s♥✬t r❡❞✉❝❡
t♦ t❤❡ s✐♠♣❧❡ ❢♦r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✷✮✳ ❍♦✇❡✈❡r✱ r❡❞✉❝✐♥❣ t❤❡ ❝❛✈✐t② s✐③❡ t♦ t❤❡
s②st❡♠ s✐③❡ ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ❛❧❧ ❝❛s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ✸❉ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t✐❡s✱
t❤❡ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ ♠❛② ❛❧s♦ ❜❡ ❧✐♠✐t❡❞ ❜② t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ r❛❞✐❛t✐♦♥
♠♦❞❡ ♠❛❦✐♥❣ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❞✐✛❡r❡♥t ❝❛✈✐t② ❣❡♦♠❡tr✐❡s ♥❡❝❡ss❛r② t♦ ✐♠✲
♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣✳ ❚❤✐s ✐s t❤❡ ❛♣♣r♦❛❝❤ t❛❦❡♥ ✐♥ ✇❤❛t ❤❛s ❝♦♠❡ t♦ ❜❡ ❦♥♦✇♥
❛s ❝✐r❝✉✐t ◗❊❉✳
✸✳✶✳✷ ❈✐r❝✉✐t ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s
■♥ ❝✐r❝✉✐t ◗❊❉✱ t❤❡ ✸❉ r❡s♦♥❛♥t ♠✐❝r♦✇❛✈❡ ❝❛✈✐t✐❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② ❝❡rt❛✐♥
t②♣❡s ♦❢ ✐♥t❡❣r❛t❡❞ ❝✐r❝✉✐ts t❤❛t ❛r❡ ❡ss❡♥t✐❛❧❧② s❡❝t✐♦♥s ♦❢ ♠✐❝r♦✇❛✈❡ tr❛♥s♠✐s✲
s✐♦♥ ❧✐♥❡s✳ ❚❤❡ ♣r✐♠❡ ❡①❛♠♣❧❡ ♦❢ t❤✐s t②♣❡ ♦❢ ❝❛✈✐t② ✐s ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡
✭❈P❲✮ r❡s♦♥❛t♦r✱ ✐✳❡✳✱ ❛ s❡❝t✐♦♥ ♦❢ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❝❛♣❛❝✐t✐✈❡❧② ❝♦✉♣❧❡❞
t♦ ❡①t❡r♥❛❧ ❢❡❡❞ ❧✐♥❡s✳ ❆ ❞✐❛❣r❛♠ s❤♦✇✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✲
✉✐❞❡ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✸ ❛s ✇❡❧❧ ❛s t❤❡ r❡❧❡✈❛♥t ❞✐♠❡♥s✐♦♥s ✭s❡❡ s❡❝t✐♦♥ ✻✳✷
❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❋♦r t❤✐❝❦ s✉❜str❛t❡s t❤❡ tr❛♥s♠✐ss✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ❈P❲
❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♠❛t❡r✐❛❧s ✉s❡❞ ❛♥❞ t❤❡ r❛t✐♦s ♦❢ ✇✐❞t❤s ♦❢ t❤❡ ❝❡♥t❡r❧✐♥❡
❛♥❞ ❣❛♣s ❬✼❪✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ♦❢ t❤❡ ♦r❞❡r
✻✵ ❈❤❛♣t❡r ✸✳ ❚♦✇❛r❞s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ s♣✐♥s
♦❢ ➭♠ ✉s✐♥❣ s✐♠♣❧❡ ♣❤♦t♦❧✐t❤♦❣r❛♣② t❡❝❤♥✐q✉❡s ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ tr❛♥s♠✐ss✐♦♥
♣r♦♣❡rt✐❡s ❝♦♥st❛♥t✳ ❆s ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡s❡ s②st❡♠s ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞
✶❉ r❡s♦♥❛t♦rs ✇❤❡r❡ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ s❡❣♠❡♥t✳ ❚❤❡ ♣❤♦t♦♥ ❡♥❡r❣② ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❛♥❞ ❛r♦✉♥❞
t❤❡ ❝❡♥t❡r ❧✐♥❡✱ t❤✉s t❤❡ ✜❡❧❞ str❡♥❣t❤s ❛❝❤✐❡✈❡❞ ❝❛♥ ❜❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ✐♥
t②♣✐❝❛❧ ✸❉ ❝❛✈✐t✐❡s ❬✸❪✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧s s✉❝❤ ❛s ◆❜
♦r ❆❧ ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝✐r❝✉✐t✱ t❤❡ r❡s✐st✐✈❡ ❧♦ss❡s ❝❛♥ ❜❡ s✉♣♣r❡ss❡❞ t♦ ❛❝❤✐❡✈❡
q✉❛❧✐t② ❢❛❝t♦rs ♦❢ ✉♣ t♦ 106 ❬✽✱ ✾❪ ♠❡❛♥✐♥❣ t❤❛t✱ ✐♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ❧♦ss❡s ❛♥❞
❞❡♣❤❛s✐♥❣ ♦❢ t❤❡ s②st❡♠ ✇♦✉❧❞ ❜❡ ❧✐♠✐t❡❞ ♦♥❧② ❜② t❤❡ ❛t♦♠ ♣r♦♣❡rt✐❡s✳
✸✳✷ ❊❛r❧② ❊①♣❡r✐♠❡♥ts ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ◗✉❛♥t✉♠
❈♦♠♣✉t✐♥❣
❊①❛♠♣❧❡s ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣ t♦ ❛t♦♠s ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ♣r❡✈✐♦✉s❧②✳ ❋♦r ♦♣✲
t✐❝❛❧ ♣❤♦t♦♥s✱ t❤❡ ✈❛❝✉✉♠ ❘❛❜✐ s♣❧✐tt✐♥❣ ✇❛s ✜rst ♦❜s❡r✈❡❞ ✐♥ ✶✾✾✷ ✐♥ ❈❛❡s✐✉♠
❛t♦♠s ❬✶✵❪ ❛♥❞✱ ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡ r❡❣✐♠❡✱ str♦♥❣ ❝♦✉♣❧✐♥❣ ✇❛s ❛❧s♦ ♦❜s❡r✈❡❞
✉s✐♥❣ ❤✐❣❤❧② ❡①❝✐t❡❞ ❛t♦♠✐❝ st❛t❡s ❦♥♦✇♥ ❛s ❘②❞❜❡r❣ ❛t♦♠s ❬✶✶✱ ✶✷✱ ✶✸✱ ✶✹❪
✇✐t❤ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ♦r❞❡r ♦❢ Ω = 50●❍③✳ ❚❤❡ ✜rst ✐♥st❛♥❝❡ ♦❢ ❛ s✐♥❣❧❡
q✉❛♥t✉♠ s②st❡♠ ❝♦✉♣❧❡❞ t♦ ❛ ❈P❲ r❡s♦♥❛t♦r ✇❛s ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝❤❛r❣❡
q✉❜✐t ♦r ❈♦♦♣❡r✲♣❛✐r ❜♦① ❬✶✺❪✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ q✉❛♥t✉♠
t✇♦ ❧❡✈❡❧ s②st❡♠ ❛♥❞ ✐s ❢❛❜r✐❝❛t❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡ ❈P❲ r❡s♦♥❛t♦r ❣❛♣ ❛r❡❛✳ ❚❤❡
str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡ ✐♥ t❤✐s s②st❡♠ ❤❛s ❡♥❛❜❧❡❞ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ♠❛♥② ♦t❤❡r
❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t✐♥❣ s✐♥❣❧❡ q✉❜✐t ♦♣❡r❛t✐♦♥s ❬✶✻❪✱ ✐ts ✉s❡ ❛s ❛ q✉❛♥t✉♠
❜✉s ❬✶✼❪✱ ♦r ♠✉❧t✐♣❧❡ q✉❜✐t ❣❛t❡s ❬✶✽❪✳ ❚❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❢♦r♠ t❤❡ ❜❛s✐s
♦❢ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ❛r❝❤✐t❡❝t✉r❡s ❢♦r q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✱ ❛r❡
s✉❝❝✐♥❝t❧② ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳
✸✳✷✳✶ ❙✐❣♥❛t✉r❡s ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣
❲❤❡♥ ❛ q✉❜✐t ✐s str♦♥❣❧② ❝♦✉♣❧❡❞ t♦ ❛ ❝❛✈✐t② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
✭✸✳✶✮ ✐t ♣r♦❞✉❝❡s ❛ s♣❡❝✐✜❝ s✐❣♥❛t✉r❡ ✇❤❡♥ t✉♥❡❞ ✐♥t♦ r❡s♦♥❛♥❝❡ ✭✐✳❡✳ ∆ =
Ω − ωr = 0✮✳ ❖❜s❡r✈✐♥❣ ✜❣✉r❡ ✸✳✶❇✱ ✐❢ t❤❡ ❝❛✈✐t② ✐s ❡①❝✐t❡❞ ✇✐t❤ ♣♦✇❡rs s✉❝❤
t❤❛t t❤❡r❡ ✐s ♦♥❧② ❛ s✐♥❣❧❡ ❡①❝✐t❛t✐♦♥ ♦r ♣❤♦t♦♥ ✐♥ t❤❡ ❝❛✈✐t② t❤❡ t②♣✐❝❛❧ ❝❛✈✐t②
tr❛♥s♠✐ss✐♦♥ ♣❡❛❦ ♦❢ ✇✐❞t❤ κ s♣❧✐ts ✐♥t♦ t✇♦ ♣❡❛❦s s❡♣❛r❛t❡❞ 2g ❡❛❝❤ ♦❢ ✇✐❞t❤
(κ+ γ)/2 ✭s❡❡ ✜❣✉r❡ ✸✳✹✮ ❣✐✈❡♥ ❜② t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ | ↑, 0〉
t♦ ❡✐t❤❡r |±, 1〉✳ ❆❧s♦✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ s❝❛❧❡s ❛s √n+ 1
♠❛❦❡s t❤❡ s♣❡❝tr✉♠ ❛♥❤❛r♠♦♥✐❝ ❛♥❞ ❝♦✉❧❞ ❧❡❛❞ t♦ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❛t ❤✐❣❤
❞r✐✈❡ ♣♦✇❡rs ✭✇❤❡r❡ n≫ 1✮ ❬✶✾❪✳
✸✳✷✳ ❊❛r❧② ❊①♣❡r✐♠❡♥ts ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ◗✉❛♥t✉♠ ❈♦♠♣✉t✐♥❣ ✻✶
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❋✐❣✉r❡ ✸✳✹✿ ❙✐♥❣❧❡ ♣❤♦t♦♥ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ❢♦r ❛ str♦♥❣❧② ❝♦✉♣❧❡❞ ❝❛✈✐t②✲q✉❜✐t
s②st❡♠ ✇✐t❤ ③❡r♦ ❞❡t✉♥✐♥❣✳
✸✳✷✳✷ ◗✉❛♥t✉♠ ◆♦♥✲❉❡♠♦❧✐t✐♦♥ ▼❡❛s✉r❡♠❡♥t ✐♥ ❈❛✈✐t② ♦r
❈✐r❝✉✐t ◗❊❉
❚❤❡ ❞✐s♣❡rs✐✈❡ ♦r ❧❛r❣❡ ❞❡t✉♥✐♥❣ r❡❣✐♠❡✱ ✇❤❡r❡ ∆ ≫ g✱ ✐s ✐♥ ❣❡♥❡r❛❧ ♠♦r❡
✐♥t❡r❡st✐♥❣ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛s ✐t ❝❛♥ ❛❧❧♦✇ q✉❛♥t✉♠
♥♦♥✲❞❡♠♦❧✐t✐♦♥ ✭◗◆❉✮ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ st❛t❡ ♦❢ t❤❡ q✉❜✐t ❛s ✇❡❧❧ ❛s ✐ts
❝♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ❬✸❪✳
❖♥ ❛ ❜❛s✐❝ ❧❡✈❡❧✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❞♦✐♥❣ ◗◆❉ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ q✉❜✐t
st❛t❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ q✉❜✐t st❛t❡ ♣✉❧❧s t❤❡ ❝❛✈✐t② ❢r❡q✉❡♥❝② ❜②
+g
2
∆ ♦r −g
2
∆ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ q✉❜✐t ✐s ✐♥ t❤❡ | ↓〉 ♦r | ↑〉 st❛t❡✳ ❆
❞r✐✈✐♥❣ r❛❞✐❛t✐♦♥ ✜❡❧❞ ♦❢ ❢r❡q✉❡♥❝② ω′ ❛❝t✐♥❣ ♦♥ t❤❡ q✉❜✐t✲r❡s♦♥❛t♦r s②st❡♠
❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡ ❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥❬✷✵❪✿
Hdrive(t) = ~ǫ(t)(a
†e−iω
′t + aeiω
′t) ✭✸✳✶✸✮
❖❜s❡r✈✐♥❣ ✜❣✉r❡ ✸✳✶❈✱ ✇❡ ❡①♣❡❝t t❤❛t✱ ✐❢ t❤❡ q✉❜✐t ✐s ✐♥✐t✐❛❧❧② ✐♥ ✐ts ❣r♦✉♥❞
st❛t❡ | ↑〉✱ t❤❡r❡ ✇✐❧❧ ❜❡ tr❛♥s♠✐ss✐♦♥ ♣❡❛❦s ❛t ωr− g
2
∆ ❛♥❞ ❛t Ω+
g2
∆ ✳ ❍♦✇❡✈❡r✱
✐❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞r✐✈❡ ✭✐♥ ❛ ❢r❛♠❡ r♦t❛t✐♥❣
❛t t❤❡ ❞r✐✈❡ ❢r❡q✉❡♥❝②✮✿
〈↑, 0|Hdrive|−, n〉 ∼ ǫ ✭✸✳✶✹✮
〈↑, 0|Hdrive|+, n〉 ∼ ǫg∆ . ✭✸✳✶✺✮
❚❤✐s s❤♦✇s ❤♦✇ t❤❡ ♣❡❛❦ ❛t Ω+ g2/∆ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♣♣r♦①✐♠❛t❡❧② t♦ ❛ q✉❜✐t
✢✐♣ ✭s❡❡ ❡q✉❛t✐♦♥s ✭✸✳✼✮✮ ✇✐❧❧ ❜❡ s✉♣♣r❡ss❡❞ ❜② t❤❡ ❢❛❝t♦r g/∆≪ 1 ❛s ❝♦♠♣❛r❡❞
t♦ t❤❡ ωr − g2/∆ ♣❡❛❦ t❤❛t ❞♦❡s ♥♦t ✢✐♣ t❤❡ q✉❜✐t✳ ❚❤❡ q✉❜✐t ✢✐♣ tr❛♥s✐t✐♦♥
❢r♦♠ ❛♥ ❡①❝✐t❡❞ q✉❜✐t st❛t❡ ✐s s✐♠✐❧❛r❧② s✉♣♣r❡ss❡❞✳ ❚❤❡ ❡①♣❡❝t❡❞ tr❛♥s♠✐ss✐♦♥
s♣❡❝tr❛ ❢♦r ❡❛❝❤ ❝❛s❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✺✳ ❙✐♥❝❡ q✉❜✐t ✢✐♣s ❜② t❤❡ ❞r✐✈✐♥❣
✻✷ ❈❤❛♣t❡r ✸✳ ❚♦✇❛r❞s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ s♣✐♥s
✜❡❧❞ ❛r❡ s✉♣♣r❡ss❡❞ ✐♥ ❡✐t❤❡r ❝❛s❡✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦❜❡ t❤❡ q✉❜✐t st❛t❡ ❜②
♠♦♥✐t♦r✐♥❣ t❤❡ ❝❛✈✐t② tr❛♥s♠✐ss✐♦♥ ❛t ❛ ✜①❡❞ ❢r❡q✉❡♥❝② ✇✐t❤♦✉t ❛❧t❡r✐♥❣ t❤❡
st❛t❡ ♦❢ t❤❡ q✉❜✐t✳ ■❢ ✇❡ ♣r♦❜❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❛t t❤❡ ♣✉❧❧❡❞ ❢r❡q✉❡♥❝② ωr−g2/∆✱
✇❡ s❤♦✉❧❞ ♦❜s❡r✈❡ ❤✐❣❤ tr❛♥s♠✐ss✐♦♥ ✐❢ t❤❡ q✉❜✐t ✐s ✐♥ t❤❡ | ↑〉 st❛t❡ ❜✉t ❛ ✈❡r②
s♠❛❧❧ tr❛♥s♠✐ss✐♦♥ ✐❢ ✐t ✐s ✐♥ t❤❡ | ↓〉 st❛t❡✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s r❡✈❡rs❡❞ ✐❢ ✇❡ ♣r♦❜❡
❛t ωr+g2/∆✳ ■❢ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ s✐❣♥❛❧ ✐s ♠❡❛s✉r❡❞✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♣r♦❜❡
t❤❡ st❛t❡ ❜② ♣r♦❜✐♥❣ t❤❡ ❝❛✈✐t② ❛t t❤❡ ❜❛r❡ ❢r❡q✉❡♥❝② ωr✳ ❆❝❝♦r❞✐♥❣ t♦ ✜❣✉r❡
✸✳✺ ❛ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ♣❤❛s❡ s❤✐❢t ✐s ♦❜s❡r✈❡❞ ✐❢ t❤❡ q✉❜✐t ✐s ✐♥ t❤❡ | ↓〉 ♦r
| ↑〉 st❛t❡ r❡s♣❡❝t✐✈❡❧②✳
90
-90
-45
45
0
Tr
a
n
s
m
is
s
io
n
 (
a
.u
.)
Drive Frequency
Drive Frequency
P
h
a
s
e
 s
h
if
t 
(°
)
❋✐❣✉r❡ ✸✳✺✿ ❈❛✈✐t② tr❛♥s♠✐ss✐♦♥ ❛♥❞ ♣❤❛s❡ s❤✐❢t ✐♥ t❤❡ ❧❛r❣❡ ❞❡t✉♥✐♥❣ ♦r ❞✐s♣❡rs✐✈❡
r❡❣✐♠❡ ❢♦r ❛ str♦♥❣❧② ❝♦✉♣❧❡❞ ❝❛✈✐t②✲q✉❜✐t s②st❡♠✳ ❚❤❡ ❝❛✈✐t② ♣❡❛❦ ❢r❡q✉❡♥❝② ❛♥❞
♣❤❛s❡ s❤✐❢t ❞❡♣❡♥❞ ♦♥ t❤❡ q✉❜✐t st❛t❡✳
✸✳✷✳✸ ❈♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ✐♥ ❈❛✈✐t② ♦r ❈✐r❝✉✐t ◗❊❉
■♥ t❤❡ ❧❛r❣❡ ❞❡t✉♥✐♥❣ ❧✐♠✐t✱ ✐rr❛❞✐❛t✐♥❣ ❛t t❤❡ q✉❜✐t ❢r❡q✉❡♥❝② Ω ❝❛♥ ❜❡ ✉s❡❞
t♦ ❝♦❤❡r❡♥t❧② ♠❛♥✐♣✉❧❛t❡ t❤❡ q✉❜✐t✳ ❲❤❡♥ ✐rr❛❞✐❛t✐♥❣ ❛t t❤❡ ❝❛✈✐t② ❢r❡q✉❡♥❝②
✸✳✸✳ ❈♦✉♣❧✐♥❣ t♦ ♠❛❣♥❡t✐❝ s②st❡♠s✿ ♣r♦♣♦s❛❧ ❢♦r ❛♥ ❛❧❧ s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r ✻✸
ωr✱ ❛ s✐③❛❜❧❡ ♣❤♦t♦♥ ♣♦♣✉❧❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝❛✈✐t②✳ ❚❤❡ st❛t❡s ♦❢ t❤❡s❡
♣❤♦t♦♥s ❜❡❝♦♠❡ ❡♥t❛♥❣❧❡❞ ✇✐t❤ t❤❡ q✉❜✐t st❛t❡s ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦❜❡ t❤❡
❧❛tt❡r✳ ❲❤❡♥ ✐rr❛❞✐❛t✐♥❣ ❛t t❤❡ q✉❜✐t ❢r❡q✉❡♥❝②✱ t❤❡ ❝❛✈✐t② ✐s ♦♥❧② ✈✐rt✉❛❧❧②
♣♦♣✉❧❛t❡❞ ✭✇✐t❤ 〈n〉 < 1✮ ❛♥❞ ♠♦st ♦❢ t❤❡ ♣❤♦t♦♥s ❛r❡ r❡✢❡❝t❡❞ ❢r♦♠ t❤❡ ❝❛✈✐t②
✐♥♣✉t✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤✐s ❞r✐✈✐♥❣ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
✭✸✳✶✮✱ ✭✸✳✶✸✮ ❛♥❞ t❤❡ ✉♥✐t❛r② tr❛♥s❢♦r♠❛t✐♦♥✱
U = exp
( g
∆
(aσ+ − a†σ−)
)
. ✭✸✳✶✻✮
❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✐✈❡ s✐♥❣❧❡✲q✉❜✐t ❍❛♠✐❧t♦♥✐❛♥ ✐♥ t❤❡ ❢r❛♠❡
r♦t❛t✐♥❣ ❛t t❤❡ ❞r✐✈❡ ❢r❡q✉❡♥❝② ω′✿
Heff =
~
2
(
Ω+ 2
g2
∆
(
a†a+
1
2
)
− ω′
)
σz
+~
gǫ(t)
∆
σx + ~(ωr − ω′)a†a+ ~ǫ(t)(a† + a). ✭✸✳✶✼✮
■❢✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❡ ❞r✐✈❡ ❛t ❛ ❢r❡q✉❡♥❝② ω′ = Ω+ (2n+ 1)g2/∆✱ t❤❡ ✜rst t❡r♠
✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥❝❡❧s ♦✉t ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❣❡♥❡r❛t❡s r♦t❛t✐♦♥s
♦❢ t❤❡ q✉❜✐t ❛❜♦✉t t❤❡ x ❛①✐s ✇✐t❤ ❢r❡q✉❡♥❝② gǫ/∆✳ ❉✐✛❡r❡♥t ❞r✐✈❡ ❢r❡q✉❡♥❝✐❡s
♣r♦❞✉❝❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ r♦t❛t✐♦♥s✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡s❡ ❛r❡ s✉✣❝✐❡♥t t♦
♣❡r❢♦r♠ ❛♥② ♦♥❡✲q✉❜✐t ❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥✳ ❍❡r❡ ✇❡ s❡❡ t❤❛t t❤❡ r♦t❛t✐♦♥ s♣❡❡❞
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦✉♣❧✐♥❣ g ❛♥❞ ❡♥❤❛♥❝✐♥❣ t❤✐s ✈❛❧✉❡ ❛❧❧♦✇s ❢♦r ♠♦r❡
♦♣❡r❛t✐♦♥s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ❜❡❢♦r❡ t❤❡ s②st❡♠ ❧♦s❡s ✐ts q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✳
✸✳✸ ❈♦✉♣❧✐♥❣ t♦ ♠❛❣♥❡t✐❝ s②st❡♠s✿ ♣r♦♣♦s❛❧ ❢♦r ❛♥
❛❧❧ s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r
❚❤❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❞❡❛❧ ✇✐t❤ s②st❡♠s t❤❛t ❝♦✉♣❧❡ ❡❧❡❝tr✐✲
❝❛❧❧② t♦ t❤❡ ❝❛✈✐t② ♠♦❞❡✳ ❙②st❡♠s t❤❛t ❝♦✉♣❧❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ s✉❝❤ ❛s
s♦❧✐❞✲st❛t❡ s♣✐♥ ❡♥s❡♠❜❧❡s✱ ❛r❡ ❛❧s♦ s❡❡♥ ❛s ♣r♦♠✐s✐♥❣ ♠❡❞✐❛ t♦ st♦r❡ q✉❛♥t✉♠
✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧ ❛s t♦ ✐♥t❡r❝♦♥♥❡❝t r❛❞✐♦✲❢r❡q✉❡♥❝② ❛♥❞ ♦♣t✐❝❛❧ ♣❤♦t♦♥s
❬✷✶✱ ✷✷✱ ✷✸❪✳ ❊①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❧❛st ❢❡✇ ②❡❛rs ❤❛✈❡ s❤♦✇♥ t❤❡
❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦❤❡r❡♥t❧② ❝♦✉♣❧✐♥❣ ◆❱ ♦r P✶ ❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞ t♦ ❡✐t❤❡r s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣ r❡s♦♥❛t♦rs ❬✷✹✱ ✷✺✱ ✷✻❪ ♦r ✢✉① q✉❜✐ts ❬✷✼❪✳ ❚❤❡s❡ ❞✐❛♠♦♥❞ ❞❡❢❡❝ts
❡✛❡❝t✐✈❡❧② ❛❝t ❛s ❛♥✐s♦tr♦♣✐❝ s♣✐♥ ✶ s②st❡♠s ❛♥❞ ❝❛♥ ❜❡ ❝♦❧❧❡❝t✐✈❡❧② ❝♦✉♣❧❡❞ t♦
❛ ❈P❲ r❡s♦♥❛t♦r ♣r♦✈✐❞✐♥❣ ❛
√
N ❡♥❤❛♥❝❡♠❡♥t t♦ t❤❡ ❝♦✉♣❧✐♥❣✳ ❙tr♦♥❣ ❝♦✉✲
♣❧✐♥❣ ✐s ❛❝❤✐❡✈❡❞ t❤❛♥❦s t♦ t❤✐s ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✐♥ ❝♦♥❥✉♥❝t✐♦♥
✇✐t❤ t❤❡ ✈❡r② ❧♦✇ ❞❡♣❤❛s✐♥❣ r❛t❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡rs ✭✇✐t❤ T2 ≃ 1✲2♠s ❛t
r♦♦♠ t❡♠♣❡r❛t✉r❡ ❬✷✽❪✮✳ ❊✈✐❞❡♥❝❡s ❢♦r str♦♥❣ ♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❤❛✈❡ ❛❧s♦ ❜❡❡♥
❢♦✉♥❞✱ ❡✈❡♥ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✱ ❜❡t✇❡❡♥ s♣✐♥✲1/2 ♣❛r❛♠❛❣♥❡t✐❝ r❛❞✐❝❛❧s ❛♥❞
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t✐❡s ❬✷✾✱ ✸✵❪✳
✻✹ ❈❤❛♣t❡r ✸✳ ❚♦✇❛r❞s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ s♣✐♥s
❋✐❣✉r❡ ✸✳✻✿ P♦ss✐❜❧❡ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r✳ ❙♣✐♥ q✉❜✐ts ✇♦✉❧❞
❜❡ ♣❧❛❝❡❞ ❛❧♦♥❣ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r ❛t ♣♦s✐t✐♦♥s ✇❤❡r❡
t❤❡r❡ ✐s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❛①✐♠✉♠ ❢♦r t❤❡ ❝❛✈✐t② ♠♦❞❡ ❝♦♥s✐❞❡r❡❞✳ ❊❛❝❤ s♣✐♥ ❝♦✉❧❞ ❜❡
t✉♥❡❞ ✐♥t♦ ❛♥❞ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ✉s✐♥❣ ❛ ✇✐r❡ ♦r ♠✐❝r♦❝♦✐❧ t♦ ❛♣♣❧✐② ❛ ❧♦❝❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞✳ ❊♥t❛♥❣❧✐♥❣ ❜❡t✇❡❡♥ q✉❜✐ts ❛t t❤❡ ❞✐✛❡r❡♥t s✐t❡s ✇♦✉❧❞ ❛❧s♦ ❜❡ ❢❡❛s❛❜❧❡✳
❈♦❤❡r❡♥t❧② ❝♦✉♣❧✐♥❣ t♦ ✐♥❞✐✈✐❞✉❛❧ s♣✐♥s ✐s ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ Pr♦✈✐❞❡❞ t❤✐s
❧✐♠✐t ❝❛♥ ❜❡ ❛tt❛✐♥❡❞✱ ♦♥✲❝❤✐♣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❝♦❤❡r✲
❡♥t❧② ♠❛♥✐♣✉❧❛t❡ ❛♥❞ tr❛♥s❢❡r ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ s♣✐♥ q✉❜✐ts✱ t❤✉s ♣r♦✈✐❞✐♥❣
❛ s✉✐t❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r ❬✸✶❪✳ ❚❛❦✐♥❣
✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❝✐r❝✉✐t ◗❊❉ s②st❡♠s✱ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡ ❝♦♥str✉❝t✐♥❣ ❛ q✉❛♥t✉♠
❝♦♠♣✉t✐♥❣ s②st❡♠ s✉❝❤ ❛s t❤❛t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✻✳ ❙✐♥❣❧❡ s♣✐♥s ✇♦✉❧❞ ❜❡
♣❧❛❝❡❞ ❛t ❧♦❝❛t✐♦♥s ❛❧♦♥❣ t❤❡ ❝❛✈✐t② ✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♠❛①✐♠✉♠ ❢♦r
t❤❡ ❞❡s✐r❡❞ r❢ ♠♦❞❡✳ ❚❤❡ s♣✐♥s ❝♦✉❧❞ t❤❡♥ ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② ❛❞❞r❡ss❡❞ ❜② ❧♦❝❛❧❧②
❛♣♣❧②✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s t♦ ❜r✐♥❣ t❤❡♠ ✐♥t♦ ❛♥❞ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ ❝❛✈✲
✐t②✳ ❚❤✐s ❛r❝❤✐t❡❝t✉r❡ ❛❧s♦ ✇♦✉❧❞ ❛❧❧♦✇ ❡♥t❛♥❣❧✐♥❣ ♠✉❧t✐♣❧❡ q✉❜✐ts ✐♥ t❤❡ s❛♠❡
❝❛✈✐t② ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✼✱ ✶✽❪✳
❖✉r ♦❜❥❡❝t✐✈❡ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s ✐s t♦ t❡st t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤✐s ♣r♦✲
♣♦s❛❧✳ ❆s ✐t ❤❛s ❜❡❡♥ ♠❛❞❡ ❝❧❡❛r ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡ ♠❛✐♥ ♣❛✲
r❛♠❡t❡r t❤❛t ♥❡❡❞s t♦ ♦♣t✐♠✐③❡❞ ✐s t❤❡ ❝♦✉♣❧✐♥❣ g✳ ■❢ ✇❡ ❛ss✉♠❡ ❛ t②♣✐❝❛❧
♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ♦❢ 10●❍③✱ ❛ ❈P❲ r❡s♦♥❛t♦r ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ✈♦❧✉♠❡
V = λ/2 · (10 ➭♠)2✱ ❛ s♣✐♥ s②st❡♠ ✇✐t❤ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t µ = µ❇ ❛♥❞ ✉s❡
❡q✉❛t✐♦♥s ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✵✮✱ ✇❡ ❛rr✐✈❡ ❛t ❛ ✈❛❧✉❡ ♦❢ g ≃ 20❍③✳ ❚❤✐s ✈❛❧✉❡ ✐s
❢❛r t♦♦ s♠❛❧❧ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❜❡st ❞❡♣❤❛s✐♥❣ r❛t❡s ❦♥♦✇♥ ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥
q✉❜✐ts ✭γ & 0.1▼❍③ ❬✸✷❪✮ ♦r ❡✈❡♥ r❡s♦♥❛t♦rs ✭κ & 5 ❦❍③ ✐❢ Q ∼ 106 ❛t ✶✵
●❍③✮✳ ❖❜s❡r✈✐♥❣ ❡q✉❛t✐♦♥ ✸✳✽✱ t❤✐s ❧✐♠✐t❛t✐♦♥ ❧❡❛✈❡s ✉s ✇✐t❤ ❜❛s✐❝❛❧❧② t✇♦
❘❊❋❊❘❊◆❈❊❙ ✻✺
♣♦ss✐❜✐❧✐t✐❡s t♦ ❡①♣❧♦r❡ ✐❢ ✇❡ ✇✐s❤ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ❛t♦♠ ♦r
♠♦❧❡❝✉❧❡ s♣✐♥s ❛♥❞ ❛❧❧♦✇ t❤❡✐r ✉s❡ ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✿
✶✳ ❊①♣❧♦r✐♥❣ ❞✐✛❡r❡♥t s♣✐♥ s②st❡♠s ✇✐t❤ ❤✐❣❤❡r ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ✭µ✮ ❛♥❞
tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts✳
✷✳ ■♥❝r❡❛s✐♥❣ t❤❡ ✜❡❧❞ str❡♥❣t❤ B0 ❢❡❧t ❜② ❡❛❝❤ s♣✐♥✳
■♥ ❝❤❛♣t❡r ✹ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤❡ ✜rst ❛♣♣r♦❛❝❤ ❛♥❞ ❡①♣❧♦r❡ ✇❤❛t ❞❡s✐r❛❜❧❡
q✉❛❧✐t✐❡s ❛ ♠❛❣♥❡t✐❝ s②st❡♠ s❤♦✉❧❞ ❤❛✈❡ ✐♥ ♦r❞❡r t♦ str♦♥❣❧② ❝♦✉♣❧❡ t♦ ❛ q✉❛♥✲
t✉♠ ❝✐r❝✉✐t✳ ❲❡ ✇✐❧❧ s✐♠✉❧❛t❡ t❤❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❈P❲ r❡s♦♥❛t♦r ❛♥❞ ✐♥✲
✈❡st✐❣❛t❡ ✇❤❛t ❝❤❛♥❣❡s ✐♥ ❞❡s✐❣♥ ❝❛♥ ❜❡ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ❛t t❤❡ s♣✐♥ s✐t❡✳ ❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ❛ ❞✐✛❡r❡♥t ❢❛♠✐❧② ♦❢ ♠❛❣♥❡t✐❝ ♠❛t❡✲
r✐❛❧s✿ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✭❙▼▼s✮ ❬✸✸✱ ✸✹✱ ✸✺❪✳ ❚❤❡s❡ ❛r❡ ♦r❣❛♥♦♠❡t❛❧❧✐❝
♠♦❧❡❝✉❧❡s ❢♦r♠❡❞ ❜② ❛ ❤✐❣❤✲s♣✐♥ ♠❛❣♥❡t✐❝ ❝♦r❡ s✉rr♦✉♥❞❡❞ ❜② ♦r❣❛♥✐❝ ❧✐❣❛♥❞s
t❤❛t ♥❛t✉r❛❧❧② ♦r❣❛♥✐③❡ ✐♥t♦ ♠♦❧❡❝✉❧❛r ❝r②st❛❧s✳ ■♥ ❙▼▼s ✇✐t❤ str♦♥❣ ✉♥✐❛①✐❛❧
♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ s✉❝❤ ❛s ▼♥12 ♦r ❋❡8✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ s❤♦✇s ❤②st❡r❡s✐s
✭✐✳❡✳ ♠❛❣♥❡t✐❝ ♠❡♠♦r②✮ ♥❡❛r ❧✐q✉✐❞ ❍❡❧✐✉♠ t❡♠♣❡r❛t✉r❡s ❬✸✻❪✳ ■♥ ❛❞❞✐t✐♦♥✱
❙▼▼s s❤♦✇ ✐♥tr✐❣✉✐♥❣ q✉❛♥t✉♠ ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s r❡s♦♥❛♥t s♣✐♥ t✉♥♥❡❧✐♥❣
❬✸✼✱ ✸✽✱ ✸✾✱ ✹✵❪ ❛♥❞ ❇❡rr② ♣❤❛s❡ ✐♥t❡r❢❡r❡♥❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t t✉♥♥❡❧✐♥❣ ♣❛t❤s
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▲❛t❡r✱ ✐♥ ❝❤❛♣t❡r ✻ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❛♥❞ ❣✐✈❡ ♠♦r❡
❞❡t❛✐❧s ♦♥ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❞❡s❝r✐❜❡ ❛ ♣r❛❝t✐❝❛❧ ♠❡t❤♦❞ ❢♦r ♦♣t✐♠✐③✐♥❣
t❤❡✐r ❝♦✉♣❧✐♥❣ t♦ s♣✐♥ s②st❡♠s✳ ■♥ ❜r♦❛❞ t❡r♠s✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡
❜② ♦♣t✐♠✐③✐♥❣ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡ ❜② ✜①✐♥❣ ✐t ✐♥ ❛ ❤✐❣❤❡r
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✐♥t❡♥s✐t✐❡s✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ❝❛✈✐t② ❛r❝❤✐t❡❝t✉r❡
❛♥❞ ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ s♣✐♥ q✉❜✐t t❤❛t ❛r❡ ✇✐t❤✐♥ t❤❡ r❡❛❝❤ ♦❢ ❝✉rr❡♥t st❛t❡ ♦❢
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❈❤❛♣t❡r ✹
❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡
❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦
❙♣✐♥ ◗✉❜✐ts
✹✳✶ ■♥tr♦❞✉❝t✐♦♥
❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✱ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts ✭❙▼▼s✮ ❛r❡ ❛ttr❛❝t✐✈❡
❝❛♥❞✐❞❛t❡s t♦ ❛❝t ❛s ❡✐t❤❡r s♣✐♥ q✉❜✐ts ❬✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻❪ ♦r s♣✐♥✲❜❛s❡❞ q✉❛♥t✉♠
♠❡♠♦r✐❡s✳ ❙❡✈❡r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♠❛❦❡ t❤❡ ♣❛rt✐❝✉❧❛r❧② ❛ttr❛❝t✐✈❡✿ t❤❡ ❛❜✐❧✐t②
t♦ t✉♥❡ t❤❡✐r ♣r♦♣❡rt✐❡s✱ ❡✳❣✳ s♣✐♥✱ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥✲
❝✐❡s✱ ❡t❝✱ ❜② ❝❤❡♠✐❝❛❧ ❞❡s✐❣♥ ❛♥❞ t❤❡✐r ❤✐❣❤ s♣✐♥s ✭❡✳❣✳ S = 10 ❢♦r ❜♦t❤ ❋❡8
❛♥❞ ▼♥12✮✱ ❧❛r❣❡ ❞❡♥s✐t✐❡s ✭t②♣✐❝❛❧❧② ∼ 1020 − 1021 s♣✐♥s✴❝♠3✮✱ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t✱ ✐♥ ♠❛♥② ❙▼▼ ❝r②st❛❧s✱ t❤❡ ❛♥✐s♦tr♦♣② ❛①❡s ♦❢ ❡❛❝❤ ♠❛❣♥❡t✐❝ ❝❡♥tr❡ ❛r❡
❛❧✐❣♥❡❞ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦t❤❡r✱ ✇❤✐❝❤ ♠✐❣❤t ❡♥❛❜❧❡ t❤❡ ❛tt❛✐♥♠❡♥t ♦❢ str♦♥❣❡r
❝♦✉♣❧✐♥❣s t❤❛♥ t❤♦s❡ ♣r❡✈✐♦✉s❧② ❛❝❤✐❡✈❡❞ ✇✐t❤ ♦t❤❡r ♥❛t✉r❛❧ s♣✐♥ s②st❡♠s✳ ■♥
t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞② ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t str♦♥❣
❝♦✉♣❧✐♥❣ t♦ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡s ♠✐❣❤t ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡ ✇✐t❤ ❛✈❛✐❧❛❜❧❡
t❡❝❤♥♦❧♦❣✐❡s ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r✱ ✇❤❛t ♥❡✇ ♣❤②s✐❝s✱ ♦r ♥❡✇ ♣❤②s✐❝❛❧ r❡❣✐♠❡s✱ ❝❛♥
❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❙▼▼s ❝r②st❛❧s t♦ t❤❡s❡ ❞❡✈✐❝❡s✳
❚❤❡ ❝❤❛♣t❡r ✐♥ ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✹✳✷ ❞❡s❝r✐❜❡s t❤❡ ❜❛s✐❝ ❢❡❛t✉r❡s
❛♥❞ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❙▼▼s✳ ❆ ❣❡♥❡r✐❝ ❢r❛♠❡✇♦r❦ t♦ ❝❛❧❝✉❧❛t❡ t❤❡
♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ t♦ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❢ ✜❡❧❞s ✐s ✐♥tr♦❞✉❝❡❞✱ ❛♥❞ t❤❡♥ ❛♣♣❧✐❡❞ t♦
❞✐s❝✉ss ❤♦✇ s✉❝❤ ❛ ❝♦✉♣❧✐♥❣ ❞❡♣❡♥❞s ♦♥ ♠♦❧❡❝✉❧❛r ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s s♣✐♥ ❛♥❞
❛♥✐s♦tr♦♣②✱ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ✐♥t❡♥s✐t② ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✹✳✸ ❣✐✈❡s r❡❛❧✐st✐❝ ❡st✐♠❛t❡s ♦❢ t❤❡ ❝♦❤❡r❡♥t ❝♦✉♣❧✐♥❣
♦❢ s♦♠❡ ✇❡❧❧ ❦♥♦✇♥ ❙▼▼s t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r r❡s♦♥❛t♦rs ❛s ❛ ❢✉♥❝t✐♦♥
✼✵❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
♦❢ t❤❡✐r ❞✐♠❡♥s✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❡s✳ ❚❤❡ ✜♥❛❧ s❡❝t✐♦♥ ✹✳✹ ❣✐✈❡s t❤❡ ❝♦♥❝❧✉s✐♦♥s
❢♦r t❤✐s ❝❤❛♣t❡r ✇❤✐❝❤ ♣r♦✈✐❞❡ ❣✉✐❞❛♥❝❡ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡
❝♦✉rs❡ ♦❢ t❤✐s t❤❡s✐s ✇♦r❦✳
✹✳✷ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠
r❛❞✐❛t✐♦♥ ✜❡❧❞s
✹✳✷✳✶ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❛ ❙▼▼
❆ ♠❛❣♥❡t✐❝ s♣✐♥ ✇✐t❤ ♥♦ ❛♥✐s♦tr♦♣② ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❤❛s ❛ ❍❛♠✐❧✲
t♦♥✐❛♥ ❞❡✜♥❡❞ ❜② t❤❡ ❩❡❡♠❛♥ ✐♥t❡r❛❝t✐♦♥✿
H = −~µ ~B = −gµ❇~S ~B ✭✹✳✶✮
✇❤❡r❡ ~µ = gµ❇~S/~ ✐s t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ t❤❡ s♣✐♥ s②st❡♠✱ ❣ ✐s t❤❡ ❣✲❢❛❝t♦r
✭r❡❧❛t❡❞ t♦ t❤❡ ❣②r♦♠❛❣♥❡t✐❝ r❛t✐♦ γ = gµ❇/~✮ ❛♥❞ ~S ❛r❡ t❤❡ s♣✐♥ ♠❛tr✐❝❡s
✭✇✐t❤♦✉t t❤❡ ~ ❢❛❝t♦r✮✳ ❙✐♥❝❡ t❤❡ s②st❡♠ ✐s ✐s♦tr♦♣✐❝✱ ❛t ③❡r♦ ✜❡❧❞ t❤❡r❡ ✐s ♥♦
♣r❡❢❡rr❡❞ s♣✐♥ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡r❡ ✇✐❧❧ ❜❡ 2S + 1 ❞❡❣❡♥❡r❛t❡ q✉❛♥t✉♠ st❛t❡s
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ s♣✐♥ ♣r♦❥❡❝t✐♦♥ ❛❧♦♥❣ ❛♥② ❣✐✈❡♥
❞✐r❡❝t✐♦♥✳ ❲❤❡♥ ❛ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ ❛♥ ❛r❜✐tr❛r② ❛①✐s✱ ✇❤✐❝❤ ❢♦r s✐♠♣❧✐❝✐t②
❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ❩ ❛①✐s✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡✐❣❡♥st❛t❡s ❛r❡ ❛❧s♦ ❡✐❣❡♥st❛t❡s
♦❢ t❤❡ Sz s♣✐♥ ♦♣❡r❛t♦r ✇✐t❤ t❤❡✐r ❡♥❡r❣✐❡s s♣❧✐t ❡✈❡♥❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r Sz
q✉❛♥t✉♠ ♥✉♠❜❡r✱ Em = mgµ❇B ✇✐t❤ m = −S, (−S + 1), . . . , (S − 1), S✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♠♦r❡ ❝♦♠♣❧❡① s②st❡♠ ✇❤❡r❡ ❛♥✐s♦tr♦♣✐❡s ❤❛✈❡ ✐♠♣♦rt❛♥t
❝♦♥tr✐❜✉t✐♦♥s✱ ❛ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ t❡r♠ ♠✉st ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❩❡❡♠❛♥ ✐♥t❡r❛❝✲
t✐♦♥ ❡♥❡r❣② ✭s❡❡ ✜❣✉r❡ ✹✳✶✮✳ ❚❤❡ ③❡r♦ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ✉s✉❛❧❧② ❤❛s ❛ ♣r❡❢❡rr❡❞
❛①✐s ❞✐r❡❝t✐♦♥ ✭✇❤✐❝❤ ✇❡ ❝♦♠♠♦♥❧② ✐❞❡♥t✐❢② ✇✐t❤ t❤❡ ♠♦❧❡❝✉❧❛r Z ❛①✐s✮ ❛♥❞ t❤❡
s♣✐♥ ❛❧♦♥❣ t❤✐s ❛①✐s ✭Sz✮ ❛♣♣r♦①✐♠❛t❡❧② ❞❡t❡r♠✐♥❡s t❤❡ ❡✐❣❡♥st❛t❡✳ ❚❤❡ ❧❡✈❡❧
s♣❛❝✐♥❣ ✐s ✉♥❡✈❡♥ ✐♥ ❣❡♥❡r❛❧ ❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ ♠✐①✐♥❣ ❛♠♦♥❣ ❧❡✈❡❧s ✐s ♣♦ss✐❜❧❡
✭❛ss♦❝✐❛t❡❞ t♦ t❡r♠s ❝♦♥t❛✐♥✐♥❣ s♣✐♥ ♦♣❡r❛t♦rs tr❛♥s✈❡rs❡ t♦ t❤❡ q✉❛♥t✐③❛t✐♦♥
❛①✐s✱ ✐✳❡✳✱ Sx,y✮✳
❚♦ ✐❧❧✉str❛t❡ s✉❝❤ ♠✐①✐♥❣ ❡✛❡❝ts✱ ✇❡ ✉s❡ ❛ ✈❡r② s✐♠♣❧❡ ❡✛❡❝t✐✈❡ s♣✐♥ 1/2
❍❛♠✐❧t♦♥✐❛♥ ❛s ❛♥ ❡①❛♠♣❧❡ ✭✜❣✉r❡ ✹✳✷✮✿
H = −∆Sx + ξSz, ✭✹✳✷✮
✇❤❡r❡ ξ ✐s ❛ ❜✐❛s ❡♥❡r❣② ✭❛r✐s✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ ❢r♦♠ ❛♥ ❡①t❡r♥❛❧ ✜❡❧❞ ❛♣♣❧✐❡❞
❛❧♦♥❣ ❩✮ ❛♥❞ ∆ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ q✉❛♥t✉♠ t✉♥♥❡❧ s♣❧✐tt✐♥❣✳ ❚❤✐s s②st❡♠ ❝❛♥
✹✳✷✳ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ r❛❞✐❛t✐♦♥ ✜❡❧❞s ✼✶
E
n
er
g
y
Magnetic Field
E
n
er
g
y
Magnetic Field
(along anisotropy axis)
Degeneracy Zero field splitting
Isotropic Anisotropic
❋✐❣✉r❡ ✹✳✶✿ ❊♥❡r❣② ❧❡✈❡❧s ♦❢ ❛♥ ✐s♦tr♦♣✐❝ ❛♥❞ ❛♥ ❛♥✐s♦tr♦♣✐❝ s♣✐♥ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ s♣✐♥✱ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❛♥✐s♦tr♦♣② ❛①✐s ❛♥❞ t❤❡ ✜❡❧❞ ✐s
❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥✳
❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞ t❤❡ ❡♥❡r❣② ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥st❛t❡s ❛r❡ ❣✐✈❡♥ ❜②
E± = ±1
2
√
∆2 + ξ2, ✭✹✳✸✮
|+〉 = 1√
1 + α2
(| ↑〉 − α| ↓〉) , ✭✹✳✹✮
|−〉 = 1√
1 + α2
(| ↓〉+ α| ↑〉) , ✭✹✳✺✮
✇❤❡r❡ α =
√
∆2+ξ2−ξ
∆ ❛♥❞ | ↑〉 ❛♥❞ | ↓〉 ❛r❡ t❤❡ Sz ❡✐❣❡♥st❛t❡s✳ ❋♦r ξ ≫ ∆✱
✇❡ ❤❛✈❡ α ≃ 0 ❛♥❞ | ↑〉, | ↓〉 ❜❡❝♦♠❡ ❛♣♣r♦①✐♠❛t❡ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ✇✐t❤
❡♥❡r❣✐❡s ±ξ/2✱ ❜❛s✐❝❛❧❧② r❡❝♦✈❡r✐♥❣ t❤❡ ✐s♦tr♦♣✐❝ ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✐❢ ξ ≪ ∆✱
α ≃ 1 ❛♥❞ t❤❡ ❡✐❣❡♥st❛t❡s ❛r❡ s②♠♠❡tr✐❝ ❛♥❞ ❛♥t✐s②♠♠❡tr✐❝ s✉♣❡r♣♦s✐t✐♦♥s ♦❢
| ↑〉, | ↓〉 s❡♣❛r❛t❡❞ ✐♥ ❡♥❡r❣② ❜② t❤❡ ❛♥✐s♦tr♦♣② ❡♥❡r❣② ♦r t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆✳ ■❢
∆ = 0 t❤❡s❡ t✇♦ st❛t❡s ✇♦✉❧❞ s✐♠♣❧② ❝r♦ss ♦✈❡r ❛s t❤❡ ❜✐❛s ✇❛s s✇❡♣t t❤r♦✉❣❤
ξ = 0 ❛♥❞ ❜❡ ❞❡❣❡♥❡r❛t❡ ❛t t❤✐s ♣♦✐♥t✳ ❍♦✇❡✈❡r✱ t❤✐s s♣❧✐tt✐♥❣ ✐♥tr♦❞✉❝❡s
❛♥ ❛♥t✐❝r♦ss✐♥❣ ❡✛❡❝t ✇❤❡♥ t❤❡r❡ ✐s ❛ str♦♥❣ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆✳ ❚❤✐s ❧❡✈❡❧
❛♥t✐❝r♦ss✐♥❣ ✐♥ ♦❢t❡♥ s❡❡♥ ❜❡t✇❡❡♥ ♥❡❛r❧② ❞❡❣❡♥❡r❛t❡ ❧❡✈❡❧s ♦❢ ❤✐❣❤ s♣✐♥ s②st❡♠s
✇✐t❤ str♦♥❣ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ❡✛❡❝ts ❬✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶✱ ✶✷✱ ✶✸❪✳
■♥ ❣❡♥❡r❛❧✱ ❛♥✐s♦tr♦♣✐❝ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡s❝r✐❜❡ t❤❡ ❝❛s❡ ♦❢
s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✭❙▼▼s✮✳ ❚❤❡s❡ s②st❡♠s ❛r❡ ♦r❣❛♥♦♠❡t❛❧❧✐❝ ♠♦❧❡❝✉❧❡s
✼✷❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
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❋✐❣✉r❡ ✹✳✷✿ ❊♥❡r❣② ❧❡✈❡❧s ♦❢ ❛♥ ❡✛❡❝t✐✈❡ s♣✐♥ 1/2 ✇✐t❤ ❛ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣②✳ ❚❤❡
❣r❛♣❤ s❤♦✇s t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ✭∆✮ ❛t ❧♦✇ ❜✐❛s ✭ξ✮✳
g13ħω13ħω12 g12
❋✐❣✉r❡ ✹✳✸✿ ❊♥❡r❣② ❧❡✈❡❧ s❝❤❡♠❡ ♦❢ t❤❡ ❬✭❈✻❍✶✺◆✸✮✻❋❡✽❖✷✭❖❍✮✶✷❪ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
♠❛❣♥❡t ✭♥❡❣❧❡❝t✐♥❣ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s✮✱ s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t ❛♥❞ r❡❢❡rr❡❞ t♦ ✐♥ s❤♦rt❤❛♥❞
❛s ❋❡✽ ❬✶✹❪✳ ❚✇♦ ♣♦ss✐❜❧❡ s❡❧❡❝t✐♦♥s ♦❢ st❛t❡s ❢♦r t❤❡ ✉s❡ ♦❢ t❤✐s ❙▼▼ ❛s q✉❜✐t ❛r❡
s❝❤❡♠❛t✐❝❛❧❧② s❤♦✇♥✳ ■♥ ♣❛rt✐❝✉❧❛r ❋❡✽ ❤❛s S = 10 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥✐s♦tr♦♣②
♣❛r❛♠❡t❡rs✿ B02 = −9.8× 10−2 ❑✱ B22 = 4.63× 10−2 ❑ ❛♥❞ B44 = −5.84× 10−5 ❑ ❬✶✶❪
✹✳✷✳ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ r❛❞✐❛t✐♦♥ ✜❡❧❞s ✼✸
✇✐t❤ ❛ ❤✐❣❤ s♣✐♥ ♠❛❣♥❡t✐❝ ❝♦r❡ ✉s✉❛❧❧② ❢♦r♠❡❞ ❜② ♦♥❡ ♦r s❡✈❡r❛❧ ♠❛❣♥❡t✐❝
✐♦♥s ❤❡❧❞ ✐♥ ♣❧❛❝❡ ❜② ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♦r❣❛♥✐❝ ✭♥♦♥✲♠❛❣♥❡t✐❝✮ ❧✐❣❛♥❞s✳ ❚❤❡✐r
♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥
t❤❡ ✐♦♥s ✐♥ t❤✐s ❝♦r❡ ❛♥❞ ❜② t❤❡✐r ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡ ❝r②st❛❧ ✜❡❧❞✳ ❚❤❡ ❢♦r♠❡r
❣✐✈❡ r✐s❡ t♦ ♠✉❧t✐♣❧❡ts ✇✐t❤ ✇❡❧❧✲❞❡✜♥❡❞ s♣✐♥ ✈❛❧✉❡s✱ ✇❤✐❧❡ t❤❡ ❧❛tt❡r ❣❡♥❡r❛t❡
❛ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ t❤✉s ❛❧s♦ ❛ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ✇✐t❤✐♥ ❡❛❝❤ ♠✉❧t✐♣❧❡t
❧✐❢t✐♥❣ t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ st❛t❡s✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❣r♦✉♥❞ st❛t❡
♠✉❧t✐♣❧❡t ✇✐t❤ s♣✐♥ S ❛♥❞ ♥❡❣❧❡❝t ✐ts q✉❛♥t✉♠ ♠✐①✐♥❣ ✇✐t❤ ❡①❝✐t❡❞ ♠✉❧t✐♣❧❡ts✳
❚❤❡s❡ ♠✉❧t✐♣❧❡ts ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ s✉✣❝✐❡♥t❧② ❢❛r ❛✇❛② ❡♥❡r❣❡t✐❝❛❧❧② ❢r♦♠
t❤❡ ❣r♦✉♥❞ ♠✉❧t✐♣❧❡t t❤❛t t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ s❛❢❡❧② ♥❡❣❧❡❝t❡❞✳ ❚❤✐s
❛♣♣r♦①✐♠❛t✐♦♥✱ ✇✐❞❡❧② ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♣❤②s✐❝s ♦❢ ❙▼▼s✱ ✐s ❦♥♦✇♥ ❛s t❤❡
✧❣✐❛♥t s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✧❬✶✺❪✳ ❚❤❡ ❡✛❡❝t✐✈❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❛ ❙▼▼ ✐♥
❛♥ ❛❞❡q✉❛t❡ ♠♦❧❡❝✉❧❛r r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✭✐✳❡✳ ✇✐t❤ t❤❡ ❝♦♦r❞✐♥❛t❡ ❛①❡s ❛❧✐❣♥❡❞
✇✐t❤ t❤❡ ❛♥✐s♦tr♦♣② ❛①❡s✮ r❡❛❞s t❤❡♥ ❛s ❢♦❧❧♦✇s
Hs =
∑
k,l
BlkO
l
k − gSµB (BXSX +BY SY +BZSZ) ✭✹✳✻✮
✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❞❡s❝r✐❜❡s t❤❡ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ t❤❡ s❡❝✲
♦♥❞ ✐s ❛ ❩❡❡♠❛♥ ✐♥t❡r❛❝t✐♦♥ t❡r♠✱ ✇❤❡r❡ gS ✐s t❤❡ ❣✲❢❛❝t♦r ❢♦r t❤❡ ❙▼▼ s♣✐♥
❛♥❞ BX ✱ BY ✱ ❛♥❞ BZ ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣
t❤❡ ♠♦❧❡❝✉❧❛r ❛①❡s X✱ Y ✱ ❛♥❞ Z✳ ❚❤❡ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ t❡r♠ ✐s ✇r✐tt❡♥ ✐♥
t❡r♠s ♦❢ t❤❡ ❙t❡✈❡♥s ❡✛❡❝t✐✈❡ s♣✐♥ ♦♣❡r❛t♦rs Olk ✭s❡❡ t❛❜❧❡ ✹✳✶✮ ✇❤✐❧❡ t❤❡ B
l
k✬s
❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠♦❧❡❝✉❧❛r s②♠♠❡✲
tr② ❛♥❞ str✉❝t✉r❡ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❛r❡ ♥♦♥③❡r♦ ❛s ✇❡❧❧
❛s t❤❡✐r r❡❧❛t✐✈❡ ✐♥t❡♥s✐t✐❡s✳ ■♥ s♦♠❡ s✐♠♣❧❡ ❝❛s❡s✱ ✇❤❡r❡ ♦♥❧② t❤❡ s❡❝♦♥❞ ♦r❞❡r
♣❛r❛♠❡t❡rs B02 ❛♥❞ B
2
2 ❛r❡ ♥♦♥✲③❡r♦✱ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ✐s ❝♦♠♠♦♥❧② r❡✇r✐tt❡♥
❛s✿
Hs = D
(
S2Z −
1
3
S(S + 1)
)
+ E(S2X − S2Y )− gSµB ~B · ~S, ✭✹✳✼✮
✇❤❡r❡ D = 3B02 ❛♥❞ E = B
2
2 ❛r❡ t❤❡ ✏tr❛❞✐t✐♦♥❛❧✑ s❡❝♦♥❞✲♦r❞❡r ③❡r♦✲✜❡❧❞
s♣❧✐tt✐♥❣ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♠✐t ✭gSµ❇B ≫ (2S − 1)D✮
t❤❡ ❩❡❡♠❛♥ t❡r♠ ❜❡❝♦♠❡s t❤❡ ❞♦♠✐♥❛♥t ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ ✇❡ r❡❝♦✈❡r t❤❡ ❡✈❡♥❧②
s❡♣❛r❛t❡❞ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ s♣✐♥ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ✐s♦tr♦♣✐❝ ❝❛s❡✳
❖♥❡ ♦❢ t❤❡ s✐♠♣❧❡st s✐t✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣✐♥ ✇✐t❤ ■s✐♥❣✲❧✐❦❡ s❡❝♦♥❞
♦r❞❡r ❛♥✐s♦tr♦♣②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ B02 < 0 ❛♥❞ ❛❧❧ ♦t❤❡r t❡r♠s ❜❡✐♥❣ ③❡r♦✱
✐✳❡✳ t♦ ❛ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥
Hs = B02
[
3S2Z − S(S + 1)
]− gSµB (BXSX +BY SY +BZSZ) ✭✹✳✽✮
❆s ✜❣✉r❡ ✹✳✸ s❤♦✇s✱ s✉❝❤ ❛ ❞✐❛❣♦♥❛❧ ❛♥✐s♦tr♦♣② s♣❧✐ts t❤❡ S ♠✉❧t✐♣❧❡t ✐♥t♦ ❛
s❡r✐❡s ♦❢ ❞♦✉❜❧❡ts✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡✐❣❡♥st❛t❡s |±m〉 ♦❢ Sz✳ ❆s ❛ ❢✉♥❝t✐♦♥ ♦❢ m✱
✼✹❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
k q Oqk
✷ ✵ 3S2z − sI
±1 c± [Sz, S+ ± S−]+
±2 c±(S2+ ± S2−)
✹ ✵ 35S4z − (30s− 25)S2z + (3s2 − 6s)I
±1 c±
[
7S3z − (3s+ 1)Sz, S+ ± S−
]
+
±2 c±
[
7S2z − (s+ 5)I, S2+ ± S2−
]
+
±3 c±
[
Sz, S
3
+ ± S3−
]
+
±4 c±(S4+ ± S4−)
✻ ✵ 231S6z − (315s− 735)S4z + (105s2 − 525s+ 294)S2z − (5s3 − 40s2 + 60s)I
±1 c±
[
33S5z − (30s− 15)S3z + (5s2 − 10s+ 12)Sz, S+ ± S−
]
+
±2 c±
[
33S4z − (18s+ 123)S2z + (s2 + 10s+ 102)I, S2+ ± S2−
]
+
±3 c±
[
11S3z − (3s+ 59)Sz, S3+ ± S3−
]
+
±4 c±
[
11S2z − (s+ 38)I, S4+ ± S4−
]
+
±5 c±
[
Sz, S
5
+ ± S5−
]
+
±6 c±(S6+ ± S6−)
❍❡r❡ [A,B]+ = (AB +BA)/2✱ ❛♥❞ s = S(S + 1)✱ c+ = 1/2✱ c− = 1/2i✳
❚❛❜❧❡ ✹✳✶✿ ❊①t❡♥❞❡❞ ❙t❡✈❡♥s ❖♣❡r❛t♦rs Oqk ❬✶✻✱ ✶✼❪
t❤❡ ❡♥❡r❣② t❤❡♥ s❤♦✇s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❞♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧ ❧❛♥❞s❝❛♣❡ s❤♦✇♥
✐♥ ✜❣✉r❡ ✹✳✸✳ ❖✛✲❞✐❛❣♦♥❛❧ ❛♥✐s♦tr♦♣② t❡r♠s ✭✐✳❡✳ t❤♦s❡ ❤❛✈✐♥❣ l 6= 0 ✐♥ ❡q✉❛t✐♦♥
✭✹✳✻✮ t❤❛t ❝♦♥♥❡❝t st❛t❡s ✇✐t❤ ❞✐✛❡r❡♥tm✮ ❝❛♥ ✐♥❞✉❝❡ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ❛❝r♦ss
t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❜❛rr✐❡r✱ ❜❡t✇❡❡♥ st❛t❡s |+m〉 ❛♥❞ |−m〉✳ ❚❤❡ ❡♥❡r❣②
❡✐❣❡♥st❛t❡s ❜❡❝♦♠❡ s②♠♠❡tr✐❝ ❛♥❞ ❛♥t✐s②♠♠❡tr✐❝ s✉♣❡r♣♦s✐t✐♦♥s ♦❢ |±m〉 ❛♥❞
t❤❡✐r ✐♥✐t✐❛❧ ❞❡❣❡♥❡r❛❝② ✐s r❡♠♦✈❡❞ ❜② ❛ q✉❛♥t✉♠ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆m(0)✳ ❋♦r
❡♥❡r❣② ❧❡✈❡❧s ✇❤❡r❡ t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ✐s ✈❡r② s♠❛❧❧ ♦r ③❡r♦✱ t❤❡ ❞❡❣❡♥❡r❛❝②
❝❛♥ ❛❧s♦ ❜❡ r❡♠♦✈❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ~B✳ ❊♥❡r❣②
s♣❧✐tt✐♥❣s ❝❛♥ ❜❡ t✉♥❡❞✱ t♦ s♦♠❡ ❡①t❡♥t✱ ❜② ✈❛r②✐♥❣ t❤❡ ✐♥t❡♥s✐t② ❛♥❞ ♦r✐❡♥t❛t✐♦♥
♦❢ ~B ✭s❡❡ ✜❣✉r❡s ✹✳✹ ❛♥❞ ✹✳✺ ❜❡❧♦✇✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝❧♦s❡ t♦ BZ = 0✱ t❤❡ s♣❧✐tt✐♥❣
❜❡t✇❡❡♥ t❤❡ ✜rst ❡①❝✐t❡❞ ❛♥❞ ❣r♦✉♥❞ st❛t❡s ~ω12 ≃
√[
∆S( ~B)
]2
+ ξ2S ✱ ✇❤❡r❡
∆S( ~B) ✐s t❤❡ ❣r♦✉♥❞ ❞♦✉❜❧❡t ✜❡❧❞✲❞❡♣❡♥❞❡♥t q✉❛♥t✉♠ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ❛♥❞
ξS = 2gSµBBZS ✐s t❤❡ ♠❛❣♥❡t✐❝ ❜✐❛s✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧s♦ ❛❧❧♦✇s t❤❡
✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❙▼▼ st❛t❡ ✇❤❡♥ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s s✉✣❝✐❡♥t❧② ❧♦✇✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❢♦r S = 10✱ ❛♥❞ ❛t T = 0.1 ❑✱ t❤❡ t❤❡r♠❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♥❞
st❛t❡ ❜❡❝♦♠❡s & 99.99 ✪ ❢♦r BZ & ✸✹ ♠❚✳
■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ ❤❡r❡ t❤❛t ❡q✉❛t✐♦♥ ✭✹✳✻✮ ❛♣♣❧✐❡s ❛❧s♦ t♦✱ ❡✳❣✳✱ ◆❱
❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞✱ ✇❤✐❝❤ ❤❛✈❡ S = 1 ❛♥❞ ❛ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ❞❡t❡r♠✐♥❡❞ ❜②
s❡❝♦♥❞✲♦r❞❡r ❛♥✐s♦tr♦♣② t❡r♠s ✇✐t❤ B02 ≃ 2.88 ●❍③ ✭0.144 ❑✮ ❛♥❞ B22/B02 .
3.5 × 10−3 ❬✶✽❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ t❤❛t ❢♦❧❧♦✇s ✇✐❧❧ ❡♥❛❜❧❡
✉s t♦ ❝♦♠♣❛r❡ ❜♦t❤ s✐t✉❛t✐♦♥s✳
✹✳✷✳ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ r❛❞✐❛t✐♦♥ ✜❡❧❞s ✼✺
✹✳✷✳✷ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙▼▼ t♦ ❛ q✉❛♥t✉♠ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐✲
❛t✐♦♥ ✜❡❧❞
❚❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ s♣✐♥✱ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❍❛♠✐❧t♦♥✐❛♥ Hs✱ ❛♥❞ ❛ s✉✲
♣❡r❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠ ❝✐r❝✉✐t✱ ❞❡s❝r✐❜❡❞ ❜② Hq✱ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❩❡❡♠❛♥
✐♥t❡r❛❝t✐♦♥✱
H = Hq +Hs −
(
~W (q)Vq
)
~S ✭✹✳✾✮
✇❤❡r❡ ~W (q) = gSµB ~B(q) ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ ~B(q)
❣❡♥❡r❛t❡❞ ❜② t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐t ❛t t❤❡ s♣✐♥ ♣♦s✐t✐♦♥ ❛♥❞ Vq ✐s ❛♥
♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ t❤❡ ❝✐r❝✉✐t✬s ✈❛r✐❛❜❧❡s✳ ❚❤✐s ♦♣❡r❛t♦r ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❝t✉❛❧
♥❛t✉r❡ ♦❢ t❤❡ ❝✐r❝✉✐t ❜✉t ✇✐❧❧ ❜❛s✐❝❛❧❧② ✐♥✈♦❧✈❡ r❛✐s✐♥❣ ✭♦r ❧♦✇❡r✐♥❣✮ t❤❡ ❝✐r❝✉✐t
st❛t❡ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❧♦✇❡r✐♥❣ ✭♦r r❛✐s✐♥❣✮ t❤❡ q✉❜✐t st❛t❡✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❛ s♣✐♥ 1/2 s②st❡♠✱ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s✳ ❙♣✐♥ st❛t❡s ❛r❡ s♣❧✐t ❜② ❛♥ ❡①t❡r♥❛❧ ✜❡❧❞✳ ❚❤❡
❧♦✇ ❡♥❡r❣② st❛t❡ ❝❛♥ t❤❡♥ ❜❡ ❧❛❜❡❧❧❡❞ ❛s |G〉 ✭❣r♦✉♥❞ ♦r |0〉✮ ❛♥❞ t❤❡ ❤✐❣❤ ❡♥❡r❣②
st❛t❡ ❝❛♥ ❜❡ ❧❛❜❡❧❡❞ ❛s |E〉 ✭❡①❝✐t❡❞ ♦r |1〉✮✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤
❤✐❣❤❡r s♣✐♥ s②st❡♠s t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❜❛s✐s✳ ❚❤❡s❡ ❤✐❣❤❡r s♣✐♥s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s t✇♦✲❧❡✈❡❧ s②st❡♠s ❜② ❢♦❝✉s✐♥❣ ♦♥❧②
♦♥ t❤♦s❡ t✇♦ s♣✐♥ ❧❡✈❡❧s ✇❤♦s❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ✐s ✐♥ ✭♥❡❛r✮ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡
❝✐r❝✉✐t✬s tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ~ω✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❤♦♦s❡ t❤❡ s♣✐♥ ❣r♦✉♥❞
st❛t❡ |G〉 ❛♥❞ ♦♥❡ ❡①❝✐t❡❞ st❛t❡ |E〉✳ ❚✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s✱ r❡❧❡✈❛♥t t♦ r❡❛❧
❙▼▼s✱ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✸✳ ❋♦r ❡✐t❤❡r ❝❤♦✐❝❡ ✇❡ ❞❡✜♥❡ t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥
❢r❡q✉❡♥❝② ❛s t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❡✈❡❧s✳
~ωG,E ≡ 〈E|Hs|E〉 − 〈G|Hs|G〉 ✭✹✳✶✵✮
❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥t ♦r ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ✐s ❞❡✜♥❡❞ ❛s✿
~g ≡
∣∣∣〈G| ~W (q)~S|E〉∣∣∣ ✭✹✳✶✶✮
=
∣∣∣W (q)X 〈G|SX |E〉+W (q)Y 〈G|SY |E〉+W (q)Z 〈G|SZ |E〉∣∣∣
❆❝❤✐❡✈✐♥❣ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡q✉✐r❡s t❤❛t t❤❡ ❙▼▼s ❝❛♥ ❜❡ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡
✇✐t❤ t❤❡ ❝✐r❝✉✐t✱ ✐✳❡✳ t❤❛t ~ωG,E ≃ ~ω ❢♦r ❛ ❣✐✈❡♥ |E〉✱ ❛♥❞ t❤❛t t❤❡ r❡❧❡✈❛♥t
♠❛tr✐① ❡❧❡♠❡♥t ♦❢ t❤❡ ❩❡❡♠❛♥ ✐♥t❡r❛❝t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r
♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❤♦✇ ♠❛tr✐① ❡❧❡♠❡♥ts 〈G|SI |E〉✱ ✇✐t❤ I = X,Y, Z✱
t❤✉s ❛❧s♦ g✱ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ st❛t❡ |E〉 ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ♠❛❣♥❡t✐❝
❛♥✐s♦tr♦♣✐❡s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ❝❛♥ ❜❡ ♠❡t ✇✐t❤ r❡❛❧ ❙▼▼s✳
❚❤❡ ❛❝t✉❛❧ ❝♦✉♣❧✐♥❣ g ❞❡♣❡♥❞s ❛❧s♦ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ❛ ❣✐✈❡♥
❝✐r❝✉✐t✱ t❤✉s ♦♥ ✐ts ❞❡s✐❣♥ ❛♥❞ ❣❡♦♠❡tr②✳ ❚❤❡s❡ ❛s♣❡❝ts ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥
s❡❝t✐♦♥ ✹✳✸ ❜❡❧♦✇✳
✼✻❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
✹✳✷✳✸ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts
■s♦tr♦♣✐❝ s♣✐♥ 1/2 s②st❡♠
■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐s♦tr♦♣✐❝ s♣✐♥ 1/2 s②st❡♠✱ ❛♥❛❧♦❣♦✉s t♦ ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥
s♣✐♥✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ✈❡r② s✐♠♣❧❡✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ❩❡❡♠❛♥
✐♥t❡r❛❝t✐♦♥ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✮✳ ❇② ❛♣♣❧②✐♥❣ ❛♥ ❡①t❡r♥❛❧ ❉❈ ♠❛❣♥❡t✐❝ ✐♥
t❤❡ ❩ ❞✐r❡❝t✐♦♥✱ t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ✭✹✳✶✵✮ ✐s t✉♥❡❞ ❛s ✭t❛❦✐♥❣ gS = 2✮✿
~ωG,E = 〈↓ |Hs| ↓〉 − 〈↑ |Hs| ↑〉 =
= gSµ❇BZ = (1.342❑❚−1)BZ = (28●❍③❚−1)BZ , ✭✹✳✶✷✮
✇❤❡r❡ ❑ ❛♥❞ ●❍③ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛s ✉♥✐ts ♦❢ ❡♥❡r❣② ✐♥ t❤❡ t✉♥✐♥❣ r❛t❡ ✈❛❧✉❡s✳
❚❤❡ s♣✐♥ ♠❛tr✐❝❡s SX,Y,Z ❛r❡ ❞✐r❡❝t❧② t❤❡ s♣✐♥ 1/2 P❛✉❧✐ ♠❛tr✐❝❡s ❛♥❞ t❤❡✐r
♠❛tr✐① ❡❧❡♠❡♥ts 〈G|SX,Y,Z |E〉 ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞✿
〈↑ |SX | ↓〉 = 1
2
〈↑ |SY | ↓〉 = i
2
〈↑ |SZ | ↓〉 = 0 ✭✹✳✶✸✮
■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❛r❡ ❝♦♥st❛♥t ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❛♣♣❧✐❡❞ ❉❈ ✜❡❧❞✳ ❙✐♥❝❡ t❤❡ Sz ♠❛tr✐① ❡❧❡♠❡♥t ✐s ③❡r♦✱ t❤❡ q✉❛♥t✉♠ ❝✐r✲
❝✉✐t✬s ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠✉st ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ t✉♥✐♥❣
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❢r♦♠ ✭✹✳✶✷✮ ✇✐❧❧ t❤❡♥ ❜❡
s✐♠♣❧②✿
~g = gSµ❇B
✭q✮ 1
2
= µ❇B
✭q✮ ✭✹✳✶✹✮
❍✐❣❤❡r s♣✐♥ ✐s♦tr♦♣✐❝ s②st❡♠s ♠❛② ♥♦t ❜❡ s✉✐t❛❜❧❡ ❛s q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣
s②st❡♠s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❛❧❧ s♣✐♥ st❛t❡s ✇✐❧❧ ❜❡ ❡q✉❛❧❧② s♣❛❝❡❞
❛❧♦♥❣ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❛①✐s✳ ❚❤✐s ♠❛❦❡s ❛❞❞r❡ss✐♥❣ ❛ s✐♥❣❧❡ tr❛♥s✐t✐♦♥ ✇✐t❤
❛♥ ❡①t❡r♥❛❧ ❡①❝✐t❛t✐♦♥ ✐♠♣♦ss✐❜❧❡✳ ■❢✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❤♦♦s❡ t❤❡ t✇♦ ❧♦✇❡st
❧②✐♥❣ st❛t❡s ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s ✭|S〉 ❛♥❞ |S − 1〉✮ ❛♥❞ ♣♦♣✉❧❛t❡ ♦♥❧②
t❤❡ ❧♦✇❡st ❡♥❡r❣② ❧❡✈❡❧✱ ✇❡ ✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ r♦t❛t❡ t❤✐s s②st❡♠ ✐♥t♦ t❤❡ ❡①❝✐t❡❞
st❛t❡ ✉s✐♥❣ ❛♥ ❡①t❡r♥❛❧ r❢ ✜❡❧❞ t✉♥❡❞ t♦ t❤❡ ❞❡s✐r❡❞ ❢r❡q✉❡♥❝②✳ ❍♦✇❡✈❡r✱ ✐❢ ✐t
✇❡r❡ ♥❡❝❡ss❛r② t♦ r♦t❛t❡ ✐t ❜❛❝❦ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡✱ t❤❡ ❛♣♣❧✐❡❞ r❢ ✜❡❧❞ ✇♦✉❧❞
r♦t❛t❡ ❢r♦♠ t❤❡ ❡①❝✐t❡❞ st❛t❡ |S−1〉 ✐♥t♦ ❜♦t❤ |S−2〉 ❛♥❞ |S〉 s✐♥❝❡ t❤❡② ✇♦✉❧❞
❜♦t❤ ❜❡ s❡♣❛r❛t❡❞ ❢r♦♠ |S − 1〉 ❜② t❤❡ s❛♠❡ ❡♥❡r❣② s♣❧✐tt✐♥❣✱ ♥❛♠❡❧② gSµ❇Bz✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❡s❡♥❝❡ ✐❢ ✜♥✐t❡ ♥♦♥✲❧✐♥❡❛r ❛♥✐s♦tr♦♣② t❡r♠s ✐s ♥❡❝❡ss❛r② t♦
s✐♥❣❧❡ ♦✉t t❤❡ ♣❛✐r ♦❢ ❞❡s✐r❡❞ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ t♦ ❛❧❧♦✇ t❤❡ ✉s❡ ♦❢ s②st❡♠s ✇✐t❤
S > 1/2 ❛s q✉❜✐ts✳
❚r❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ③❡r♦✲✜❡❧❞ s♣❧✐t ❧❡✈❡❧s
■♥ t❤✐s ❛♥❞ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛♥✐s♦tr♦♣✐❝ ❤✐❣❤ s♣✐♥
s②st❡♠s✳ ❲❡ ✇✐❧❧ ✉s❡ ❛ ❣❡♥❡r✐❝ S = 10 ❙▼▼ ✇✐t❤ Hs ❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥
✹✳✷✳ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ r❛❞✐❛t✐♦♥ ✜❡❧❞s ✼✼
✭✹✳✻✮ ✇✐t❤ ♦♥❧② s❡❝♦♥❞ ♦r❞❡r ❛♥✐s♦tr♦♣② t❡r♠s ❛s ❛ ♣r♦t♦t②♣❡ ❢♦r t❤✐s t②♣❡
♦❢ s②st❡♠s✳ ❚❤✐s s✐t✉❛t✐♦♥ ❛♣♣❧✐❡s t♦ s♦♠❡ ♦❢ t❤❡ ❜❡st ❦♥♦✇♥ ❙▼▼s✱ s✉❝❤
❛s ❋❡8✱ s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t ♦❢ ✜❣✉r❡ ✹✳✸✱ ♦r ❡✈❡♥ t❤❡ ❛r❝❤❡t②♣✐❝❛❧ ▼♥12 ❛♥❞
❛❧❧♦✇s s♦♠❡ ✜rst ♦r❞❡r ❡st✐♠❛t❡s t♦ ❜❡ ♠❛❞❡ ❡✈❡♥ ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ❛♥✐s♦tr♦♣②
❝♦♥✜❣✉r❛t✐♦♥s✳
❆ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s✱ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ s✐t✉❛t✐♦♥
♠❡t ✇✐t❤ ◆❱ ❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞✱ ✐s t♦ ✐❞❡♥t✐❢② |E〉 ✇✐t❤ st❛t❡ |3〉✱ ❛s s❤♦✇♥ ✐♥
✜❣✉r❡ ✹✳✸✳ ❖✉t ♦❢ t❤❡ t✇♦ s❡❝♦♥❞ ♦r❞❡r t❡r♠s ✐♥ ✭✹✳✻✮✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t B22 ✐♥
t❤✐s ❝❛s❡ s✐♥❝❡ ✐t ✉s✉❛❧❧② ♣❧❛②s ❛ ♠✐♥♦r r♦❧❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ③❡r♦
✜❡❧❞ s♣❧✐tt✐♥❣ ~ω13 ✉♥❧❡ss ✐t ✐s ❝♦♠♣❛r❛❜❧❡ t♦ B02 ✳ ❲✐t❤ BZ ≃ 0 ✭s❡❡ ✜❣✉r❡ ✹✳✹✮✱
t❤✐s s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ |G〉 ≃ |+S〉 ❛♥❞ |E〉 ≃ |+S− 1〉 ❢♦r B02 < 0 ❛♥❞
t♦ |G〉 ≃ |0〉 ❛♥❞ |E〉 ≃ | + 1〉 ❢♦r B02 > 0✳ ❋♦r ❧❛r❣❡r ✜❡❧❞s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡
❩ ❞✐r❡❝t✐♦♥✱ t❤❡ ❡♥❡r❣② s♣❧✐tt✐♥❣ ❝❤❛♥❣❡s t♦ ~ω13 = ~ω13(0) + gµBBZ ✱ ✇❤❡r❡
~ω13(0) = 3(2S − 1)B02 ✐♥ t❤❡ ❢♦r♠❡r ❝❛s❡ ❛♥❞ ~ω13(0) = 3B02 ✐♥ t❤❡ ❧❛tt❡r
❝❛s❡✳ ❚❤❡ ✜❡❧❞ ✐s ❝❤♦s❡♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s
❩ s✐♥❝❡ ✐t ✇✐❧❧ ♣r♦❞✉❝❡ t❤❡ ❧❛r❣❡st ❝❤❛♥❣❡s t♦ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✭❛♣♣r♦①✐♠❛t❡❧②
❡✐❣❡♥st❛t❡s ♦❢ t❤❡ Sz ♦♣❡r❛t♦r ✐❢ B22 ∼ 0✮✳ ❚❤❡ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♠❛tr✐①
❡❧❡♠❡♥ts ✇✐❧❧ t❤❡♥ ❝♦rr❡s♣♦♥❞ t♦ tr❛♥s✈❡rs❡ s♣✐♥ ❝♦♠♣♦♥❡♥ts SX ❛♥❞ SY ❛♥❞
❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❛❧②t✐❝❛❧❧② ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t✐❡s SX = (S+ + S−)/2 ❛♥❞
SY = (S
+ − S−)/(2i)✿
g ∝ |〈G|SX,Y |E〉| = 1
2
√
(S −mgs) (S +mgs + 1) ✭✹✳✶✺✮
✇❤❡r❡ mgs ✐s t❤❡ SZ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢
t❤❡ ❛♥✐s♦tr♦♣②✱ ❡q✉❛t✐♦♥ ✭✹✳✶✺✮ ❣✐✈❡s
B02 > 0 ⇒ mgs = 0⇒ g ∝
1
2
√
S(S + 1)
B02 < 0 ⇒ mgs = +S ⇒ g ∝
1
2
√
2S
❊♥❤❛♥❝❡♠❡♥ts ♦❢ t❤❡ ♦r❞❡r ♦❢ S ♦r
√
S ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ B02 ❝❛♥ t❤❡r❡✲
❢♦r❡ ❛❝❤✐❡✈❡❞ ❢♦r ❤✐❣❤✲s♣✐♥ S ♠❛t❡r✐❛❧s ❝♦♠♣❛r❡❞ t♦ t❤❡ s♣✐♥ 1/2 ❝❛s❡ ✇❤❡r❡ t❤❡
♠❛tr✐① ❡❧❡♠❡♥t ❤❛s ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ 1/2 ✭s❡❡ ❡q✉❛t✐♦♥ ✭✹✳✶✸✮✮✳ ❋✉rt❤❡r♠♦r❡✱ g
✐s ❜✉t ✇❡❛❦❧② ❛✛❡❝t❡❞ ❜② ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭s❡❡ ✜❣✉r❡ ✹✳✹❈✮✳ ❆ ❞✐✣❝✉❧t②
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❝❤♦✐❝❡ ♦❢ ❜❛s✐s ✐s t❤❛t t❤❡ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣s ♦❢ ❤✐❣❤✲s♣✐♥
❙▼▼s✱ s✉❝❤ ❛s ❋❡8 ♦r ▼♥12✱ ❛r❡ ♦❢t❡♥ ✈❡r② ❧❛r❣❡ ✭❡✳❣✳ ~ω13(0) ≃ 114 ●❍③ ❢♦r
❋❡8✱ s❡❡ ✜❣✉r❡ ✹✳✹❇✮ ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ t②♣✐❝❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ❡✐✲
t❤❡r s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡s♦♥❛t♦rs ❬✶✾✱ ✷✵❪ ✭ω/2π ≃ 1 t♦ 40 ●❍③✮ ♦r ❣❛♣✲t✉♥❛❜❧❡
✢✉① q✉❜✐ts ❬✷✶❪ ✭❢♦r ✇❤✐❝❤ ω/2π ≃ 1− 10 ●❍③✮✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✱
t❤❡ ❡✛❡❝t ♦❢ B22 ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ s♠❛❧❧✳ ❚❤✐s
✐s ❝♦♥✜r♠❡❞ ✐♥ ✜❣✉r❡s ✹✳✹❈ ❛♥❞ ✹✳✹❉ ✇❤❡r❡ ✇❡ s❡❡ t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ B22
t❡r♠ ♦♥❧② s❧✐❣❤t❧② ❝❤❛♥❣❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡s❡ ♠❛tr✐① ❡❧❡♠❡♥ts✳ ❆❝❝♦r❞✐♥❣ t♦
✼✽❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
✹✳✹❉ ✐ts ❡✛❡❝t ✐s t♦ s❧✐❣❤t❧② r❛✐s❡ t❤❡ 〈G|SY |E〉 ✈❛❧✉❡ ✇❤✐❧❡ s❧✐❣❤t❧② ❧♦✇❡r✐♥❣
t❤❡ 〈G|SX |E〉 ✈❛❧✉❡✳
❋r♦♠ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ ✇❡ ❝❤♦s❡ t❤❡ ♣❛✐r |1〉, |3〉 ❛s
t❤❡ q✉❜✐t ❜❛s✐s✱ ❙▼▼ s②st❡♠s s❤♦✉❧❞ ❡♥❣✐♥❡❡r❡❞ t♦ ♣r❡❢❡r❛❜❧② ❤❛✈❡ ❧♦✇ ✈❛❧✉❡s
❢♦r t❤❡ B02 ♣❛r❛♠❡t❡r ✐♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ~ω13 ✇✐t❤✐♥
t❤❡ ♦♣❡r❛t✐♥❣ r❛♥❣❡ ♦❢ t❤❡ ❞❡s✐r❡❞ q✉❛♥t✉♠ ❝✐r❝✉✐ts ✭1− 40●❍③ ✐♥ ♦✉r ❝❛s❡✮✳
■❞❡❛❧❧② ✇❡ ✇♦✉❧❞ ❞❡s✐r❡ ❛ ❧♦✇ ❛♥✐s♦tr♦♣② ❛♥❞ ❛ ❤✐❣❤ s♣✐♥ s✐♥❝❡✱ ❛s ✇❡ ❤❛✈❡
s❡❡♥✱ t❤❡ s♣✐♥ ❝♦♥tr♦❧s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ✭❤✐❣❤❡r S ❣✐✈❡s ❧❛r❣❡r
♠❛tr✐① ❡❧❡♠❡♥ts✱ ❡q✉❛t✐♦♥ ✹✳✶✺✮ ✇❤✐❧❡ t❤❡ ❛♥✐s♦tr♦♣② ❝♦♥tr♦❧s t❤❡ ③❡r♦ ✜❡❧❞
s♣❧✐tt✐♥❣✳ ❚❤✐s ♠❡❛♥s t❤❛t ❤✐❣❤ s♣✐♥ ♠✉❧t✐✲✐♦♥ ❙▼▼s ♠❛② ♥♦t ❜❡ t❤❡ ✐❞❡❛❧
s②st❡♠s ❢♦r t❤✐s ❛♣♣r♦❛❝❤ s✐♥❝❡✱ ❛❧t❤♦✉❣❤ t❤❡② ❤❛✈❡ ❤✐❣❤ s♣✐♥s✱ t❤❡② t❡♥❞ t♦
❤❛✈❡ ✈❡r② ❤✐❣❤ B02 ❛♥✐s♦tr♦♣② ✈❛❧✉❡s ❬✷✷✱ ✷✸❪✳ ■♥ ❝❤❛♣t❡r ✺ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡
❛♥ ❛❧t❡r♥❛t❡ t②♣❡ ♦❢ ❙▼▼ t❤❛t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r t❤✐s ❛♣♣❧✐❝❛t✐♦♥
❚r❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ✬s♣✐♥✲✉♣✬ ❛♥❞ ✬s♣✐♥✲❞♦✇♥✬ st❛t❡s✿ ♣❤♦t♦♥ ✐♥✲
❞✉❝❡❞ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣
❆ s❡❝♦♥❞ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ✐s t♦ ✉s❡✱ ❛s ✏❝♦♠♣✉t❛t✐♦♥❛❧✑ ❜❛s✐s ❢♦r t❤❡ s♣✐♥ q✉❜✐t✱
t❤❡ t✇♦ ❧♦✇❡st✲❧②✐♥❣ ❡✐❣❡♥st❛t❡s ♦❢ Hs ❛t ③❡r♦ ✜❡❧❞✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❤❡r❡ ✭s❡❡
✜❣✉r❡ ✹✳✸✮ ❜② |1〉 ❛♥❞ |2〉✳ ❋♦r B22 = 0✱ t❤❡s❡ st❛t❡s ❝♦rr❡s♣♦♥❞ t♦ ❞❡❣❡♥❡r✲
❛t❡ ✬✉♣✬ ❛♥❞ ✬❞♦✇♥✬ s♣✐♥ ♦r✐❡♥t❛t✐♦♥s✱ t❤✉s ❛❧❧ ♠❛tr✐① ❡❧❡♠❡♥ts ✈❛♥✐s❤ ✉♥❧❡ss
S = 1/2✳ ❖✛✲❞✐❛❣♦♥❛❧ ❛♥✐s♦tr♦♣② t❡r♠s ❣✐✈❡ r✐s❡ t♦ ❛ ✜♥✐t❡ ~ω12 = ∆S(0)✱
❛♥❛❧♦❣♦✉s t♦ t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ❢r♦♠ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✮ ❛♥❞ ✜❣✲
✉r❡ ✹✳✷✳ ❆s ✇❡ s❛✇ ✐♥ t❤❛t ❡①❛♠♣❧❡✱ ❛t ③❡r♦✲✜❡❧❞ ✭♦r ξ = 0 ✐♥ ❡q✉❛t✐♦♥
✭✹✳✷✮✮✱ |G〉 ≃ (1/√2)(| + S〉 + | − S〉) ❛♥❞ |E〉 ≃ (1/√2)(| + S〉 − | − S〉)✱
t❤✉s 〈G|SZ |E〉 ≃ S✱ t❤❡ ♦t❤❡r ❡❧❡♠❡♥ts ❜❡✐♥❣ ❝❧♦s❡ t♦ ③❡r♦✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞
❜② ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✺✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❤✐❣❤ s♣✐♥ ♦❢ ❙▼▼s✱
t❤✐s tr❛♥s✐t✐♦♥ ❝❛♥ t❤❡r❡❢♦r❡ ❣✐✈❡ r✐s❡ t♦ ♣♦t❡♥t✐❛❧❧② str♦♥❣ ❝♦✉♣❧✐♥❣s✳ ❍♦✇❡✈❡r✱
∆S(0) ♦❢t❡♥ ❧✐❡s ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ♠✐❝r♦✲❑❡❧✈✐♥s ♦r ❡✈❡♥ s♠❛❧❧❡r✳ ❋♦r ✐♥st❛♥❝❡✱
∆S ≃ 10−7 ❑ ✭10−11 ❑✮ ♦r ❜❛r❡❧② 2.1 ❦❍③ ✭0.2 ❍③✮ ❢♦r ❋❡8 ✭▼♥12✮✳ ❚❤❡r❡❢♦r❡✱
❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♥❡❡❞s t❤❡♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦r❞❡r t♦ t✉♥❡ ω12 t♦ t❤❡ ❝✐r❝✉✐t
❢r❡q✉❡♥❝✐❡s✳
▼❛①✐♠✉♠ ❡♥❡r❣② ❝❤❛♥❣❡s ❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ~B ✐s ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ❡❛s②
♠❛❣♥❡t✐③❛t✐♦♥ ❛①✐s Z ✭✜❣✉r❡ ✹✳✺❆❈✮✳ ❍♦✇❡✈❡r✱ ❛♥② ❜✐❛s ξS & ∆S(0) ❡✛❡❝t✐✈❡❧②
s✉♣♣r❡ss❡s t❤❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥s ♦❢ |1〉 ❛♥❞ |2〉 st❛t❡s ✭t❤❛t
❡✛❡❝t✐✈❡❧② ❜❡❝♦♠❡ |+ S〉 ❛♥❞ | − S〉 st❛t❡s✮ r❡s✉❧t✐♥❣ ✐♥ ❛ ❞r❛♠❛t✐❝ ❞❡❝r❡❛s❡ ♦❢
g ✇✐t❤ ✐♥❝r❡❛s✐♥❣ BZ ✳ ■♥ ♦✉r s✐♠♣❧❡ ❡①❛♠♣❧❡ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✳✷✮✱ t❤✐s ❛♣♣❧✐❡❞
✜❡❧❞ ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❜✐❛s ξ ∼ 2gSSµ❇BZ ✳ ❙✐♥❝❡ t❤❡ s♣❧✐tt✐♥❣ ∆ ✐s ♦♥ t❤❡ ♦r❞❡r
♦❢ ➭❑ ❡♥❡r❣✐❡s✱ ✜❡❧❞s ❧❛r❣❡r t❤❛♥ ∆kB/µ❇ ∼ ➭❚ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② s✉♣♣r❡ss t❤❡
♠✐①✐♥❣ ❡✛❡❝t✳ ❆❧s♦✱ ♥♦♥❡ ♦❢ t❤❡ s♣✐♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❝❛♥ ❝♦♥♥❡❝t t❤❡ | ± S〉
✹✳✷✳ ❈♦✉♣❧✐♥❣ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ r❛❞✐❛t✐♦♥ ✜❡❧❞s ✼✾
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D
❋✐❣✉r❡ ✹✳✹✿ ❊♥❡r❣② ❧❡✈❡❧s ❛♥❞ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ ❛ ❣❡♥❡r✐❝ ❙▼▼✳ ●r❛♣❤
❆ s❤♦✇s t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✭❢♦r S = 10✱ B02/kB = −0.1 ❑✱ ❛♥❞ B22/kB = 0.1 ❑✮ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❛s② ❛①✐s ✭BZ✮✳ ❚❤❡ t❤✐❝❦ ❜❧❛❝❦ ❛♥❞ r❡❞
❧✐♥❡s ❤✐❣❤❧✐❣❤t t❤❡ ③❡r♦✲✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ✭✐✳❡✳✱ t❤❡ st❛t❡s |G〉 = |1〉 ❛♥❞ |E〉 = |3〉
♦❢ ✜❣✉r❡ ✹✳✸✮✱ t❤❡ ❝❤♦s❡♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s ❢♦r ✇❤✐❝❤ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts
❛r❡ ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡ t✇♦ ❜❧✉❡ ❧✐♥❡s s❤♦✇ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❢♦r ❛♥ ✐s♦tr♦♣✐❝ s♣✐♥ 1/2
✇✐t❤ gS = 2 ❢♦r ❝♦♠♣❛r✐s♦♥✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ❢♦r t❤❡ ❝❤♦s❡♥ ❡♥❡r❣②
❧❡✈❡❧s ❢r♦♠ ❣r❛♣❤ ❆ ❛♥❞ t❤❡ s❡♣❛r❛t✐♦♥ ❢♦r t❤❡ s♣✐♥ 1/2 ❝❛s❡✳ ❚❤❡ ❣r❡❡♥ s❤❛❞❡❞ ❛r❡❛
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✶✲40●❍③ ❜❛♥❞ ✇❤❡r❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡s♦♥❛t♦rs ❛♥❞ ❣❛♣✲t✉♥❛❜❧❡
✢✉① q✉❜✐ts ❝❛♥ ♦♣❡r❛t❡ ❝♦♠❢♦rt❛❜❧②✳ ●r❛♣❤ ❈ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts
❛ss♦❝✐❛t❡❞ ✇✐t❤ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❧❡✈❡❧s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❣r❛♣❤ ❆ ❢♦r t✇♦ ✈❛❧✉❡s
♦❢ B22 ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❛❧✉❡ ❢♦r ❛ s♣✐♥ 1/2 s②st❡♠✳ ●r❛♣❤ ❉ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥
♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r ❛❧❧ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ ~S ❛s ❛ ❢✉♥❝t✐♦♥ B22 ✳
✽✵❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
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❋✐❣✉r❡ ✹✳✺✿ ❊♥❡r❣② ❧❡✈❡❧s ❛♥❞ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ ❛ ❣❡♥❡r✐❝ ❙▼▼ ✭✇✐t❤ t❤❡ s❛♠❡
♣❛r❛♠❡t❡rs ❛s ✐♥ ✜❣✉r❡ ✹✳✹✮✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❡①t❡r♥❛❧ ✜❡❧❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❛s② ❛①✐s ✭BZ✮✳ ❚❤❡ t❤✐❝❦ ❜❧❛❝❦ ❛♥❞ r❡❞ ❧✐♥❡s ❤✐❣❤❧✐❣❤t
t❤❡ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ✭✐✳❡✳✱ t❤❡ st❛t❡s |G〉 = |1〉 ❛♥❞ |E〉 = |2〉 ♦❢ ✜❣✉r❡ ✹✳✸✮✱ t❤❡
❝❤♦s❡♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s ❢♦r ✇❤✐❝❤ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞✳
●r❛♣❤ ❇ s❤♦✇s t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ tr❛♥s✈❡rs❡ t♦ t❤❡
❡❛s② ❛①✐s ✭BY ✮✳ ❚❤❡ t❤✐❝❦ ❧✐♥❡s ❛❣❛✐♥ ❤✐❣❤❧✐❣❤t t❤❡ s❛♠❡ ❜❛s✐s ❛s ✐♥ ❣r❛♣❤ ❆✳ ❚❤❡
✐♥s❡t s❤♦✇s t❤❡ ❡♥❡r❣② s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ |1〉 ❛♥❞ |2〉✳ ●r❛♣❤ ❈ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥
♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r t❤✐s ❜❛s✐s ❢♦r t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ B22 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ BZ ✳
●r❛♣❤ ❉ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r t✇♦ ✈❛❧✉❡s ♦❢ B22 ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ BY ✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❡ s❛♠❡ ♠❛tr✐① ❡❧❡♠❡♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ BZ ✇✐t❤ ❛ ✜①❡❞
BY = 2❚✳
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✽✶
st❛t❡s s♦ ❛❧❧ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡✳ ■♥❞❡❡❞✱ ✐♥ ✜❣✉r❡ ✹✳✺❈✱ t❤❡
♠❛tr✐① ❡❧❡♠❡♥ts s❤♦✇ ♥❛rr♦✇ ♣❡❛❦s ❛t t❤♦s❡ ✈❛❧✉❡s ♦❢BZ t❤❛t ✐♥❞✉❝❡ ❧❡✈❡❧ ❛♥t✐✲
❝r♦ss✐♥❣s✳ ❚❤❡s❡ r❡s♦♥❛♥❝❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣❤♦t♦♥ ✐♥❞✉❝❡❞ t✉♥♥❡❧✐♥❣
♣r♦❝❡ss❡s ❜❡t✇❡❡♥ t❤❡ q✉❛s✐✲❞❡❣❡♥❡r❛t❡ s♣✐♥ st❛t❡s✳ ❘❡s♦♥❛♥❝❡s ♦❝❝✉r ♦♥❧② ❛t
❡✈❡r② ❡✈❡♥ ♥✉♠❜❡r❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ✭✐✳❡✳ ❢♦r BZ ≃ nB1✱ ✇✐t❤ B1 = 3B02/gSµB
❛♥❞ n = 0, 2, . . .✮ ❜❡❝❛✉s❡ B22O
2
2 ♦♥❧② ♠✐①❡s st❛t❡s |m〉 ❛♥❞ |m′〉 s✉❝❤ t❤❛t
m−m′ ✐s ❡✈❡♥ ✭B22 ♦♥❧② ❝♦♥t❛✐♥s s❡❝♦♥❞ ♣♦✇❡rs ♦❢ S± ❛❝❝♦r❞✐♥❣ t♦ t❛❜❧❡ ✹✳✶✮✳
❚❤❡ ✇✐❞t❤ ♦❢ ❡❛❝❤ r❡s♦♥❛♥❝❡ ✭t❤✉s ❛❧s♦ t❤❡ ✜❡❧❞ r❡❣✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧ ✐♥t❡r❡st ❢♦r
❝♦✉♣❧✐♥❣ t♦ ❛ ❝✐r❝✉✐t✮ ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ❜② ❡♥❤❛♥❝✐♥❣ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ♣❛r❛♠❡t❡r
B22 ✱ ❛❧t❤♦✉❣❤ ✐t ♥❡✈❡rt❤❡❧❡ss r❡♠❛✐♥s ✈❡r② ♥❛rr♦✇ ❡✈❡♥ ❢♦r t❤❡ ♠❛①✐♠✉♠ B
2
2 =
B02 ✳
❆❧t❡r♥❛t✐✈❡❧②✱ ~ω12 ❝❛♥ ❛❧s♦ ❜❡ t✉♥❡❞✱ ✇❤✐❧❡ r❡t❛✐♥✐♥❣ ❛ str♦♥❣ ♦✈❡r❧❛♣
❜❡t✇❡❡♥ |1〉 ❛♥❞ |2〉✱ t❤✉s ❛ ❤✐❣❤ 〈G|SZ |E〉 ✭s❡❡ ✜❣✉r❡ ✹✳✺❇❉✮✱ ❜② ❛ tr❛♥s✈❡rs❡
♠❛❣♥❡t✐❝ ✜❡❧❞ BY ✳ ❚❤✐s ✐s ❛ ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ❡✛❡❝t ✭s❡❡ t❤❡ ✐♥s❡t ♦❢ ✜❣✉r❡
✹✳✺❇✮✱ ♠❡❛♥✐♥❣ t❤❛t str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ r❡q✉✐r❡❞ t♦ ♠❛❦❡ ω12 ❝❧♦s❡ t♦
ω✳ ❚❤❡ ✉s❡ ♦❢ str♦♥❣❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛❧s♦ ✐♠♣♦s❡s str✐♥❣❡♥t ❝♦♥❞✐t✐♦♥s t♦
t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ ~B t♦ ❛✈♦✐❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s✐③❛❜❧❡ BZ ❝♦♠♣♦♥❡♥t✳ ❆s
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❛t❛ s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t ♦❢ ✜❣✉r❡ ✹✳✺❉✱ ~B ❝❛♥♥♦t ❞❡✈✐❛t❡ ♠♦r❡
t❤❛♥ ❛❜♦✉t 0.5 ❞❡❣ ✭✇✐t❤ BY = 2❚✮ ❢r♦♠ t❤❡ XY ♣❧❛♥❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♥
❡①♣❡r✐♠❡♥t❛❧❧② ❞✐✣❝✉❧t t❛s❦✳
■♥ ♦r❞❡r t♦ ✉s❡ t❤❡ t✉♥♥❡❧ s♣❧✐t st❛t❡s ♦❢ ❛ ❙▼▼ ❛s t❤❡ ❜❛s✐s ❢♦r ❛ q✉❛♥✲
t✉♠ ❜✐t✱ ✐t ✐s t❤❡r❡❢♦r❡ ❞❡s✐r❛❜❧❡ t♦ ❤❛✈❡ ❛ ❧❛r❣❡ ✭❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❛❣♥❡t✐❝
❜✐❛s✮ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆ ❜❡t✇❡❡♥ t❤❡s❡ ❧❡✈❡❧s✳ ❚❤✐s ✇♦✉❧❞ ♠❛❦❡ t❤❡ ♠❛tr✐①
❡❧❡♠❡♥ts ♠♦r❡ r♦❜✉st ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ♥❡❝❡ss❛r② ♠❛❣♥❡t✐❝ ✜❡❧❞s t♦ t✉♥❡ t❤❡
s②st❡♠ ✐♥t♦ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ q✉❛♥t✉♠ ❝✐r❝✉✐t✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛✲
t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡✱ ❛r❝❤❡t✐♣✐❝❛❧ ❡①❛♠♣❧❡s ❧✐❦❡ ❋❡✽ ❞♦ ♥♦t ❤❛✈❡ str♦♥❣ ❡♥♦✉❣❤
t✉♥♥❡❧ s♣❧✐tt✐♥❣s t♦ ❡❛s✐❧② ❛❧❧♦✇ t❤❡s❡ ❧❡✈❡❧s t♦ ❜❡ ✉s❡❞ ❛s ❛ q✉❛♥t✉♠ ❜❛s✐s
s✐♥❝❡ ❡✈❡♥ ✈❡r② s♠❛❧❧ ❡rr♦rs ✐♥ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ❝❛♥ s✉♣✲
♣r❡ss t❤❡ t✉♥♥❡❧✐♥❣ ❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❝❤❛♣t❡r ✺✱ ❞✐✛❡r❡♥t t②♣❡s
♦❢ ❙▼▼s ❤❛✈❡ s✐③❛❜❧❡ ❤✐❣❤❡r ♦r❞❡r ❛♥✐s♦tr♦♣② t❡r♠s t❤❛t ❝❛♥ ❣r❡❛t❧② ❡♥❤❛♥❝❡
t❤❡ ③❡r♦✲✜❡❧❞ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ♠❛❦✐♥❣ t❤❡♠ ✐♥t❡r❡st✐♥❣ ❝❛♥❞✐❞❛t❡s ❛s q✉❜✐ts✳
✹✳✸ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡
r❡s♦♥❛t♦rs
✹✳✸✳✶ ❉❡✈✐❝❡ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡rs
❈♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✭s❡❡ ❝❤❛♣t❡r ✻ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮ ❛r❡ ♠✐❝r♦✇❛✈❡
❞❡✈✐❝❡s t❤❛t ❝♦♥s✐st ♦❢ ❛ λ/2 s❡❝t✐♦♥ ♦❢ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ✭❈P❲✮ t❤❛t ✐s
❝♦✉♣❧❡❞ t♦ ❡①t❡r♥❛❧ ❢❡❡❞ ❧✐♥❡s ✈✐❛ ❣❛♣ ❝❛♣❛❝✐t♦rs✳ ❆ s❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ s✉❝❤
✽✷❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
z
x
y
length
width
height
Sample
Coupling gaps
❘❡s♦♥❛t♦r ❞✐♠❡♥s✐♦♥s
s ✷✺ ♥♠ t♦ 7 ➭♠
✇ ✺✵ ♥♠ t♦ 14 ➭♠
▲ ∼ 0.5− 65♠♠ ✇✐t❤ f0 = 100− 1●❍③
t ✶✺✵ ♥♠
❍ 75 ➭♠
❙❛♠♣❧❡ ❞✐♠❡♥s✐♦♥s
❲✐❞t❤ 40 ➭♠
▲❡♥❣t❤ 40 ➭♠
❍❡✐❣❤t ✵✳✶ t♦ 75 ➭♠
❋✐❣✉r❡ ✹✳✻✿ ❇❛s✐❝ ❣❡♦♠❡tr② ❛♥❞ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❈P❲ r❡s♦♥❛t♦r ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝
s❛♠♣❧❡s ✉s❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ❧❛r❣❡r ✈❛❧✉❡s ❢♦r s ❛♥❞ w ❛r❡
✉s❡❞ ❛s t❤❡ st❛rt✐♥❣ ✈❛❧✉❡s ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❛r❡ s❝❛❧❡s ❡❛s✐❧② ❛❝❝❡s✐❜❧❡ ❜② st❛♥❞❛r❞
♣❤♦t♦❧✐t❤♦❣r❛♣❤② t❡❝❤♥✐q✉❡s✳ ❚❤❡ t♦♣ ❣r❛♣❤ s❤♦✇s ❛ ❝r♦ss s❡❝t✐♦♥ ✇❤✐❧❡ t❤❡ ❜♦tt♦♠
❣r❛♣❤ s❤♦✇s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s♦♥❛t♦r ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❛ ❞❡✈✐❝❡ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✻✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s♦♥❛t♦r t❤r♦✉❣❤ t❤❡ ❡q✉❛t✐♦♥ f0 = c√ǫeff
1
2l ✳
❍❡r❡ ǫeff ✐s t❤❡ ❡✛❡❝t✐✈❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ♦❢ t❤❡ ❈P❲ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡
✇❛✈❡❣✉✐❞❡ ❣❡♦♠❡tr② ❛♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥ts ♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ♠❡❞✐❛ ❬✷✹❪✳
❆s ✇✐t❤ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s✱ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♠♦❞❡ ✐s ❞❡s❝r✐❜❡❞ ❛s ❛ ✈♦❧t❛❣❡
❛♥❞ ❝✉rr❡♥t ✇❛✈❡ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t ✐♥ t❤❡ ❝❡♥tr❡ ❧✐♥❡ ✐s ❡q✉❛❧ ❛♥❞ ♦♣♣♦s✐t❡ t♦
t❤❡ ❝✉rr❡♥t ✐♥ t❤❡ ❣r♦✉♥❞ ♣❧❛t❡s✳
▼❛❦✐♥❣ t❤❡ r❡s♦♥❛t♦r ♦✉t ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧s✱ s✉❝❤ ❛s ◆❜ ♦r
◆❜❚✐✱ ❛♥❞ ✉s✐♥❣ ❧♦✇ ❧♦ss ❞✐❡❧❡❝tr✐❝ s✉❜str❛t❡s✱ s✉❝❤ ❛s s❛♣♣❤✐r❡✱ ❤❡❧♣s t♦ r❡❞✉❝❡
t❤❡ ❧♦ss❡s ✐♥ t❤❡ s②st❡♠ ❛♥❞ ❛❧❧♦✇s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r ❝r♦ss s❡❝t✐♦♥
❞♦✇♥ t♦ t❤❡ ♠✐❝r♦♠❡t❡r ❧❡✈❡❧ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ q✉❛❧✐t② ❢❛❝t♦rs ♦❢ ✉♣ t♦ 105 −
106 ❬✷✺✱ ✷✻✱ ✷✼❪✳
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✽✸
✹✳✸✳✷ ❈♦❤❡r❡♥t ❝♦✉♣❧✐♥❣ t♦ ✐♥❞✐✈✐❞✉❛❧ ❙▼▼s ❛♥❞ ❙▼▼ ❡♥✲
s❡♠❜❧❡s
❲❡ ♥♦✇ ♠✉st ✐♥tr♦❞✉❝❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r ❛ r❡s♦♥❛t♦r ❛s t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣
❝✐r❝✉✐t ❝♦♥tr✐❜✉t✐♦♥ Hq ✐♥t♦ ❡q✉❛t✐♦♥ ✭✹✳✾✮ ❛♥❞ s❡t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r❛❝✲
t✐♦♥ t❡r♠✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ r❡s♦♥❛t♦r ❝♦rr❡s♣♦♥❞s t♦ t❤❛t ♦❢ ❛ q✉❛♥t✉♠
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥
♦♣❡r❛t♦rs✱ a ❛♥❞ a†✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ✐s ❣✐✈❡♥ ❜② t❤❡ ❩❡❡♠❛♥ ✐♥t❡r❛❝✲
t✐♦♥ t❡r♠ µˆBˆq✱ ✐✳❡✳✱ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❞✐♣♦❧❛r ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦♣❡r❛t♦r ♦❢
t❤❡ s♣✐♥ q✉❜✐t t✐♠❡s t❤❡ ✜❡❧❞ ♦♣❡r❛t♦rs ❢♦r t❤❡ r❡s♦♥❛t♦r✳ ❚❤❡ s♣✐♥ s②st❡♠ ✐s
r❡❞✉❝❡❞ t♦ ❛ t✇♦ ❧❡✈❡❧ s②st❡♠ ❛♥❞ ♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ ❝❤♦s❡♥ |G〉✱ |E〉 ❜❛s✐s✳
❯s✐♥❣ t❤❡ r♦t❛t✐♥❣ ✇❛✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❝❛♥❝❡❧ ❛♥t✐✲r♦t❛t✐♥❣ t❡r♠s a†σ+ ❛♥❞
aσ− ❬✷✽❪✱ ❡q✉❛t✐♦♥ ✭✹✳✾✮ r❡❞✉❝❡s t♦ t❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ❡q✉❛t✐♦♥ ✭✸✳✶✮ ❬✷✾❪✿
H = Hs +Hq − ~µ · ~B(q)
=
~Ω
2
σz + ~ωr
(
a†a+
1
2
)
+ ~g(~rj)(a
†σ− + σ+a) ✭✹✳✶✻✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ ❜❛s✐s ❢♦r♠❡❞ ❜② t❤❡ t✇♦ r❡❧❡✈❛♥t ❙▼▼ st❛t❡s
|G〉 ❛♥❞ |E〉✱ ~Ω ✐s t❤❡ ❡♥❡r❣② s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ st❛t❡s ❛♥❞ ωr = 2πf0
✐s t❤❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝②✳ σx,z ❛r❡ ✭s♣✐♥ 1/2✮ P❛✉❧✐ ♠❛tr✐❝❡s ❛❝t✐♥❣ ♦♥ t❤❡
s♣✐♥ ❜❛s✐s ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✿
g(~rj) =
gSµB√
2
∣∣∣〈G|~b(~rj)~S|E〉∣∣∣ ✭✹✳✶✼✮
✇✐t❤ ~b(~rj) t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞ ~b ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❛❝✉✉♠ ❝✉rr❡♥t ✭s❡❡ ❜❡❧♦✇✮✳
❚❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ✐s ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❢✉❧❧ s♣✐♥ s②st❡♠ ✭❛s ✐♥ s❡❝t✐♦♥ ✹✳✷✳✸✮✳
❚❤❡ ♣♦s✐t✐♦♥ ~rj ♠❛t❝❤❡s t❤❡ s♣✐♥ ❧♦❝❛t✐♦♥✳ ❚❤r♦✉❣❤ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡
t❤❛t t❤❡ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ✐s ❝❡♥t❡r❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝
✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❡s♦♥❛t♦r✳ ❋♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ t❤✐s ♣♦s✐t✐♦♥
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✐❞♣♦✐♥t ♦❢ t❤❡ r❡s♦♥❛t♦r ❛s s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✻✳
■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ♦❢ ❙▼▼s t♦ ❛ s✐♥❣❧❡ ♣❤♦t♦♥✱
♦♥❡ ♥❡❡❞s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❛❝✉✉♠ ❝✉rr❡♥t
✢✉❝t✉❛t✐♦♥s✱ I0✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ r❡s♦♥❛t♦r ❛s ❛♥ ❡❧❡❝tr✐❝❛❧ ❘▲❈ ♦s❝✐❧❧❛t♦r ✭s❡❡
❝❤❛♣t❡r ✻✮✱ t❤✐s ❝✉rr❡♥t ❝❛♥ ❜❡ ❢♦✉♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ③❡r♦ ♣♦✐♥t ❡♥❡r❣② ♦❢
t❤❡ r❡s♦♥❛t♦r ✐s ❡q✉❛❧ t♦ t❤❡ ♣❡❛❦ ❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ✭♦r ❡❧❡❝tr✐❝✮
✜❡❧❞s✿
~ω
2
=
1
2
LI20 ⇒ I0 = ω
√
~π
2Z0
✭✹✳✶✽✮
✇❤❡r❡ L = 2Z0/(πω) ✐s t❤❡ ❧✉♠♣❡❞ ✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ r❡s♦♥❛t♦r ❬✸✵❪ ❛♥❞ Z0
✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ s❡❣♠❡♥t t❤❛t ❢♦r♠s
t❤❡ r❡s♦♥❛t♦r✳ ❚❤❡♥✱ t❛❦✐♥❣ ❛ st❛♥❞❛r❞ ✈❛❧✉❡ ♦❢ Z0 ≃ 50Ω✱ ✇❡ ✜♥❞ t❤❛t t❤❡
✽✹❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
✈❛❝✉✉♠ ❝✉rr❡♥t ✢✉❝t✉❛t✐♦♥s I0 ≃ 11.4 ♥❆●❍③−1✳ ❲✐t❤ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡
✈❛❝✉✉♠ ❝✉rr❡♥t ✇❡ ❝❛♥ ♥♦✇ ♠❛❦❡ q✉✐❝❦ ❡st✐♠❛t❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ❢♦r t❤❡
❝♦✉♣❧✐♥❣ t♦ ❛ s✐♥❣❧❡ s♣✐♥✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ✜❡❧❞ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❛t
♦❢ ❛ str❛✐❣❤t ✇✐r❡✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ Bwire =
µ0I0
2πr ∼ 0.28 ♥❚●❍③−1 ❢♦r r ∼ 10 ➭♠
✭✉s✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ❢r♦♠ ✜❣✉r❡ ✹✳✻✮✳ ❚❤❡♥ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✶✼✮ ✇✐t❤ ♠❛tr✐①
❡❧❡♠❡♥ts ∼ 1✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ♣❡r s♣✐♥ ✇✐❧❧ ✉s✉❛❧❧② ❜❡ s♠❛❧❧ ✭♦❢ t❤❡
♦r❞❡r ♦❢ ✶✵✵ ❍③ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✮✳ ❲✐t❤ t❤✐s ❝♦✉♣❧✐♥❣
✈❛❧✉❡✱ t❤❡ ❧♦ss❡s ❜♦t❤ ❢r♦♠ t❤❡ q✉❜✐t ❛♥❞ t❤❡ r❡s♦♥❛t♦r ❝❛♥ ❡❛s✐❧② ♣r❡✈❡♥t t❤❡
❛tt❛✐♥♠❡♥t ♦❢ t❤❡ t❤❡ ❝♦❤❡r❡♥t ❝♦✉♣❧✐♥❣ ❧✐♠✐t✳
❚♦ ❡①♣❧♦r❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❣❡tt✐♥❣ ❤✐❣❤❡r ❝♦✉♣❧✐♥❣s ✇❡ ✇✐❧❧ ✜rst ❝♦♥s✐❞❡r
t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❛ r❡s♦♥❛t♦r t♦ ❛♥ ❡♥s❡♠❜❧❡✱ ❡✳❣✳ ❛ ❝r②st❛❧✱ ♦❢ N s♣✐♥s✳ ❋♦r t❤✐s✱
✇❡ s✉♠ ✭✹✳✶✼✮ ♦✈❡r ❡❛❝❤ s♣✐♥ ❛t ♣♦s✐t✐♦♥ ~rj✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡
❝♦❧❧❡❝t✐✈❡ s♣✐♥ ♦♣❡r❛t♦r
b† =
1√
Ng¯
N∑
j
g∗jσ
+
j ✭✹✳✶✾✮
✇❤❡r❡ g¯ ✐s t❤❡ ❛✈❡r❛❣❡ ❝♦✉♣❧✐♥❣✱ ❞❡✜♥❡❞ ❛s g¯2 ≡ ∑j |gj |2 /N ✳ ■♥ t❤❡ ❧♦✇ ♣♦✲
❧❛r✐③❛t✐♦♥ ❧❡✈❡❧ 〈∑σ†jσ−j 〉 ≪ N t❤❡s❡ ♦♣❡r❛t♦rs ❛♣♣r♦①✐♠❛t❡❧② ❢✉❧✜❧❧ ❜♦s♦♥✐❝
❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s✱ [b, b†] ≈ 1 ❬✸✶❪✳ ❊q✉❛t✐♦♥ ✭✹✳✶✻✮ t❤❡♥ ❜❡❝♦♠❡s ❛♣♣r♦①✲
✐♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t✇♦ ❝♦✉♣❧❡❞ r❡s♦♥❛t♦rs✱
H = ~Ωb†b+ ~ωra†a+ ~gN (a†b+ b†a) ✭✹✳✷✵✮
✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ❣✐✈❡♥ ❜②✱
gN = gs
µ❇√
2h
√
n
∫
V
∣∣∣〈G|~b · ~S|E〉∣∣∣2 dV ✭✹✳✷✶✮
✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ t❤❡ s✉♠s ❜② ✐♥t❡❣r❛❧s ❛♥❞ ❛ss✉♠❡❞ ❛ ✉♥✐❢♦r♠ ❞❡♥s✐t②
n✳ ▲❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t ❡q✉❛t✐♦♥ ✭✹✳✷✶✮ ❧❡❛❞s t♦ ❛
√
N ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡
❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❛t ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ ✭❛s ❝❛♥ ❜❡ s❡❡♥ ❜② t❛❦✐♥❣
❛♥ ❛✈❡r❛❣❡ ✜❡❧❞ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ ✐♥t❡r❛❝t✐♥❣ s❛♠♣❧❡ ✈♦❧✉♠❡✮✳
❚♦ ❣❡t ♠♦r❡ ❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✱ ✇❡ ✉s❡ t❤❡ ❈♦♠✲
s♦❧ ▼✉❧t✐♣❤②s✐❝s ❆❈✴❉❈ ♠♦❞✉❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ t❤❡
r❡s♦♥❛t♦r ❣❡♦♠❡tr② ❛♥❞ ❝✉rr❡♥ts ✭s❡❡ s❡❝t✐♦♥ ✷✳✻✳✶✮✳ ❚❤✐s ♠♦❞✉❧❡ ♥✉♠❡r✐❝❛❧❧②
s♦❧✈❡s ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛♥❞ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ✉s✐♥❣ ❆♠♣❡r❡✬s
❧❛✇ ❛♥❞ ❝✉rr❡♥t ❝♦♥s❡r✈❛t✐♦♥✳ ❲❡ ✉s❡ ❛ ✷❉ ❣❡♦♠❡tr② ✇❤❡r❡ ✇❡ ♠♦❞❡❧ ♦♥❧② ❛
❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✜❡❧❞s ❛r❡
❛♣♣r♦①✐♠❛t❡❞ ❜② t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐♥✜♥✐t❡ ❝♦♥❞✉❝t♦r ❧❡♥❣t❤✳ ❚❤✐s ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❤♦❧❞s ❛s ❧♦♥❣ ❛s t❤❡ ❙▼▼ ❝r②st❛❧s ❛r❡ ♣❧❛❝❡❞ ❝❧♦s❡ t♦ t❤❡ r❡s♦♥❛t♦r
❝❡♥t❡r ❛♥❞ t❤❡ ❝r②st❛❧ ❧❡♥❣t❤ ✐s ♠✉❝❤ s❤♦rt❡r t❤❛♥ t❤❛t ♦❢ t❤❡ r❡s♦♥❛t♦r ✐ts❡❧❢✱
✇❤✐❝❤ r❛♥❣❡s ❢r♦♠ ❛r♦✉♥❞ 0.5 t♦ 65 ♠♠ ❢♦r t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ r❡❧❡✈❛♥❝❡ ❤❡r❡✳
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✽✺
0
100
200
50
150
250
❋✐❣✉r❡ ✹✳✼✿ ❙✐♠✉❧❛t❡❞ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ♦♥ ❛ ❈P❲ ❝r♦ss✲s❡❝t✐♦♥✳ ❚❤❡ ✇❤✐t❡ ♣r♦✜❧❡
✐s t❤❡ ✜❡❧❞ ✈❛❧✉❡ ❝❛❧❝✉❧❛t❡❞ ❛t ❛ ❝♦♥st❛♥t ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉❜str❛t❡ y = t✱ t❤❛t ✐s✱
r✐❣❤t ❛t t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡❣✐♦♥s✳ ❚❤❡ ❛❝t✉❛❧ s✐♠✉❧❛t✐♦♥ ✈♦❧✉♠❡
❛♥❞ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s ❡①t❡♥❞ ❢❛r ❜❡②♦♥❞ t❤❡ ✜❣✉r❡ ❧✐♠✐ts✳
▼♦r❡ ❛❝❝✉r❛t❡ r❡s✉❧ts ❢♦r ❧❛r❣❡r ❝r②st❛❧s ✇♦✉❧❞ r❡q✉✐r❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❛♠♣❧✐t✉❞❡ ❛❧♦♥❣ t❤❡ r❡s♦♥❛t♦r ❧❡♥❣t❤ ✭❛♣♣r♦①✐♠❛t❡❧②
❛ s✐♥❡ ✇❛✈❡✮✳ ❚❤❡ ❝♦♥❞✉❝t♦r ❝r♦ss s❡❝t✐♦♥s ❛r❡ ♠♦❞❡❧❧❡❞ ❜② ✏s✐♥❣❧❡✲t✉r♥ ❝♦✐❧✑
❞♦♠❛✐♥s ✇✐t❤ ❛ ✜①❡❞ ❝✉rr❡♥t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ I0 ❢♦r t❤❡
❝❡♥t❡r ❧✐♥❡ ❛♥❞ −I0/2 ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s✳
❊✈❡♥ ❢♦r ❉❈ ❝✉rr❡♥ts✱ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ s✉♣❡r❝♦♥❞✉❝t♦r
✐s ♥♦t ✉♥✐❢♦r♠ ❛♥❞ ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ ❛ ♥♦r♠❛❧ ❝♦♥❞✉❝t♦r✳ ■♥ r❡❛❧ s✉♣❡r✲
❝♦♥❞✉❝t♦rs✱ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✉rr❡♥t ❞❡♥s✐t② ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡
❞✐st❛♥❝❡ t♦ ✐ts s✉r❢❛❝❡ ❛♥❞ t❤❡ ❞❡❝❛② ❝♦♥st❛♥t ✐s t❤❡ ▲♦♥❞♦♥ ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤
λL ❬✸✷❪✳ ❋♦r ◆❜✱ λL ≃ 80 ♥♠ ❛t 4 ❑ ❛♥❞ ✐♥❝r❡❛s❡s ❛s t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s
t♦✇❛r❞ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ✭Tc ≃ 9 ❑✮ ❬✸✸❪✳ ❙✐♥❝❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❧✐♥❡s ✇❡ ❝♦♥s✐❞❡r ✭s❡❡ ✜❣✉r❡ ✹✳✻✮ ✐s ♦❢ t❤✐s ♦r❞❡r ♦r s♠❛❧❧❡r✱
✇❡ ♥❡❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ❝❛r❡❢✉❧❧② t♦ t❛❦❡ t❤✐s ❡✛❡❝t ✐♥t♦
❛❝❝♦✉♥t✳ ❆s ❛ s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ♦♥❡ t❤❛t ✐s ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ✐♥
t❤❡ ❈♦♠s♦❧ ♣❛❝❦❛❣❡✱ ✇❡ ✉s❡ t❤❡ s❦✐♥ ❡✛❡❝t ♦❢ st❛♥❞❛r❞ ❝♦♥❞✉❝t♦rs t♦ ♣r♦❞✉❝❡
t❤❡ ❝✉rr❡♥t ♣r♦✜❧❡s ✐♥ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡❣✐♦♥s✳ ❚❤✐s ♠❡❛♥s ✇❡ ✉s❡ ❛❧✲
t❡r♥❛t✐♥❣ ❝✉rr❡♥ts ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥ ❛♥❞ t✉♥❡ t❤❡ ❢r❡q✉❡♥❝② ωac ❛♥❞ ♠❛t❡r✐❛❧
♣❛r❛♠❡t❡rs ✭❝♦♥❞✉❝t✐✈✐t② σ✮ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ t♦ ♠❛❦❡ t❤❡ s❦✐♥ ❞❡♣t❤ ♦❢ t❤❡
❝♦♥❞✉❝t♦r
λskin =
√
2
σωacµ
✭✹✳✷✷✮
❡q✉❛❧ t♦ λL = 80 ♥♠✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✇✐❧❧ ❣❡♥❡r❛t❡ ❝✉rr❡♥t ♣r♦✜❧❡s s✐♠✐❧❛r t♦
t❤♦s❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s❡❡♥ ✐♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✇✐r❡✳
❚❛❦✐♥❣ ❛❧❧ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡ s✐♠✉❧❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥
✽✻❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
❢♦r t❤❡ ❣❡♦♠❡tr② s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✻✳ ❆ t②♣✐❝❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✼ ✭❝✉rr❡♥t ♣r♦✜❧❡s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✾❆ ❜❡❧♦✇✮✳ ❆s
❡①♣❡❝t❡❞✱ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✉rr❡♥t ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♥❝❡♥tr❛t❡ ♥❡❛r
t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❡♥tr❡ ❧✐♥❡ ❛♥❞ t❤❡ ✐♥♥❡r ❡❞❣❡s ♦❢ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s✳ ❯s✐♥❣
t❤❡s❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞ ❢♦r
❞✐✛❡r❡♥t s❛♠♣❧❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❢r♦♠ ❡q✉❛t✐♦♥
✭✹✳✷✶✮ ❢♦r ❝r②st❛❧s ♦❢ ✈❛r②✐♥❣ ❞✐♠❡♥s✐♦♥s✳ ❲r✐t✐♥❣ ✭✹✳✷✶✮ ❡①♣❧✐❝✐t❧② ❛♥❞ ✉s✐♥❣
t❤❡ r❡s♦♥❛t♦r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭x, y, z✮ ✭s❡❡ ✜❣✉r❡ ✹✳✻✮ ✇❡ ♦❜t❛✐♥✶
gN = gs
µ❇
√
nl√
2h
√
|〈G|Sx|E〉|2
∫
S
|bx|2 dS + |〈G|Sy|E〉|2
∫
S
|by|2 dS, ✭✹✳✷✸✮
✇❤❡r❡ l ✐s t❤❡ ❝r②st❛❧ ❧❡♥❣t❤ ❛❧♦♥❣ t❤❡ r❡s♦♥❛t♦r ❞✐r❡❝t✐♦♥✳ 〈G|Sx,y|E〉 ✇✐❧❧
❝♦rr❡s♣♦♥❞ t♦ ❛ ❝❡rt❛✐♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ 〈G|SX,Y,Z |E〉 ❣✐✈❡♥ ❜② t❤❡ r♦t❛t✐♦♥ ❜❡✲
t✇❡❡♥ t❤❡ ♠♦❧❡❝✉❧❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭X,Y, Z✮ ❛♥❞ t❤❡ r❡s♦♥❛t♦r ❝♦♦r❞✐♥❛t❡
s②st❡♠ ✭x, y, z✮✳ ❆s ✇❡ ♥♦t❡❞ ❜❡❢♦r❡✱ ✇❡ s✐♠✉❧❛t❡ ♦♥❧② ❛ ❝r♦ss s❡❝t✐♦♥ s♦ t❤✐s
❞❡♣❡♥❞❡♥❝❡ ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r s♠❛❧❧ l ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡s♦♥❛t♦r ✇❛✈❡❧❡♥❣t❤
✭s❡❡ ✜❣✉r❡ ✹✳✻✮✳ ▲❛r❣❡r l ✇✐❧❧ ♦❢ ❝♦✉rs❡ ❣✐✈❡ ❧❛r❣❡r ❝♦✉♣❧✐♥❣s✱ ❜✉t ✐t ✇✐❧❧ ❛❧✇❛②s
✐♥❝r❡❛s❡ s❧♦✇❡r t❤❛♥
√
l✳
❆♥ ❛♣♣❡❛❧✐♥❣ ❛s♣❡❝t ♦❢ ♠❛♥② ❙▼▼s ❝r②st❛❧s ✭✐♥❝❧✉❞✐♥❣ t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ✐♥
t❤✐s ✇♦r❦✮ ✐s t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛①❡s ♦❢ ❛❧❧ ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ ❛❧✐❣♥❡❞
✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s ❡♥❛❜❧❡s ♦r✐❡♥t✐♥❣ t❤❡ ❝r②st❛❧ s♦ t❤❛t t❤❡ ✜❡❧❞s
❢r♦♠ t❤❡ r❡s♦♥❛t♦r ✐♥❞✉❝❡ t❤❡ ❞❡s✐r❡❞ tr❛♥s✐t✐♦♥s ❢♦r ❛❧❧ t❤❡ s♣✐♥s✳ ❈♦♠♣❛r✐♥❣
t♦ t❤❡ ❝❛s❡ ♦❢ ◆❱ ❝❡♥t❡rs✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡r❡ ❛r❡ ✹ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ❢♦r t❤❡
s♣✐♥ ❝❡♥t❡rs ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❡❛❝❤ ♦❢ t❤❡s❡ ❢♦✉r s✉❜❣r♦✉♣s ❝♦✉♣❧❡s ❞✐✛❡r❡♥t❧②
t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❊❛❝❤ s❛♠♣❧❡ ❛♥❞ ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s
❝❛♥ ♣♦t❡♥t✐❛❧❧② ❤❛✈❡ ❞✐✛❡r❡♥t ♦♣t✐♠❛❧ ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②
❛①❡s ✭X,Y, Z✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s♦♥❛t♦r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭x, y, z✮✳ ■♥ ♦✉r
s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❛①✐s ✇✐t❤ t❤❡ ❧❛r❣❡st ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①
❡❧❡♠❡♥t ♣♦✐♥ts ❛❧♦♥❣ t❤❡ x✲❛①✐s ♦❢ t❤❡ r❡s♦♥❛t♦r ✭✐✳❡✳ ❤♦r✐③♦♥t❛❧✱ s❡❡ ✜❣✉r❡s ✹✳✻
❛♥❞ ✹✳✼✮ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❧❛r❣❡st ✐s ♣❧❛❝❡❞ ❛❧♦♥❣ t❤❡ y✲❛①✐s ✭✐✳❡✳ ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ t❤❡ r❡s♦♥❛t♦r✮✳ ❚❤❡ b2X ❛♥❞ b
2
Y ✐♥t❡❣r❛❧s ❡♥t❡r✐♥❣ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✸✮ ❛r❡
❛❧♠♦st ❡q✉❛❧ ❢♦r t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr②✷ s♦ r♦t❛t✐♦♥s t❤❛t ❦❡❡♣ t❤❡ ❛①❡s ✇✐t❤
❧❛r❣❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ t❤❡ x, y r❡s♦♥❛t♦r ♣❧❛♥❡ ♣r♦❞✉❝❡ ✈❡r② s♠❛❧❧
✶❲❤❡♥ ❡①♣❛♥❞✐♥❣ t❤❡ sq✉❛r❡❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ❛ ❝r♦ss❡❞ t❡r♠ ♣r♦♣♦rt✐♦♥❛❧ t♦
∫
S
bxbydS
❛❧s♦ ❛♣♣❡❛rs✳ ❍♦✇❡✈❡r✱ s②♠♠❡tr② ❝♦♥s✐❞❡r❛t✐♦♥s ✇✐❧❧ ❢♦r❝❡ by(x, y) = −by(−x, y) ❛♥❞
bx(x, y) = bx(−x, y) ♠❛❦✐♥❣ t❤❡ ✐♥t❡❣r❛♥❞ ❛♥t✐s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s♦♥❛t♦r y
❛①✐s✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t ♦✉r ✐♥t❡❣r❛t✐♦♥ ❞♦♠❛✐♥ ✐s ❝❡♥t❡r❡❞ ♦♥ t❤✐s ❛①✐s ✇❡ ✇✐❧❧ ❤❛✈❡∫
S
bxbydS = 0 ❛♥❞ ✇❡ ❝❛♥ t❤✉s ✐❣♥♦r❡ t❤✐s t❡r♠✳
✷■❢ t❤❡ ❝❡♥t❡r❧✐♥❡ ✐s ♠❛❞❡ ✇✐❞❡r✱ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ b2X t❡r♠✳ ❚❤✐s
❝❛♥ ❜❡ ✐♥t✉✐t✐✈❡❧② ✉♥❞❡rst♦♦❞ ❜② ♥♦t✐♥❣ t❤❛t t❤❡ ✢❛tt❡r ❣❡♦♠❡tr② ✇✐❧❧ ❧❡❛✈❡ t❤❡ ✈❡rt✐❝❛❧ ✭bY ✮
✜❡❧❞s ❛r♦✉♥❞ t❤❡ ❡❞❣❡s ♠♦st❧② ✉♥❝❤❛♥❣❡❞ ✇❤✐❧❡ t❤❡② ✇✐❧❧ ♣r♦❞✉❝❡ ❤♦r✐③♦♥t❛❧ ✜❡❧❞s ✭bX✮ ✐♥
♠♦r❡ ♦❢ t❤❡ s❛♠♣❧❡ ✈♦❧✉♠❡✮
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✽✼
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Height (µm)
 Fe8 ω12        Fe8 ω13
 DPPH         NV centres
❙♣✐♥ ❞❡♥s✐t② ✭s♣✐♥s✴❝♠✸✮
❋❡✽ 5.11× 1020
❉PP❍ 2.14× 1021
◆❱ ❝❡♥t❡rs 1.1× 1018
❋❡8 ω12 ❋❡8 ω13 ❉PP❍ ◆❱ ❝❡♥tr❡s
✺✳✼✺ ●❍③ ✶✶✹✳✻ ●❍③ ✻ ●❍③ ✷✳✽✽ ●❍③
✭BY = 2.325 ❚✮ ✭BZ = 0.43 ❚✮
❋✐❣✉r❡ ✹✳✽✿ ❈♦✉♣❧✐♥❣ ♦❢ 40 ➭♠ × 40 ➭♠ × height ❙▼▼ ❛♥❞ ❞✐❛♠♦♥❞ ❝r②st❛❧s t♦ ❛
❈P❲ r❡s♦♥❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝r②st❛❧ t❤✐❝❦♥❡ss✳ ❖♥ t❤❡ ❧❡❢t ✇❡ s❤♦✇ t❤❡ t♦t❛❧
❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✇❡ s❤♦✇ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ♥♦r♠❛❧✐③❡❞ ❜②
t❤❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝②✳ ❋♦r ❡❛❝❤ s❛♠♣❧❡✱ ωij ❞❡♥♦t❡s t❤❡ tr❛♥s✐t✐♦♥ ✉s❡❞ ❛♥❞ t❤❡
♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✳ ❚❤❡ s♣✐♥ ❞❡♥s✐t✐❡s ❢♦r ❡❛❝❤
s❛♠♣❧❡ ❛r❡ ❛❧s♦ s❤♦✇♥ ❬✶✶✱ ✸✹✱ ✶✽❪✳
❝❤❛♥❣❡s t♦ t❤❡ ♦✈❡r❛❧❧ ❝♦✉♣❧✐♥❣✳ ❲❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ♦❢ ◆❱
❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞ ❝r②st❛❧s✱ ❛✈❡r❛❣✐♥❣ ♦✈❡r t❤❡ ❢♦✉r ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ♦❢
t❤❡✐r ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛①❡s✳ ■♥ ❛❧❧ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ❝r②st❛❧s
♦❢ ✜①❡❞ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤ ✭❜♦t❤ ❡q✉❛❧ t♦ 40 ➭♠✱ s❡❡ ✜❣✉r❡ ✹✳✻✮ ❛♥❞ st✉❞② ❤♦✇
gN ❞❡♣❡♥❞s ♦♥ t❤❡ ❝r②st❛❧ t❤✐❝❦♥❡ss ✭t❤✉s ❛❧s♦ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s✮✱ ❢r♦♠ 100
♥♠ ✉♣ t♦ 100 ➭♠✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❧♦✇ ❡♥♦✉❣❤ t♦ ❤❛✈❡
❛❧❧ s♣✐♥s ✐♥✐t✐❛❧✐③❡❞ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❆t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s t❤❡ s✐❣♥❛❧s
✇✐❧❧ ❜❡ ✇❡❛❦❡r ❞✉❡ t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❤✐❣❤❡r ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ t❤❡ s✐❣♥❛❧ ✇✐❧❧
❜❡ s✉♣♣r❡ss❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦❧t③♠❛♥♥ ❞✐str✐❜✉t✐♦♥✳
❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✽ ❢♦r ❋❡✽ ❛♥❞ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ ✐ts
❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s |G〉 ❛♥❞ |E〉✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ❉PP❍
✭✷✱✷✲❞✐♣❤❡♥②❧✲✶✲♣✐❝r②❧❤②❞r❛③②❧✮ ❢r❡❡ r❛❞✐❝❛❧ ❬✸✺❪ ❛s ✇❡❧❧ ❛s ❢♦r ◆❱ ❝❡♥t❡rs ✐♥
❞✐❛♠♦♥❞ ❬✸✻❪✳ ❚❤❡ ❉PP❍ s②st❡♠ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❊P❘ ❛s ❛ ❝❛❧✐❜r❛t✐♦♥
✽✽❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
s❛♠♣❧❡ s✐♥❝❡ ✐t ✐s ❛ ✈❡r② ♣✉r❡ ✐s♦tr♦♣✐❝ s♣✐♥ 1/2 s②st❡♠ ✭❛♥❛❧♦❣♦✉s t♦ t❤❡
s♣✐♥ 1/2 ✐♥ ✜❣✉r❡ ✹✳✹✮✳ ❆s ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝r②st❛❧
t❤✐❝❦♥❡ss ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❢♦r ❛❧❧ s❛♠♣❧❡s✳ ❲❡ s❡❡ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ✜rst
✐♥❝r❡❛s❡s ✇✐t❤ ❝r②st❛❧ t❤✐❝❦♥❡ss ❛♥❞ t❤❡♥ s❛t✉r❛t❡s ♦♥❝❡ t❤❡ ❝r②st❛❧ ✐s t❤✐❝❦❡r
t❤❛♥ ❛❜♦✉t 10− 15 ➭♠✳ ❚❤✐s ❜❡❤❛✈✐♦r r❡✢❡❝ts t❤❡ ❞❡❝❛② ♦❢ ~b ✇✐t❤ t❤❡ ❞✐st❛♥❝❡
y ❢r♦♠ t❤❡ r❡s♦♥❛t♦r s✉r❢❛❝❡ ❛♥❞ s❤♦✇s t❤❛t t❤❡ ✜❡❧❞s ❛r❡ ❝♦♥✜♥❡❞ t♦ ❛ ✈♦❧✉♠❡
❛r♦✉♥❞ t❤❡ ❝❡♥t❡r ❧✐♥❡ ✉♣ t♦ ❛ ❤❡✐❣❤t s✐♠✐❧❛r t♦ t❤❡ ❣❛♣ s✐③❡✳ ❖♥❧② t❤❡ s♣✐♥s
✇✐t❤✐♥ t❤✐s ✈♦❧✉♠❡ s✐❣♥✐✜❝❛♥t❧② ❝♦♥tr✐❜✉t❡ t♦ gN s✐♥❝❡ t❤❡ ✜❡❧❞s ❛r❡ ♥❡❣❧✐❣✐❜❧❡
❢✉rt❤❡r ❛✇❛②✳ ❚❤✐s ❡♠♣❤❛s✐③❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝❛r❡❢✉❧❧② ♣❧❛❝✐♥❣ t❤❡ s❛♠♣❧❡
♦♥ t♦♣ ♦❢ t❤❡ ❞❡✈✐❝❡ ✇✐t❤✐♥ t❤❡ ❛❝t✐✈❡ ✈♦❧✉♠❡✳
❲❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ r❡s♦♥❛t♦r s✐③❡✱ ❛❧t❤♦✉❣❤ t❤❡ ✜❡❧❞ str❡♥❣t❤s ✇✐❧❧ ❜❡
❧♦✇❡r s✐♥❝❡ t❤❡ ✜❡❧❞s ❛r❡ s♣r❡❛❞ ♦✈❡r ❛ ❧❛r❣❡r ✈♦❧✉♠❡✱ ❛ ❧❛r❣❡r s❛♠♣❧❡ ✈♦❧✉♠❡
✇✐❧❧ ❢❡❡❧ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♠♦r❡ s♣✐♥s ✇✐❧❧ ❝♦♥tr✐❜✉t❡✳ ❋♦r ❧❛r❣❡r ❝r②st❛❧s
♦r ✇✐t❤ s❛♠♣❧❡s ✇✐t❤ ❛♥ ❛♣♣r❡❝✐❛❜❧❡ r♦✉❣❤♥❡ss✱ ✐t ✐s t❤❡r❡❢♦r❡ ❣❡♥❡r❛❧❧② ❜❡tt❡r
t♦ ✉s❡ ❧❛r❣❡r r❡s♦♥❛t♦rs✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❜② r❡♠❡♠❜❡r✐♥❣
t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② ωr✱ t❤❡ ❡♥❡r❣② ♣❡r ♣❤♦t♦♥ ✐s ❝♦♥st❛♥t ❛♥❞ ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ t❤❡ ♠♦❞❡ ✈♦❧✉♠❡✳ ❚❤✐s ❡♥❡r❣② Eem ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
❡♥❡r❣② ❞❡♥s✐t② ❣✐✈❡♥ ❜② ❡✐t❤❡r t❤❡ ♠❛❣♥❡t✐❝ ♦r ❡❧❡❝tr✐❝ ✜❡❧❞s✿
Eem =
1
2µ0
∫
V
B2 =
1
2µ0
〈B2〉V V ✭❝♦♥st❛♥t ❢♦r ❞✐✛❡r❡♥t ❱✮. ✭✹✳✷✹✮
❋r♦♠ ✭✹✳✷✶✮ ✇❡ s❡❡ t❤❛t gN ∝
√∫
V B
2 =
√
〈B2〉V V ✱ t❤❡ s❛♠❡ ✐♥t❡❣r❛❧ ❛♣✲
♣❡❛r✐♥❣ ✐♥ Eem✱ ❛♥❞ ✇✐❧❧ ❤❡♥❝❡ ❛❧s♦ ❜❡ ❝♦♥st❛♥t ✐❢ ✇❡ ❝❤❛♥❣❡ t❤❡ ❛❝t✐✈❡ ✈♦❧✉♠❡
V ❛s ❧♦♥❣ ❛s t❤✐s ✈♦❧✉♠❡ ✐s ✜❧❧❡❞ ✇✐t❤ s♣✐♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❢♦r ♠❛♥② s♣✐♥s✱
t❤❡r❡ s❤♦✉❧❞ ❜❡ ♥♦ ❝♦✉♣❧✐♥❣ ❣❛✐♥ ✇❤❡♥ ✉s✐♥❣ s♠❛❧❧❡r r❡s♦♥❛t♦rs s✐♥❝❡ t❤❡ ❣❛✐♥
✐♥ ✜❡❧❞ ✐♥t❡♥s✐t② ✐s ♦✛s❡t ❜② t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♥❣ s♣✐♥s✳
❍♦✇❡✈❡r✱ ✉s✐♥❣ s♠❛❧❧❡r r❡s♦♥❛t♦rs ❤❛s t❤❡ ❛❞❞❡❞ ❞✐✣❝✉❧t② ♦❢ ♣❧❛❝✐♥❣ ❛♥❞ ✜①✐♥❣
t❤❡ s❛♠♣❧❡ ✇✐t❤✐♥ t❤❡ ❛❝t✐✈❡ ✈♦❧✉♠❡✳ ❚❤✐s ♠❛② ❜❡ ✐♥❡✣❝✐❡♥t ♦r ✐♠♣♦ss✐❜❧❡ ✐❢
t❤❡ s❛♠♣❧❡ ❤❛s ❤✐❣❤ r♦✉❣❤♥❡ss ✭❝♦♠♣❛r❡❞ t♦ t❤❡ ❝✐r❝✉✐t ❞✐♠❡♥s✐♦♥s✮ ♦r ✐❢ ✐t
❝❛♥ ♥♦t ❜❡ ❛❞❡q✉❛t❡❧② ❛tt❛❝❤❡❞✱ s✐♥❝❡ t❤❡r❡ ✇✐❧❧ ❜❡ ❛r❡❛s ✇✐t❤ ❤✐❣❤ ✜❡❧❞ t❤❛t
❛r❡ ♥♦t ❛❞❡q✉❛t❡❧② ✜❧❧❡❞ ❜② t❤❡ s❛♠♣❧❡✳ ■♥ ❝♦♥tr❛st✱ ❢♦r s♠❛❧❧ s❛♠♣❧❡s ✭❛❣❛✐♥
❝♦♠♣❛r❡❞ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡ ❣❛♣s✮ ♦r s✐♥❣❧❡ s♣✐♥s✱ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐❧❧ ❛❧✇❛②s ❜❡
❜❡tt❡r ❢♦r s♠❛❧❧❡r ❞❡✈✐❝❡s s✐♥❝❡ t❤❡ ♣❡❛❦ ✜❡❧❞ ✈❛❧✉❡s ❛r❡ ♠✉❝❤ ♠♦r❡ ✐♠♣♦rt❛♥t
t❤❛♥ t❤❡ ✜❡❧❞ s♣r❡❛❞✳
❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✽✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s♣❡❝✐✜❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡
❝♦✉♣❧✐♥❣ t♦ ❙▼▼ ❝r②st❛❧s ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡✱ ♠✉❝❤ ❧❛r❣❡r ✐♥❞❡❡❞ t❤❛♥ t❤❡
❝♦✉♣❧✐♥❣ t♦ ◆❱ ❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞ ❝r②st❛❧s ♦❢ ❡q✉✐✈❛❧❡♥t s✐③❡✳ ❚❤❡ ❧❛r❣❡st
❝♦✉♣❧✐♥❣s gN ≃ 2− 3 ●❍③ ❛r❡ ❢♦✉♥❞ ❢♦r tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ st❛t❡s 1 ❛♥❞ 3 ♦❢
❋❡8✳ ❨❡t✱ t❤✐s tr❛♥s✐t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✈❡r② ❤✐❣❤ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②
ω13 ≃ 114 ●❍③✳ ❱❡r② ❧❛r❣❡ ❝♦✉♣❧✐♥❣s ✭gN ≃ 0.5 ●❍③✮ ❛r❡ ❛❧s♦ ❢♦✉♥❞ ❢♦r
tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t✉♥♥❡❧ s♣❧✐t st❛t❡s ♦❢ ❡✳❣✳ ❋❡8✱ ❢♦r ✇❤✐❝❤ ω12 ❝❛♥ ❜❡ t✉♥❡❞
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✽✾
❜② ❛♣♣❧②✐♥❣ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭s❡❡ ✜❣✉r❡ ✹✳✺✮✳ ❍♦✇❡✈❡r✱ ♦♥❡ t❤❡♥
❤❛s t♦ ❞❡❛❧ ✇✐t❤ r❛t❤❡r str♦♥❣ ✭& 2 ❚✮ ❛♥❞ ✈❡r② ❛❝❝✉r❛t❡❧② ❛❧✐❣♥❡❞ ✭t②♣✐❝❛❧❧②
✇✐t❤✐♥ ❧❡ss t❤❛♥ 0.5 ❞❡❣✳✮ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭s❡❡ ✜❣✉r❡ ✹✳✺✮✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t
♠✉❝❤ ♦❢ t❤✐s ❣❛✐♥ ✐s ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ❛❝❤✐❡✈❛❜❧❡ ❞❡♥s✐t✐❡s ♦❢ ♠♦❧❡❝✉❧❛r s②st❡♠s
❛s ❝♦♠♣❛r❡❞ ✇✐t❤ ◆❱ ❝❡♥t❡rs ✭s❡❡ t❛❜❧❡ ✐♥ ✹✳✽✮✱ t❤❡ ❤✐❣❤❡r ♠❛tr✐① ❡❧❡♠❡♥ts
✭s❡❡ s❡❝t✐♦♥ ✹✳✷✳✸✮ ❛s ✇❡❧❧ ❛s t❤❡ ❤✐❣❤❡r ✈❛❝✉✉♠ ❝✉rr❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤❡r
♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ✭s❡❡ ✹✳✶✽✮✳
❚❤❡ ❝♦✉♣❧✐♥❣s ♥❡❡❞ t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ s♣✐♥ ❞❡❝♦❤❡r❡♥❝❡ ❢r❡q✉❡♥❝✐❡s ∼
1/T2✱ ✇❤❡r❡ T2 ✐s t❤❡ ♣❤❛s❡ ❝♦❤❡r❡♥❝❡ t✐♠❡✳ ❊①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ♦♥ ❝r②st❛❧s
♦❢ ❋❡8 ❬✸✼❪ s❤♦✇ t❤❛t T2 . 500 ♥s ❛t ❧✐q✉✐❞ ❤❡❧✐✉♠ t❡♠♣❡r❛t✉r❡s ❛♥❞ ✉♥❞❡r t❤❡
❜❡st ❝♦♥❞✐t✐♦♥s✱ t❤✉s ♠✉❝❤ s❤♦rt❡r t❤❛♥ T2 ∼ 1 − 2 ♠s ♦❢ ◆❱ ❝❡♥tr❡s ❬✸✻❪ ❛t
r♦♦♠ t❡♠♣❡r❛t✉r❡✳ ❙t✐❧❧✱ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❧✐♠✐t gNT2/2π ≫ 1 s❤♦✉❧❞ ❛❧s♦ ❜❡
❛❝❝❡ss✐❜❧❡ ❢♦r t❤❡s❡ ♠♦❧❡❝✉❧❛r ♠❛t❡r✐❛❧s✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r s♦♠❡ ♦❢ t❤❡ ❡①❛♠♣❧❡s
❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✹✳✽✱ gN ❝❛♥ ✐♥ ❢❛❝t ❜❡❝♦♠❡ ❛ s✐③❡❛❜❧❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r
❢r❡q✉❡♥❝②✱ t❤✉s ♦♣❡♥✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❛❝❤ ❛♥❞ ❡①♣❧♦r❡ t❤❡ ✉❧tr❛✲str♦♥❣
❝♦✉♣❧✐♥❣ ❧✐♠✐t ✇✐t❤ ❛ s♣✐♥ ❡♥s❡♠❜❧❡ ✇❤❡r❡ t❤❡ r♦t❛t✐♥❣ ✇❛✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥♦
❧♦♥❣❡r ❤♦❧❞s✳
✹✳✸✳✸ ◆❛♥♦s❝❛❧❡ r❡s♦♥❛t♦rs
❚❤❡ s✐♠✉❧❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛❧s♦ ❛❧❧♦✇ ♦♥❡ t♦ ❡st✐♠❛t❡
t❤❡ ❝♦✉♣❧✐♥❣ t♦ ❛ s✐♥❣❧❡ ❙▼▼ ❛t ❛♥② ❧♦❝❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡✈✐❝❡✳ ❋♦r ❛
♠♦❧❡❝✉❧❡ ♣❧❛❝❡❞ ✐♥ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ ❝❡♥tr❛❧ ❧✐♥❡s✱ ✇❡ ✜♥❞ t❤❛t g r❛♥❣❡s
❜❡t✇❡❡♥ 100 ❍③ ❛♥❞ ❛ ❢❡✇ ❦❍③✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r s❛♠♣❧❡✳ ◆♦t✐❝❡✱
❤♦✇❡✈❡r✱ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❡♥❤❛♥❝❡❞✱ ✉♣ t♦ ❛ ❢❛❝t♦r 5 ♦r s♦✱ ✐♥ ♥❛rr♦✇
r❡❣✐♦♥s ❝❧♦s❡ t♦ t❤❡ ❡❞❣❡s ♦❢ t❤❡s❡ ❧✐♥❡s ✭✜❣✉r❡ ✹✳✼ ❛♥❞ ✹✳✾✮✳ ❚✇♦ ❞✐st✐♥❝t✐✈❡
❛s♣❡❝ts ♦❢ ❙▼▼s✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❡❛s✐❧② ❢♦✉♥❞ ✐♥ ♦t❤❡r q✉❜✐t r❡❛❧✐③❛t✐♦♥s✱ ✐s
t❤❛t t❤❡② ❛r❡ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇✐t❤ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♦r❞❡r ♦❢ 1 ♥♠✱
t♦ ✜t ✐♥s✐❞❡ t❤❡s❡ r❡❣✐♦♥s ❛♥❞ t❤❛t t❤❡② ❝❛♥ ❜❡ ❞❡❧✐✈❡r❡❞ ❢r♦♠ ❛ s♦❧✉t✐♦♥ ✇✐t❤
✈❡r② ❤✐❣❤ s♣❛t✐❛❧ ❛❝❝✉r❛❝② ❜②✱ ❡✳❣✳ ✉s✐♥❣ t❤❡ t✐♣ ♦❢ ❛♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡
❬✸✽❪✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ♥❡❛r t❤❡ ❝❡♥tr❛❧ ❧✐♥❡ ❡❞❣❡s✱ t❤✉s ❛❧s♦ t❤❡
❝♦✉♣❧✐♥❣ t♦ ♠♦❧❡❝✉❧❡s ♦r ♠♦❧❡❝✉❧❛r ❡♥s❡♠❜❧❡s ❧♦❝❛t❡❞ ♥❡❛r t❤❡♠✱ ❝❛♥ ❜❡ ❢✉rt❤❡r
❡♥❤❛♥❝❡❞ ❜② ❢❛❜r✐❝❛t✐♥❣ ♥❛rr♦✇ ❝♦♥str✐❝t✐♦♥s✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts ✇✐t❤
❞✐♠❡♥s✐♦♥s ✇❡❧❧ ❜❡❧♦✇ 100 ♥♠ ❝❛♥ ❜❡ ❢❛❜r✐❝❛t❡❞✱ ❛♥❞ ❡✈❡♥ r❡♣❛✐r❡❞✱ ❜② ❡✐t❤❡r
❡t❝❤✐♥❣ ✇✐t❤ ❛ ❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ♦r ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ✐♦♥ ❜❡❛♠ t♦ ✐♥❞✉❝❡ t❤❡
❣r♦✇t❤ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧ ❢r♦♠ ❛ ❣❛s ♣r❡❝✉rs♦r ❬✸✾❪✳ Pr♦✈✐❞❡❞ t❤❛t
t❤❡s❡ ❝♦♥str✐❝t✐♦♥s ❛r❡ ♠✉❝❤ s❤♦rt❡r t❤❛♥ t❤❡ ♣❤♦t♦♥ ✇❛✈❡ ❧❡♥❣t❤✱ t❤❡② ❛r❡
❡①♣❡❝t❡❞ t♦ ❤❛✈❡ ✈❡r② ❧✐tt❧❡ ❡✛❡❝t ♦♥ t❤❡ ❣❡♥❡r❛❧ r❡s♦♥❛t♦r ❝❤❛r❛❝t❡r✐st✐❝s ❛s
✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ✐♥ ❝❤❛♣t❡r ✻✳
■♥ ♦r❞❡r t♦ ❡①♣❧♦r❡ t❤✐s ♣♦ss✐❜✐❧✐t②✱ ✇❡ ❤❛✈❡ r❡♣❡❛t❡❞ t❤❡ ❛❜♦✈❡ s✐♠✉❧❛t✐♦♥s
✾✵❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
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A
B
❋✐❣✉r❡ ✹✳✾✿ ●r❛♣❤ ❆ s❤♦✇s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❢♦r ❛ ♥✐♦❜✐✉♠
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ❢♦r ❞✐✛❡r❡♥t ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤s✳ ❚❤❡ ❣❡♦♠❡tr② ✐s t❤❛t ❣✐✈❡♥ ✐♥
✜❣✉r❡ ✹✳✻✳ ❚❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s ❤❛✈❡ ❜❡❡♥ ❦❡♣t ✜①❡❞ ❛♥❞ t❤❡ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤ w ❤❛s
❜❡❡♥ ❣✐✈❡♥ s❡✈❡r❛❧ ✈❛❧✉❡s✳ ❚❤❡ ♣r♦✜❧❡ ❤❛s ❜❡❡♥ t❛❦❡♥ ❛t ❛ ❤❡✐❣❤t ♦❢ ❤❛❧❢ t❤❡ t❤✐❝❦♥❡ss
♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❧❛②❡r ✭♠❛r❦❡❞ ❜② t❤❡ ❧♦✇❡r ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ✐♥s❡t✮✳ ❚❤❡ ✐♥s❡t
s❤♦✇s ❛ ✷❉ ♠❛♣ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❢♦r t❤❡ ❧❛r❣❡st ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤✳ ❚❤❡ ❛rr♦✇s
s❤♦✇ t❤❡ ❞✐♠❡♥s✐♦♥ t❤❛t ✐s ❝❤❛♥❣❡❞ ❢♦r ❡❛❝❤ ♣r♦✜❧❡✳ ❋✐❣✉r❡ ❇ s❤♦✇s ♣r♦✜❧❡s ♦❢ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ❛t t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t♦r
❧❛②❡r ✭s❤♦✇♥ ❜② t❤❡ ✉♣♣❡r ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ✐♥s❡t ✐♥ ❣r❛♣❤ ❆✮ ❢♦r t❤❡ s❛♠❡ ❝❡♥t❡r
❧✐♥❡ ✇✐❞t❤s✳
❢♦r ✈❛r②✐♥❣ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤s✱ ❞♦✇♥ t♦ 50 ♥♠✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥✲
st❛♥t✳ ❋✐❡❧❞ ❛♥❞ ❝✉rr❡♥t ♣r♦✜❧❡s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✾✳ ❲❡ t❤❡♥ ❡✈❛❧✉❛t❡ t❤❡
❝♦✉♣❧✐♥❣ t♦ ❛ s✐♥❣❧❡ ❙▼▼ ❧♦❝❛t❡❞ ❛t t❤❡ ♣♦✐♥t ♦❢ ♠❛①✐♠✉♠ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ ❝❡♥tr❡ ❧✐♥❡ ❛♥❞ ♦r✐❡♥t❡❞ ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ ♠❛①✐♠✐③❡ t❤❡ tr❛♥s✐t✐♦♥
♠❛tr✐① ❡❧❡♠❡♥t✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✶✵✳ ❚❤❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s
s❤♦✇♥ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝❡♥t❡r❧✐♥❡ ✇✐❞t❤ ❜✉t
❦❡❡♣✐♥❣ t❤❡ t♦t❛❧ ✇✐❞t❤ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s ❝♦♥st❛♥t ♦r ❜② s❝❛❧✐♥❣ ❜♦t❤
t❤❡ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤ ❛♥❞ ❣❛♣s✳ ❚❤❡ ❧❛tt❡r ❝❛s❡ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ s❤r✐♥❦✐♥❣
t❤❡ ❧✐♥❡ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧✐♥❡ ✐♠♣❡❞❛♥❝❡ ❝♦♥st❛♥t ✭s❡❡ ❝❤❛♣t❡r
✻ ❢♦r ❞❡t❛✐❧s✮✳ ❍♦✇❡✈❡r✱ ✇❡ s❡❡ ♦♥❧② ✈❡r② s♠❛❧❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦
❝❛s❡s s✐♥❝❡✱ ❛❧t❤♦✉❣❤ s❝❛❧✐♥❣ t❤❡ ✇❤♦❧❡ ❣❡♦♠❡tr② ❢✉rt❤❡r ❝♦♥✜♥❡s t❤❡ ✜❡❧❞✱ t❤❡
❛❝t✉❛❧ ♣❡❛❦ ✜❡❧❞ ✈❛❧✉❡ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ s✉❜st❛♥t✐❛❧❧② ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢♦r✲
✹✳✸✳ ❈♦✉♣❧✐♥❣ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✾✶
♠❡r ❝❛s❡✳ ❲❡ s❡❡ t❤❛t r❡❞✉❝✐♥❣ t❤❡ ✇✐❞t❤ ❢r♦♠ 14 ➭♠ t♦ 50 ♥♠ ❝❛♥ ❧❡❛❞ t♦
❡♥❤❛♥❝❡♠❡♥ts ♦❢ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✳ ❆❣❛✐♥✱ t❤❡
❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❣❡♦♠❡tr② ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ s❛♠♣❧❡s✳ ◆❱ ❝❡♥t❡rs ❤❛✈❡ ♥♦t
❜❡❡♥ ✐♥❝❧✉❞❡❞ s✐♥❝❡ ✐t ✐s t❡❝❤♥✐❝❛❧❧② ✐♥✈✐❛❜❧❡ t♦ ✐s♦❧❛t❡ ❛ s✐♥❣❧❡ ◆❱ ❝❡♥t❡r ❛♥❞
♣❧❛❝❡ ✐t ♦♥ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ s✐♥❝❡ ✐t ✐s ❛♥ ❡♥t✐t② t❤❛t ♦♥❧② ❡①✐sts ✇✐t❤✐♥ ❛
❞✐❛♠♦♥❞ ❝r②st❛❧✳
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Width (µm)
❋✐❣✉r❡ ✹✳✶✵✿ ❈♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❙▼▼ t♦ ❛ ❈P❲ r❡s♦♥❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❡♥tr❡
❧✐♥❡ ✇✐❞t❤✳ ❚❤❡ ❙▼▼ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ♣♦✐♥t ♦❢ ♠❛①✐♠✉♠ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢
t❤❡ ❝❡♥tr❡ ❧✐♥❡✳ ❋♦r ❡❛❝❤ s❛♠♣❧❡✱ ωij ❞❡♥♦t❡s t❤❡ tr❛♥s✐t✐♦♥ ✉s❡❞ ❛♥❞ t❤❡ ♦♣❡r❛t✐♥❣
❢r❡q✉❡♥❝✐❡s ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ✜❣✉r❡ ✹✳✽✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ s❝❛❧✐♥❣ ❜♦t❤ t❤❡
❝❡♥t❡r ❧✐♥❡ ❛♥❞ t❤❡ ❣❛♣s ✇❤✐❧❡ ❢♦r t❤❡ s♦❧✐❞ ❧✐♥❡ ♦♥❧② t❤❡ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤ ✇❛s s❝❛❧❡❞
✭❛♥❞ t❤❡ ❣❛♣s ✐♥❝r❡❛s❡❞ ❛❝❝♦r❞✐♥❣❧②✮✳
❚❤❡ ❛❝t✉❛❧ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✜❡❧❞ ✐s ❝❧♦s❡ t♦ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❡♥✲
t❡r❧✐♥❡ ✇❤❡r❡ t❤❡ ❤✐❣❤❡st ❝✉rr❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❡①❛❝t ❧♦❝❛t✐♦♥
✐s ❧❡ss ✐♠♣♦rt❛♥t ✇❤❡♥ t❤❡ ❝❡♥t❡r❧✐♥❡ ❝r♦ss s❡❝t✐♦♥ ❜❡❝♦♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡
▲♦♥❞♦♥ ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤ ❢♦r ♥✐♦❜✐✉♠✳ ❚❤❡ ❝✉rr❡♥ts ✐♥ t❤✐s ❧✐♠✐t ❛r❡ ❡ss❡♥✲
t✐❛❧❧② ✉♥✐❢♦r♠ ❛♥❞ t❤❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❛t s❡❡♥ ❢r♦♠ ❛ t❤✐♥
✇✐r❡✳ ❋✐❣✉r❡ ✹✳✾ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞ ✐♥t❡♥s✐t✐❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❡s
❝♦♥s✐❞❡r❡❞✳
❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❤❡r❡ ✐s t❤❛t ❛❝❤✐❡✈✐♥❣ str♦♥❣ ❝♦❤❡r❡♥t ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥✲
❣❧❡ ❙▼▼ t♦ s✉❝❤ ♥❛♥♦r❡s♦♥❛t♦rs r❡q✉✐r❡s t❤❛t t❤❛t t❤❡ ❞❡❝♦❤❡r❡♥❝❡ t✐♠❡ T2
♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡ ❣r❛❢t❡❞ t♦ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❞❡✈✐❝❡ ❝❛♥ ❜❡ ♠❛❞❡
s✐❣♥✐✜❝❛♥t❧② ❧♦♥❣❡r t❤❛♥ 10µs✳ ❉❡s♣✐t❡ t❤❡ ❧❛❝❦ ♦❢ T2 ❞❛t❛ ❢♦r tr✉❧② ✐s♦❧❛t❡❞
✾✷❈❤❛♣t❡r ✹✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts t♦ ❙♣✐♥ ◗✉❜✐ts
♠♦❧❡❝✉❧❡s✱ ✐t s❡❡♠s t❤❛t s✉❝❤ ❝♦❤❡r❡♥❝❡ t✐♠❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✉♥❞❡r ❛❞❡q✉❛t❡
❝♦♥❞✐t✐♦♥s✱ ✐✳❡✳ ❢♦r ♠♦❧❡❝✉❧❡s ❤❛✈✐♥❣ ❛ ✈❡r② ❧♦✇ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥✉❝❧❡❛r s♣✐♥s
❬✹✵❪ ❛♥❞✴♦r ❛❞❡q✉❛t❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡s ❬✹✶❪✳
■t ✐s ❛❧s♦ ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ ❤❡r❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ r❡s♦♥❛t♦rs ♦r tr❛♥s♠✐ss✐♦♥ ✇❛✈❡ ❣✉✐❞❡s t❤❛t ♠❛①✐♠✐③❡ t❤❡ ♠❛❣♥❡t✐❝
❝♦✉♣❧✐♥❣ t♦ ✈❡r② s♠❛❧❧ s♣✐♥ ❡♥s❡♠❜❧❡s✱ ♦r ❡✈❡♥t✉❛❧❧② ❡♥❛❜❧❡ ❞❡t❡❝t✐♥❣ s✐♥❣❧❡
s♣✐♥s✱ ❡①t❡♥❞s ✇❡❧❧ ❜❡②♦♥❞ t❤❡ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ r❡s❡❛r❝❤ ✜❡❧❞✳ ❋♦r ✐♥✲
st❛♥❝❡✱ t❤❡s❡ ❞❡s✐❣♥s ♠✐❣❤t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♦♥✲❝❤✐♣ ❡❧❡❝tr♦♥
♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ s♣❡❝tr♦♠❡t❡rs ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ♠❛✲
t❡r✐❛❧s ❬✹✷❪✳
✹✳✹ ❈♦♥❝❧✉s✐♦♥s✿ ✇❤② ❙▼▼s❄
❚❤❡ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❝♦♥✜r♠ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❤✐❣❤
s♣✐♥s ❛♥❞ s♣✐♥ ❞❡♥s✐t✐❡s✱ ❙▼▼s ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❛tt❛✐♥ ✈❡r② ❤✐❣❤ ❝♦✉✲
♣❧✐♥❣s ✇✐t❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❣r❡❛t ✈❛r✐❡t② ♦❢ ♠❛❣♥❡t✐❝
♠♦❧❡❝✉❧❡s ❡♥❛❜❧❡s ❛ ✈❛st ❝❤♦✐❝❡ ♦❢ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s✳ ❍♦✇❡✈❡r✱ ❢♦r ♠❛♥②
♦❢ t❤❡ ❜❡st✲❦♥♦✇♥ ❙▼▼s✱ s✉❝❤ ❛s ❋❡8 ♦r ▼♥12✱ t❤❡r❡ ❛r❡ s✐❣♥✐✜❝❛♥t ♦❜st❛❝❧❡s
t❤❛t ❝♦✉❧❞ ♣r❡✈❡♥t t❤❡✐r ✉s❡ ❛s q✉❛♥t✉♠ ❜✐ts✳ ❆❧t❤♦✉❣❤ t❤❡✐r tr❛♥s✐t✐♦♥ ♠❛tr✐①
❡❧❡♠❡♥ts ❤❛✈❡ ❧❛r❣❡ ✈❛❧✉❡s✱ t❤❡s❡ ❙▼▼s ❤❛✈❡ ❛ ✈❡r② ❧❛r❣❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②
❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡✐r ♠❛❣♥❡t✐❝ ❝♦r❡ ❝♦♥s✐sts ♦❢ ♠✉❧t✐♣❧❡ ♠❛❣♥❡t✐❝ ✐♦♥s✳
❚❤✐s ✐♥tr♦❞✉❝❡s s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❢♦r t❤❡✐r ❝♦✉♣❧✐♥❣ t♦ q✉❛♥t✉♠ ❝✐r✲
❝✉✐ts ❜② ♠❛❦✐♥❣ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ✈❡r② ❧❛r❣❡ ✭∼ 100●❍③✮ ❛♥❞ t❤❡ t✉♥♥❡❧
s♣❧✐tt✐♥❣ ∆ ✈❡r② s♠❛❧❧✳ ❚❤❡ ❤✐❣❤ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ♠❛❦❡s t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡
q✉❛♥t✉♠ ❝✐r❝✉✐ts ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t s✐♥❝❡ t❤❡ t②♣✐❝❛❧ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s
✭. 40●❍③ ❢♦r ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ . 10●❍③ ❢♦r ✢✉①✲q✉❜✐ts✮ ❛r❡ ♠✉❝❤ ❧♦✇❡r
t❤❛♥ t❤❡ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥✳ ❚❤❡ ❧♦✇ t✉♥♥❡❧ s♣❧✐tt✐♥❣
❛❧s♦ ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ✉s❡ t❤❡ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ❛s ❛ q✉❛♥t✉♠ ❜❛s✐s
s✐♥❝❡ t❤❡✐r ✉s❡ ✇♦✉❧❞ r❡q✉✐r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ str♦♥❣ ✭❛❜♦✈❡ 2 ❚✮ ❛♥❞ ✈❡r②
❛❝❝✉r❛t❡❧② ❛❧❧✐❣♥❡❞ ✭✇✐t❤✐♥ 0.5 ❞❡❣✳✮ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ❝♦♥✲
❝❧✉s✐♦♥ t❤❛t ✇❡ ♥❡❡❞ t♦ s❡❛r❝❤ ❢♦r ❙▼▼s t❤❛t ❤❛✈❡ ❧♦✇❡r ❛♥✐s♦tr♦♣② ✈❛❧✉❡s ♦r
str♦♥❣❡r t✉♥♥❡❧ s♣❧✐tt✐♥❣✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐t ✇✐❧❧ ♣r♦❜❛❜❧② ❜❡ ♠♦r❡ ❛❞❡q✉❛t❡ t♦
✇♦r❦ ✇✐t❤ ♦t❤❡r s♣❡❝✐❡s ♦❢ ❙▼▼s s✉❝❤ ❛s s✐♥❣❧❡ ✐♦♥ ♠❛❣♥❡ts ✭♠♦❧❡❝✉❧❡s ✇✐t❤
❥✉st ♦♥❡ ♠❛❣♥❡t✐❝ ✐♦♥✮ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ❛♥❞ st✉❞② ✐♥ ❝❤❛♣t❡r ✺✳
❨❡t✱ ✐t s❡❡♠s ♥❛t✉r❛❧ t♦ ✐♥q✉✐r❡ ✇❤❡t❤❡r ❙▼▼s ♠✐❣❤t ❜r✐♥❣ s♦♠❡ ♥❡✇ ♣♦s✲
s✐❜✐❧✐t✐❡s✱ ♥♦t ❡❛s✐❧② ❛❝❤✐❡✈❛❜❧❡ ✇✐t❤ ♦t❤❡r s♣✐♥ s②st❡♠s✳ ❆ ✜rst✱ q✉❛♥t✐t❛t✐✈❡
❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦✉♣❧✐♥❣s ♦❢ ❙▼▼s ❝r②st❛❧s t♦ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ r❡s♦♥❛t♦rs✳ ❚❤❡ ❝♦❧❧❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ❛tt❛✐♥s s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥s✱ ∼ 10
✪✱ ♦❢ t❤❡ ♥❛t✉r❛❧ ❝✐r❝✉✐t ❢r❡q✉❡♥❝②✱ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤♦s❡ ♦❜s❡r✈❡❞ s♦ ❢❛r ❢♦r✱
❡✳❣✳✱ ◆❱ ❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❝♦♠❜✐♥❡❞ s②st❡♠ ❡♥✲
✹✳✹✳ ❈♦♥❝❧✉s✐♦♥s✿ ✇❤② ❙▼▼s❄ ✾✸
t❡rs t❤❡ ✧✉❧tr❛✲str♦♥❣✧ ❝♦✉♣❧✐♥❣ ❧✐♠✐t✱ ♠❡❛♥✐♥❣ t❤❛t ♣❡rt✉r❜❛t✐✈❡ tr❡❛t♠❡♥ts
❛r❡ ♥♦ ❧♦♥❣❡r ❛♣♣❧✐❝❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝s✳
❋r♦♠ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❛tt❛✐♥♠❡♥t ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣
❝♦♥❞✐t✐♦♥s ♠✐❣❤t ❛❧s♦ ❝♦♥❢❡r t♦ t❤❡s❡ s②st❡♠s ✐♥t❡r❡st ❛s q✉❛♥t✉♠ ♠❡♠♦r✐❡s
❬✹✸✱ ✹✹✱ ✹✺❪✳ ❆ ♠❛❥♦r ❞✐✣❝✉❧t② ❛r✐s❡s t❤♦✉❣❤ ❢r♦♠ t❤❡ s❤♦rt ❧✐✈❡❞ s♣✐♥ ❝♦✲
❤❡r❡♥❝❡ ♦❢ t❤❡s❡ ♠♦❧❡❝✉❧❛r s②st❡♠s✳ ❉❡❝♦❤❡r❡♥❝❡ t✐♠❡s ♠❡❛s✉r❡❞ ♦♥ ❙▼▼s
❝r②st❛❧s ❬✸✼❪ ❛r❡ st✐❧❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s❤♦rt❡r t❤❛♥ t❤♦s❡ ❢♦✉♥❞ ❢♦r✱ ❡✳❣✳✱
◆❱ ❝❡♥tr❡s ❬✸✻❪✳ ❚❤❡r❡❢♦r❡✱ ❙▼▼s ❝❛♥♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s
✉♥❧❡ss ❝♦❤❡r❡♥❝❡ t✐♠❡s ❛r❡ ❡♥❤❛♥❝❡❞ s✐❣♥✐✜❝❛♥t❧②✳ ❍♦✇❡✈❡r✱ ❝❤❡♠✐str② ❛❧s♦
♣r♦✈✐❞❡s s✉✐t❛❜❧❡ ♠❡❛♥s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛✐♥ s♦✉r❝❡s ♦❢ ❞❡❝♦❤❡r❡♥❝❡✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ✐s♦t♦♣✐❝❛❧❧② ♣✉r✐✜❡❞ ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ s②♥t❤❡s✐③❡❞✱ ✐♥ ♦r❞❡r t♦ ❞❡❝r❡❛s❡
t❤❡ ♥✉♠❜❡r ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ♥✉❝❧❡❛r s♣✐♥s ❬✹✻❪✳ ❆❧s♦✱ ❞❡❝♦❤❡r❡♥❝❡ ❝❛✉s❡❞ ❜②
♥✉❝❧❡❛r s♣✐♥ ❞✐✛✉s✐♦♥ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ✉s✐♥❣ s✉✣❝✐❡♥t❧② r✐❣✐❞ ❧✐❣❛♥❞ ♠♦❧❡❝✉❧❡s
❬✹✵❪✳ P❛✐r✇✐s❡ ❞❡❝♦❤❡r❡♥❝❡ ❝❛✉s❡❞ ❜② ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ❬✹✼❪ ❝❛♥ ❜❡ r❡❞✉❝❡❞
❜② ❡✐t❤❡r ❞✐ss♦❧✈✐♥❣ t❤❡ ♠♦❧❡❝✉❧❡s ✐♥ ❛♣♣r♦♣r✐❛t❡ s♦❧✈❡♥ts ❬✹✵✱ ✹✻✱ ✹✽✱ ✹✾❪ ♦r ❜②
❣r♦✇✐♥❣ ❝r②st❛❧s ✐♥ ✇❤✐❝❤ ❛ ❢r❛❝t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡s ✐s r❡♣❧❛❝❡❞ ❜② ♥♦♥♠❛❣♥❡t✐❝
♦♥❡s ❬✺✵❪✳ ❲♦r❦✐♥❣ ✇✐t❤ ♠❛❣♥❡t✐❝❛❧❧② ❞✐❧✉t❡❞ s❛♠♣❧❡s ❤❛s✱ ❤♦✇❡✈❡r✱ ❛ ❝♦st
✐♥ t❡r♠s ♦❢ ❝♦✉♣❧✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❛ ❣❛✐♥ ✐♥ ♣❡r❢♦r♠❛♥❝❡ ✭✐✳❡✳ ❛ ♥❡t ❡♥❤❛♥❝❡✲
♠❡♥t ♦❢ gNT2/2π✮ ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ♣r♦✈✐❞❡❞ t❤❛t T2 ❣r♦✇s ❢❛st❡r t❤❛♥
1/
√
(N)✱ ❛ ❝♦♥❞✐t✐♦♥ t❤❛t s❡❡♠s t♦ ❤♦❧❞ ✐♥ t❤❡ ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡ ❧✐♠✐t
kBT ≪ ~ω✱ ✇❤❡♥ ♠❛❣♥♦♥✲♠❡❞✐❛t❡❞ ❞❡❝♦❤❡r❡♥❝❡ ✐s ❡①♣❡❝t❡❞ t♦ ❞♦♠✐♥❛t❡ ❬✹✼❪✳
❋♦r ❛ ❣✐✈❡♥ s♣✐♥ ❞❡♥s✐t②✱ t❤❡ str❡♥❣t❤ ♦❢ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ❛❧s♦ ❞❡❝r❡❛s❡s
✇✐t❤ S✱ t❤✉s ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ✇♦r❦✐♥❣ ✇✐t❤ ❧♦✇✲s♣✐♥ ♠♦❧❡❝✉❧❡s✱ ❡✳❣✳ s✐♥✲
❣❧❡ ✐♦♥ ♠❛❣♥❡ts ❝♦♥t❛✐♥✐♥❣ ❧✐❣❤t❡r ❧❛♥t❤❛♥✐❞❡ ✐♦♥s ✭❈❡3+✱❙♠3+✱ ♦r ●❞3+✮ ♦r
S = 1/2 ♠♦❧❡❝✉❧❡s✱ ❡✳❣✳ ♣❛r❛♠❛❣♥❡t✐❝ r❛❞✐❝❛❧s ❬✺✶✱ ✺✷❪✱ ❈r7◆✐ ♠♦❧❡❝✉❧❛r r✐♥❣s
❬✸✱ ✹✵✱ ✹✻❪ ♦r ❈✉ ❝♦♠♣❧❡①❡s ❬✹✶❪✳ ❚❤❡ ♠❛t❡r✐❛❧ ♦❢ ❝❤♦✐❝❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❧❛r❣❡❧②
❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ❛tt❛✐♥♠❡♥t ♦❢ ❛♥ ♦♣t✐♠✉♠ tr❛❞❡♦✛ ❜❡t✇❡❡♥ ♠❛①✐♠✐③✐♥❣ gN
❛♥❞ T2✳
❇✉t ♣r♦❜❛❜❧② t❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ ❙▼▼s ✐s t❤❛t t❤❡② ❛r❡ ❛❧s♦ q✉❛❧✐t❛t✐✈❡❧②
❞✐✛❡r❡♥t t♦ ♠♦st ♦t❤❡r s♣✐♥ s②st❡♠s ✐♥ t❤❛t t❤❡② ❝❛♥ ❜❡ ❝❤❡♠✐❝❛❧❧② ❡♥❣✐♥❡❡r❡❞
t♦ ❢✉❧✜❧❧ ✈❡r② ❞✐✈❡rs❡ ❢✉♥❝t✐♦♥❛❧✐t✐❡s✳ ❘❡str✐❝t✐♥❣ ♦✉rs❡❧✈❡s t♦ t❤❡ ✜❡❧❞ ♦❢ q✉❛♥✲
t✉♠ ✐♥❢♦r♠❛t✐♦♥✱ ♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ ♠✉❝❤ ♠♦r❡ t❤❛♥ s✐♥❣❧❡ s♣✐♥ q✉❜✐ts
❬✺✸✱ ✸❪✳ ❙♦♠❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡s ❬✺✹✱ ✺✺✱ ✺✻❪ ❡♠❜♦❞② s❡✈❡r❛❧ ✇❡❛❦❧② ❝♦✉♣❧❡❞✱
♦r ❡♥t❛♥❣❧❡❞✱ q✉❜✐ts ✇❤✐❝❤ ❝❛♥ ♣r♦✈✐❞❡ r❡❛❧✐③❛t✐♦♥s ♦❢ ❡❧❡♠❡♥t❛r② q✉❛♥t✉♠
❣❛t❡s ❬✺✼❪ ♦r ❛❝t ❛s q✉❛♥t✉♠ s✐♠✉❧❛t♦rs ❬✺✽❪✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡✐r ♠✉❧t✐❧❡✈❡❧ ♠❛❣✲
♥❡t✐❝ ❡♥❡r❣② str✉❝t✉r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ♠✉❧t✐♣❧❡ q✉❜✐t st❛t❡s ♦r ❡✈❡♥ t♦
♣❡r❢♦r♠ q✉❛♥t✉♠ ❛❧❣♦r✐t❤♠s ❬✶❪✳ ❈♦✉♣❧✐♥❣ t♦ q✉❛♥t✉♠ ❝✐r❝✉✐ts ❝❛♥ ♣r♦✈✐❞❡ ❛
♠❡t❤♦❞ t♦ ❡①♣❡r✐♠❡♥t❛❧❧② r❡❛❧✐③❡ t❤❡s❡ ❛♠❜✐t✐♦✉s ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ❜✉✐❧❞ ❛r✲
❝❤✐t❡❝t✉r❡s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ ✜❣✉r❡ ✸✳✻✱ ♣r♦✈✐❞❡❞ t❤❛t ♦♥❡ ✐s ❛❜❧❡
t♦ str♦♥❣❧② ❝♦✉♣❧❡✱ ❛♥❞ t❤✉s ❝♦❤❡r❡♥t❧② ♠❛♥✐♣✉❧❛t❡ ❛♥❞ r❡❛❞✲♦✉t✱ ✐♥❞✐✈✐❞✉❛❧
♠♦❧❡❝✉❧❡s✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ❢❛❝t t❤❛t ♠♦st ❙▼▼s ❛r❡ st❛❜❧❡ ✐♥ s♦❧✉t✐♦♥
✾✹ ❘❊❋❊❘❊◆❈❊❙
♦♣❡♥s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❞❡♣♦s✐t t❤❡♠✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♠♦♥♦❧❛②❡rs ♦r ❡✈❡♥ ✐♥✲
❞✐✈✐❞✉❛❧❧②✱ ♦♥t♦ s♦❧✐❞ s✉❜str❛t❡s ❬✺✾❪ ♦r ❛t s♣❡❝✐✜❝ ❧♦❝❛t✐♦♥s ♦❢ ❛ ❣✐✈❡♥ ❞❡✈✐❝❡
t❤❛t ♠❛①✐♠✐③❡ g ❬✸✽✱ ✻✵❪✳ ❖✉r s✐♠✉❧❛t✐♦♥s s❤♦✇ ❛❧s♦ t❤❛t ✐t ✐s t❤❡♥ ♣♦ss✐❜❧❡
t♦ r❡❛❝❤ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r ❝♦✉♣❧✐♥❣s g✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢✉rt❤❡r ❡♥❤❛♥❝❡❞ ✭✉♣
t♦ g/2π ∼ 100 − 200 ❦❍③✱ s❡❡ ✜❣✉r❡ ✹✳✶✵✮ ❜② t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ♥❛rr♦✇ ❝♦♥✲
str✐❝t✐♦♥s ✐♥ t❤❡ ❝❡♥tr❡ ❧✐♥❡ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♥❛♥♦r❡s♦♥❛t♦rs✳ ❚❤❡s❡ r❡s✉❧ts
s✉❣❣❡st t❤❛t t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❧✐♠✐t ✐s ❛tt❛✐♥❛❜❧❡ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s✱
✉s✐♥❣ st❛t❡✲♦❢✲t❤❡ ❛rt t❡❝❤♥♦❧♦❣✐❡s✱ ♣r♦✈✐❞❡❞ t❤❛t ❞❡❝♦❤❡r❡♥❝❡ t✐♠❡s ❝❛♥ ❜❡
♠❛❞❡ ❧♦♥❣❡r t❤❛♥ 10−20µs✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡s
❬✹✵✱ ✹✻❪✱ t❤✐s ❧✐♠✐t✱ t❤✉s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s ❜❛s❡❞ ♦♥ ❙▼▼s
❝♦✉♣❧❡❞ t♦ q✉❛♥t✉♠ ❝✐r❝✉✐ts✱ s❡❡♠s ❞❡✜♥✐t❡❧② ✇✐t❤✐♥ r❡❛❝❤✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✇❡ ✇✐❧❧ ❢✉rt❤❡r ❡①♣❧♦r❡ ✐❢ t❤❡s❡ ♦❜❥❡❝t✐✈❡s ❛r❡
❢❡❛s✐❜❧❡ ❜② s❡❛r❝❤✐♥❣ ❢♦r ❜❡tt❡r q✉❜✐ts ✭❝❤❛♣t❡r ✺✮ ❛♥❞ ✐♥✈❡st✐❣❛t✐♥❣ ♦♣t✐♠✐③❡❞
❝✐r❝✉✐t ❛r❝❤✐t❡❝t✉r❡s ✭❝❤❛♣t❡r ✻✮✳
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✾✽✱ ✷✺✶✶✵✽ ✭✷✵✶✶✮✳
❬✺✸❪ ❋✳ ▼❡✐❡r✱ ❏✳ ▲❡✈②✱ ❛♥❞ ❉✳ ▲♦ss✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✾✵✱ ✵✹✼✾✵✶ ✭✷✵✵✸✮✳
❬✺✹❪ ●✳ ❆✳ ❚✐♠❝♦ ❡t ❛❧✳✱ ◆❛t✉r❡ ◆❛♥♦t❡❝❤♥♦❧♦❣② ✹✱ ✶✼✸ ✭✷✵✵✾✮✳
❬✺✺❪ ❆✳ ❈❛♥❞✐♥✐ ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✶✵✹✱ ✵✸✼✷✵✸ ✭✷✵✶✵✮✳
❬✺✻❪ ●✳ ❆r♦♠í✱ ❉✳ ❆❣✉✐❧à✱ P✳ ●❛♠❡③✱ ❋✳ ▲✉✐s✱ ❛♥❞ ❖✳ ❘♦✉❜❡❛✉✱ ❈❤❡♠✐❝❛❧
❙♦❝✐❡t② ❘❡✈✐❡✇s ✹✶✱ ✺✸✼ ✭✷✵✶✷✮✳
❬✺✼❪ ❋✳ ▲✉✐s ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✶✵✼✱ ✶✶✼✷✵✸ ✭✷✵✶✶✮✳
❬✺✽❪ P✳ ❙❛♥t✐♥✐✱ ❙✳ ❈❛rr❡tt❛✱ ❋✳ ❚r♦✐❛♥✐✱ ❛♥❞ ●✳ ❆♠♦r❡tt✐✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇
▲❡tt❡rs ✶✵✼✱ ✷✸✵✺✵✷ ✭✷✵✶✶✮✳
❬✺✾❪ ▼✳ ▼❛♥♥✐♥✐ ❡t ❛❧✳✱ ◆❛t✉r❡ ✹✻✽✱ ✹✶✼ ✭✷✵✶✵✮✳
❬✻✵❪ ▼✳ ❯r❞❛♠♣✐❧❧❡t❛✱ ❙✳ ❑❧②❛ts❦❛②❛✱ ❏✳✲P✳ ❈❧❡✉③✐♦✉✱ ▼✳ ❘✉❜❡♥✱ ❛♥❞❲✳ ❲❡r♥s✲
❞♦r❢❡r✱ ◆❛t✉r❡ ▼❛t❡r✐❛❧s ✶✵✱ ✺✵✷ ✭✷✵✶✶✮✳

❈❤❛♣t❡r ✺
❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
✺✳✶ ■♥tr♦❞✉❝t✐♦♥
■♥ ❝❤❛♣t❡r ✹ ✇❡ ♦✉♥❞ t❤❛t ❝❧❛ss✐❝❛❧ ❙▼▼s ✭s✉❝❤ ❛s ❋❡✽ ❬✶❪✮ ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧②
❝♦✉♣❧❡ str♦♥❣❧② t♦ ❝✐r❝✉✐t ◗❊❉ s②st❡♠s ❛♥❞ ❤❛✈❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ❛❧s♦ ❢♦✉♥❞ t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
q✉❜✐t ❜❛s✐s✱ t❤❡r❡ ❛r❡ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s t❤❛t ❛r❡ ❞❡s✐r❛❜❧❡ ✐♥ ❛ s♣✐♥ s②st❡♠✳
■❢ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ✉s❡❞✱ ❛♥ ❙▼▼ ✇✐t❤ ❛ r❡❧❛t✐✈❡❧② ❧♦✇
❛♥✐s♦tr♦♣② ✐s ❞❡s✐r❡❞ t♦ ❦❡❡♣ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ✐♥ ❛ ❝♦♠❢♦rt❛❜❧❡ r❛♥❣❡
✭s❡❝t✐♦♥ ✹✳✷✳✸✮✳ ■❢✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ✉s❡❞✱ t❤❡
t✉♥♥❡❧ s♣❧✐tt✐♥❣ ♠✉st ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♠❛❦❡ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts r❡s✐st❛♥t t♦
♣❡rt✉❜❛t✐♦♥s s✉❝❤ ❛s ❞✐♣♦❧❛r ❛♥❞ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s ❛♥❞ t♦ t❤❡ ✉♥❛✈♦✐❞❛❜❧❡
♠❛❣♥❡t✐❝ ✜❡❧❞s r❡q✉✐r❡❞ t♦ t✉♥❡ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐t✳
■♥ ♦r❞❡r t♦ ❛❞❞r❡ss t❤❡s❡ t✇♦ ♣♦✐♥ts✱ ✇❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ s♣❡✲
❝✐✜❝ ❢❛♠✐❧② ♦❢ ❙▼▼s ❦♥♦✇♥ ❛s s✐♥❣❧❡ ✐♦♥ ♠❛❣♥❡ts ✭❙■▼s✮ ❬✷✱ ✸✱ ✹✱ ✺❪✳ ❚❤❡s❡
t②♣❡s ♦❢ ♠♦❧❡❝✉❧❡s ❛r❡ ♣♦❧②♦①♦♠❡t❛❧❛t❡s ✭P❖▼s✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❧❛♥✲
t❤❛♥♦✐❞ ✐♦♥ ❡♥❝❛s❡❞ ✐♥ ❛ ♠❡t❛❧ ♦①✐❞❡ str✉❝t✉r❡ t❤❛t ❢♦r♠ ♠♦❧❡❝✉❧❛r ❝r②st❛❧s✳
❚❤✐s ✹❢✲♠❛❣♥❡t✐❝ ✐♦♥ ✐s s✉❜❥❡❝t❡❞ t♦ ❛ ❝r②st❛❧ ✜❡❧❞ ❣✐✈❡♥ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥
✇✐t❤ s✉rr♦✉♥❞✐♥❣ ❧✐❣❛♥❞s t❤❛t ♠♦❞✐✜❡s t❤❡ ❢r❡❡✲✐♦♥ ❛♥✐s♦tr♦♣②✳ ❇② ❝❤♦♦s✐♥❣
❛♥ ❛❞❡q✉❛t❡ ❧✐❣❛♥❞ str✉❝t✉r❡ ❛♥❞ ✐♦♥✱ t❤❡s❡ ❝♦♠♣❧❡①❡s ❛❧❧♦✇ ❛ r❛t✐♦♥❛❧ ❞❡s✐❣♥
♦❢ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡
s②st❡♠ t♦ ❢✉❧✜❧❧ ❡✐t❤❡r ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡✐r
❛♣♣❧✐❝❛t✐♦♥ ❛s s♣✐♥ q✉❜✐ts✳ ❆❧s♦✱ ❛ ❝r②st❛❧ ♦r ♣♦✇❞❡r s❛♠♣❧❡ ❝❛♥ ❜❡ ♠❛❣♥❡t✐✲
❝❛❧❧② ❞✐❧✉t❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❧❛♥t❤❛♥✐❞❡ ✐♦♥ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✇✐t❤
❛ ♥♦♥✲♠❛❣♥❡t✐❝ ❨ ✐♦♥✳ ❚❤✐s ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♦✈❡r❛❧❧ ❝r②st❛❧ str✉❝t✉r❡ ❛♥❞
❛❧❧♦✇s ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ♥❡✐❣❤❜♦r✐♥❣ ♠♦❧❡❝✉❧❡s✱
t❤✉s ❡♥❤❛♥❝✐♥❣ t❤❡ q✉❛♥t✉♠ s♣✐♥ ❝♦❤❡r❡♥❝❡✳
✶✵✵ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
A
K12LnW30O110·nH2O
(LnW30)
Ln = Y, Gd, Tb, Dy, Ho, Er, Tm, Yb
B
Na9LnW10O36·nH2O
(LnW10)
❋✐❣✉r❡ ✺✳✶✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ❣❡♥❡r✐❝ ▲♥❲✸✵ ✭❆✮ ❛♥❞ ▲♥❲✶✵ ✭❇✮ ❝♦♠♣♦✉♥❞s✳
❖♥❧② t❤❡ ❝❡♥tr❛❧ ❧❛♥t❤❛♥✐❞❡ ✐♦♥ ❛♥❞ t❤❡ ❲ s❤❡❧❧ ❛t♦♠s ❛r❡ s❤♦✇♥ ❢♦r ✈✐s✐❜✐❧✐t②✳ ❚❤❡
▲♥ ✐♦♥ ❝❛♥ ❜❡ ❛♥② ❧❛♥t❤❛♥✐❞❡✳ ❚❤❡ ▲♥❲✸✵ ❝❛s❡ ❛❧s♦ s❤♦✇s t❤❡ ✜✈❡✲❢♦❧❞ ❝♦♦r❞✐♥❛t✐♦♥
s②♠♠❡tr② str✉❝t✉r❡ ♦❢ t❤❡ ❧✐❣❛♥❞s✳
■❢ ❛♥ ✐♥tr✐♥s✐❝❛❧❧② ✐s♦tr♦♣✐❝ ✐♦♥ s✉❝❤ ❛s✱ ●❞✸✰✱ ✐s ❝❤♦s❡♥✱ t❤❡ ♠❛❣♥❡t✐❝
❛♥✐s♦tr♦♣②✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♣❛r❛♠❡t❡r B02 ✱ ✇✐❧❧ ❜❡ ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t✐♦♥✳ ❋✐❣✉r❡ ✺✳✶ s❤♦✇s t✇♦ ♣♦ss✐❜❧❡ str✉❝t✉r❡s ❛♥❞ t❤❡✐r
❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r✐❝ ❢♦r♠✉❧❛s✳ ❚❤❡ ❛①✐❛❧ ●❞❲✶✵ str✉❝t✉r❡ ✐♥❞✉❝❡s ❧❛r❣❡r
❛♥✐s♦tr♦♣② ✈❛❧✉❡s ✇❤✐❧❡ t❤❡ ●❞❲✸✵ ✐s ♠♦r❡ ♣❧❛♥❛r ❛♥❞ r❡s✉❧ts ✐♥ ❛ ❧♦✇❡r B
0
2
✈❛❧✉❡✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❢♦r ❜♦t❤ ♠♦❧❡❝✉❧❡s ✇❡r❡ ♣r❡✈✐♦✉s❧② ❞❡t❡r✲
♠✐♥❡❞ ❢r♦♠ ♣♦✇❞❡r ❊P❘ ❡①♣❡r✐♠❡♥ts ✐♥ ❬✺❪✳ ❆❧❧ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ❢♦✉♥❞
t♦ ❜❡ ✇✐t❤✐♥ 1❑✱ t❤✉s ♠❛❦✐♥❣ ✐t ❛♥ ✐♥t❡r❡st✐♥❣ s♣✐♥ q✉❜✐t ❝❛♥❞✐❞❛t❡ s✐♥❝❡ ❛❧❧
❧❡✈❡❧s ❛r❡ ❛❝❝❡ss✐❜❧❡ ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s✳ ■♥ s❡❝t✐♦♥ ✺✳✷
✇❡ ✇✐❧❧ st✉❞② t❤✐s ♠♦❧❡❝✉❧❡ ❜♦t❤ ✐♥ ♣♦✇❞❡r ❛♥❞ ✐♥ ❝r②st❛❧❧✐♥❡ ❢♦r♠ t♦ r❡✜♥❡
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ✜♥❞ t❤❡ ♠❛❣♥❡t✐❝ s②st❡♠ ❛♥✐s♦tr♦♣② ❛①❡s
r❡❧❛t✐✈❡ t♦ t❤❡ ❝r②st❛❧ str✉❝t✉r❡ ❛♥❞ t❡st ✐ts ✈✐❛❜✐❧✐t② ❛s ❛ s♣✐♥ q✉❜✐t✳ ❆❧s♦✱
♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❝♦❤❡r❡♥❝❡ t✐♠❡ ✉s✐♥❣ ♣✉❧s❡❞ ❊P❘ ♠❡t❤♦❞s ❛r❡ ♣r❡s❡♥t❡❞✳
❆❞❡q✉❛t❡ s②♠♠❡tr✐❡s ✐♥ t❤❡ ❧✐❣❛♥❞ str✉❝t✉r❡ ❝❛♥ ❛❧s♦ ❧❡❛❞ t♦ ✈❡r② ❤✐❣❤ t✉♥✲
♥❡❧ s♣❧✐tt✐♥❣ t❡r♠s ✐♥ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▲♥❲✸✵ str✉❝t✉r❡
❤❛s ❛♥ ✉♥✉s✉❛❧ ✺✲❢♦❧❞ s②♠♠❡tr② str✉❝t✉r❡ t❤❛t ❣✐✈❡s r✐s❡ t♦ B56O
5
6 t❡r♠s ✐♥ t❤❡
❝r②st❛❧ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡s❡ t❡r♠s ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ✈❡r②
❧❛r❣❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ✐❢ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ✐♦♥ ✐s | ± 5〉✱ s✐♥❝❡ O56 ❝♦♥t❛✐♥s
t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ (S±)5 t❤❛t ❝❛♥ ❝♦♥♥❡❝t t❤❡s❡ st❛t❡s ✐♥ ♦♥❧② t✇♦ st❡♣s✳
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9.475 GHz
❋✐❣✉r❡ ✺✳✷✿ ●❞❲✸✵ P♦✇❞❡r ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛ ✭9.475●❍③✮ ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛✲
t✉r❡s✳ ❈❤❛♥❣❡s ✐♥ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛r❡ ❡✈✐❞❡♥❝❡❞ ❜②
t❤❡ s♣❡❝tr✉♠ ❝❤❛♥❣❡s✳
❲❡ t❤❡r❡❢♦r❡ ❡①♣❡❝t t❤❡ ❚❜❲✸✵ ♠♦❧❡❝✉❧❡ t♦ ❤❛✈❡ ❝❧❡❛r❧② s❡♣❛r❛t❡❞ t✉♥♥❡❧ s♣❧✐t
❡♥❡r❣② ❧❡✈❡❧s✳ ❙❡❝t✐♦♥ ✺✳✸ ✇✐❧❧ ❜❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ♦♥
t❤✐s s❛♠♣❧❡ ✐♥ ♦r❞❡r t♦ ❝♦♥✜r♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐s ❧❛r❣❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ❛♥❞✱
t❤❡r❡❢♦r❡✱ ✐ts ♣♦t❡♥t✐❛❧ ❛s ❛ r♦❜✉st s♣✐♥ q✉❜✐t✳
■♥ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝❤❛♣t❡r ✭s❡❝t✐♦♥ ✺✳✹✮ ✇❡ ✇✐❧❧ ❡✈❛❧✉❛t❡ t❤❡ ❝♦✉♣❧✐♥❣s
❡①♣❡❝t❡❞ ❢♦r ❙■▼s t♦ ❈P❲ r❡s♦♥❛t♦rs ✭✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝♦♥str✐❝t✐♦♥s✮ ❛♥❞
❝♦♠♣❛r❡ t❤❡♠ t♦ t❤♦s❡ ❢♦✉♥❞ ♦t❤❡r s♣✐♥ s②st❡♠s ❛♥❞ ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ❙▼▼s
✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✳ ❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ✺✳✺ s✉♠✲
♠❛r✐③❡s ♦✉r ❝♦♥❝❧✉s✐♦♥s ❢♦r t❤✐s ❝❤❛♣t❡r✳
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■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❙■▼ s❛♠♣❧❡ ❑✶✷●❞P✺❲✸✵❖✶✶✵ ✭r❡❢❡rr❡❞
t♦ ❛s ●❞❲✸✵✮✳ ■ts ❜❛s✐❝ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❛t s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳✶❇✳ ❚❤❡ ●❞✸✰ ✐♦♥ ❤❛s s♣✐♥ 7/2 ❛♥❞ ❛♥ ✐s♦tr♦♣✐❝ ❣②r♦♠❛❣♥❡t✐❝ ❣✲❢❛❝t♦r
gS = 1.99✳ ■ts ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ✐s MGdW
30
= 8058.25 ❣♠♦❧−1✳ ❈r②st❛❧s ♦❢
t❤✐s ❝♦♠♣♦✉♥❞ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ ❛♥ ♦✈❡r✲s❛t✉r❛t❡❞ s♦❧✉t✐♦♥ ✐♥ ❞❡✐♦♥✐③❡❞
✶✵✷ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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T = 10❑ T = 295❑ T = 10❑ ✭❢r♦♠ ❬✺❪✮
B02 427▼❍③ 400▼❍③ 396▼❍③
B22 294▼❍③ 86▼❍③ 396▼❍③
∆B02 110▼❍③ ✲ ✲
∆B22 224▼❍③ ✲ ✲
w 3.0♠❚ 12.1♠❚ ✲
❋✐❣✉r❡ ✺✳✸✿ ▼❡❛s✉r❡❞ ❛♥❞ ❊❛s②❙♣✐♥ s✐♠✉❧❛t❡❞ s♣❡❝tr❛ ❢♦r 10❑ ❛♥❞ r♦♦♠ t❡♠♣❡r❛t✉r❡
✭295❑✮ ❳✲❜❛♥❞ ❝✇✲❊P❘ ❡①♣❡r✐♠❡♥ts ♦♥ ●❞❲✸✵ ♣♦✇❞❡r✳ ❚❤❡ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs ♣r♦✲
✈✐❞❡ r❡❛s♦♥❛❜❧② ❣♦♦❞ ✜ts t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❚❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝tr✉♠
r❡q✉✐❡r❡❞ str❛✐♥s ✐♥ B02 ❛♥❞ B
2
2 ✭∆B
j
i ✮ ❛s ✇❡❧❧ ❛s ❛♥ ❡q✉❛❧ ♣❡❛❦ t♦ ♣❡❛❦ ❧✐♥❡✇✐❞t❤ w✳
❈♦♥s✐❞❡r❛❜❧❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ♦❜s❡r✈❡❞ ❢r♦♠ r♦♦♠ t❡♠♣❡r❛t✉r❡ t♦ ❧♦✇
t❡♠♣❡r❛t✉r❡✳
✇❛t❡r ❛♥❞ ❛❧❧♦✇✐♥❣ t❤❡ ♠✐①t✉r❡ t♦ s❡t ♦✈❡r♥✐❣❤t✳ ❚❤❡ ❝r②st❛❧s ❣r♦✇ ✉♣ t♦ ❛
❢❡✇ ♠✐❧❧✐♠❡t❡rs ✐♥ s✐③❡✳
✺✳✷✳✶ P♦✇❞❡r ❝✇✲❊P❘ ❡①♣❡r✐♠❡♥ts✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣✐❡s
❋♦r ❛♥ ✐♥✐t✐❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs✱ ❳✲
❜❛♥❞ ❝✇✲❊P❘ ✭s❡❡ s❡❝t✐♦♥ ✷✳✷✳✶✮ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ♣♦✇❞❡r s❛♠✲
♣❧❡s✳ ❉✐❧✉t❡❞ ❨✶✲①●❞①❲✸✵ ❝r②st❛❧s✱ ✇✐t❤ x = 0.01✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ♦✈❡r✲
s❛t✉r❛t❡❞ s♦❧✉t✐♦♥ ❛r❡ ❣r♦✉♥❞ t♦ ♣♦✇❞❡r ❛♥❞ t❤❡♥ ♣❧❛❝❡❞ ✐♥t♦ ❛ q✉❛rt③ ❊P❘
t✉❜❡ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷ ✇❤❡r❡
✇❡ s❡❡ ❝❤❛♥❣❡s ✐♥ t❤❡ s♣❡❝tr✉♠ ❢♦r ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥t❛❧ t❡♠♣❡r❛t✉r❡s✳
❋r♦♠ ♣r❡✈✐♦✉s st✉❞✐❡s ❬✺❪ ✇❡ ❡①♣❡❝t t❤✐s s❛♠♣❧❡ t♦ ❤❛✈❡ ❝♦♥tr✐❜✉t✐♦♥s t♦
B02O
0
2 ❛♥❞ B
2
2O
2
2 t❡r♠s ❢r♦♠ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ✭✹✳✻✮ ✇✐t❤ ♥♦ ♦t❤❡r
❤✐❣❤❡r ♦r❞❡r t❡r♠s ♣❧❛②✐♥❣ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ❚❤❡ ✈❛❧✉❡s r❡♣♦rt❡❞ ♣r❡✈✐♦✉s❧②
✐♥ ❬✺❪ ✇❡r❡ B02 = B
2
2 = 0.019❑ = 396▼❍③ ❛t T = 10❑✳ ❯s✐♥❣ ❊❛s②❙♣✐♥
❬✻❪✱ ✇❡ ✜t t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ❛♥❞ 10❑ t♦ t❤✐s t②♣❡
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♦❢ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② t❤❡s❡ t✇♦ t❡r♠s ❛♥❞ ❛ ❝♦♠♠♦♥ tr❛♥s✐t✐♦♥ ❧✐♥❡
✇✐❞t❤ ✭w✱ ♣❡❛❦ t♦ ♣❡❛❦✮✳ ❚❤❡s❡ t❤r❡❡ ♣❛r❛♠❡t❡rs ❛r❡ s✉✣❝✐❡♥t t♦ ♣r♦✈✐❞❡
❛ r❡❛s♦♥❛❜❧❡ ✜t ❢♦r t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡ s♣❡❝tr✉♠✳ ❍♦✇❡✈❡r✱ r❡♣r♦❞✉❝✐♥❣
t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝tr✉♠ ❛❧s♦ r❡q✉✐r❡s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ str❛✐♥s ✐♥ B02 ❛♥❞
B22 t♦ r❡♣r♦❞✉❝❡ t❤❡ s♣❡❝tr✉♠ ✭r❡❢❡rr❡❞ t♦ ❛s ∆B
j
i ✮✳ ❚❤❡ ✜ts ❛♥❞ t❤❡ ✈❛❧✉❡s
♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✸✳ ❋♦r ♦✉r s✉❜s❡q✉❡♥t
s✐♠✉❧❛t✐♦♥s ✇❡ ✇✐❧❧ ✉s❡ ♦✉r ✜tt❡❞ ✈❛❧✉❡s ❢♦r 10❑✳ ❚❤❡s❡ ✈❛❧✉❡s ❛❧s♦ ❞✐✛❡r
❢r♦♠ t❤❡ ✈❛❧✉❡s r❡♣♦rt❡❞ ✐♥ ❬✺❪ ❛❧t❤♦✉❣❤ ♥♦t r❛❞✐❝❛❧❧②✳ ❚❤❡ s♦♠❡✇❤❛t ❧❛r❣❡
t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❤✐❣❤ str❛✐♥ ✈❛❧✉❡s ❝♦✉❧❞
❜❡ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ s✐③❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✭♦✈❡r ✶✺✵ ❛t♦♠s✮✳ ■t ♠❛② ❜❡ t❤❡
❝❛s❡ t❤❛t✱ ✇❤❡♥ ❝♦♦❧✐♥❣✱ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✐s str❛✐♥❡❞ ✐♥ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛②s ❛s
t❤❡ ❧❛tt✐❝❡ ✈✐❜r❛t✐♦♥s ❛r❡ s✉♣♣r❡ss❡❞ ❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥
♠❡❛s✉r❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡s ❢❛st ♠♦❧❡❝✉❧❛r ✈✐❜r❛t✐♦♥s
❝♦✉❧❞ ❛✈❡r❛❣❡ ♦✉t t❤❡s❡ ❧♦❝❛❧ ❞✐✛❡r❡♥❝❡s t❤✉s ❧❡❛❞✐♥❣ t♦ ❛ ✉♥✐❢♦r♠ ❧✐♥❡✇✐❞t❤✱
s✉✣❝✐❡♥t t♦ r❡♣r♦❞✉❝❡ t❤❡ ❞❛t❛✳
✺✳✷✳✷ ❙✐♥❣❧❡ ❝r②st❛❧ ❳✲r❛② ❞✐✛r❛❝t✐♦♥
Pr❡✈✐♦✉s st✉❞✐❡s ♦♥ ❑✶✷▲♥❲✸✵ ❝♦♠♣♦✉♥❞s ❬✼✱ ✷✱ ✸❪ r❡♣♦rt❡❞ t❤❡✐r ❝r②st❛❧❧✐♥❡
str✉❝t✉r❡✳ ❆ ✉♥✐t ❝❡❧❧ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✹ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝❡❧❧ ♣❛r❛♠❡t❡rs
❞❡t❡r♠✐♥❡❞ ❜② ①✲r❛② ❞✐✛r❛❝t✐♦♥✳ ❚❤❡ ❝r②st❛❧ str✉❝t✉r❡ ✐s ♦rt❤♦r❤♦♠❜✐❝ ✇✐t❤ ♦♥❡
❧♦♥❣ ❛①✐s ✭❝✱ 28.9➴✮ ❛♥❞ t✇♦ s❤♦rt❡r ❛①❡s ♦❢ ❛❧♠♦st ❡q✉❛❧ ❧❡♥❣t❤ ✭❛✱❜ ♦❢ 21.567➴
❛♥❞ 20.9080➴ r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❧❛♥t❤❛♥✐❞❡ ✐♦♥s✳
❚❤✐s ❛❧❧♦✇s ❞✐✛❡r❡♥t s♣❡❝✐❡s ♦❢ ❧❛♥t❤❛♥✐❞❡ t♦ ❜❡ ♣r❡s❡♥t ✐♥ ❛ s✐♥❣❧❡ ❝r②st❛❧
❛♥❞✱ ❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❣✐✈❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❣r♦✇✐♥❣ ♠❛❣♥❡t✐❝❛❧❧② ❞✐❧✉t❡
❝r②st❛❧s ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❧❛♥t❤❛♥✐❞❡ s♣❡❝✐❡s ❜② ❛ ♥♦♥✲♠❛❣♥❡t✐❝ ✐♦♥ ✭s✉❝❤ ❛s ❨✮
✐♥ ❛ ❝❡rt❛✐♥ ❢r❛❝t✐♦♥ ♦❢ s✐t❡s✳ ❚❤❡ ❝❤♦s❡♥ ✉♥✐t ❝❡❧❧ ❝♦♥t❛✐♥s ✹ ♠♦❧❡❝✉❧❡s ❛s ❝❛♥
❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✺✳✹ ❡❛❝❤ ✇✐t❤ ❛ ✢❛tt❡♥❡❞ s♣❤❡r❡ s❤❛♣❡✳
■♥ ♦✉r ❝❛s❡✱ ✇❡ ♣❡r❢♦r♠ ①✲r❛② ❞✐✛r❛❝t✐♦♥ ❡①♣❡r✐♠❡♥ts t♦ ❝❤❡❝❦ t❤❡ ✐♥t❡❣r✐t②
❛♥❞ ❝♦♥✜r♠ ❝r②st❛❧ str✉❝t✉r❡ ♦❢ ♦✉r s❛♠♣❧❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ✜♥❞✐♥❣ t❤❡ ❝r②st❛❧ ❛①❡s r❡❧❛t✐✈❡ t♦ t❤❡ ♣❤②s✐❝❛❧ ❝r②st❛❧ ❢❛❝❡s ❛♥❞ ❡❞❣❡s✳ ❆
❞✐❧✉t❡❞ ❝r②st❛❧ ♦❢ ❨✶✲①●❞①❲✸✵ ✇✐t❤ x = 0.01 ✇❛s t❛❦❡♥ ❢r♦♠ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝♦♠♣♦✉♥❞ ✐♥ ❞❡✐♦♥✐③❡❞ ✇❛t❡r ❛♥❞ t❤❡♥ ❡♥❝❛s❡❞ ✐♥ ❛♥ ❡♣♦①② ❣❧✉❡✳ ❚❤❡ ✉s❡
♦❢ t❤✐s ❣❧✉❡ ✐s ♥❡❝❡ss❛r② t♦ ♠❛✐♥t❛✐♥ t❤❡ ❝r②st❛❧ ✐♥t❡❣r✐t② s✐♥❝❡ t❤❡s❡ ❝r②st❛❧s
❝♦♥t❛✐♥ ✐♥t❡rst✐t✐❛❧ ✇❛t❡r ♠♦❧❡❝✉❧❡s t❤❛t s✉st❛✐♥ t❤❡ str✉❝t✉r❡✳ ❚❤❡s❡ ✇❛t❡r
♠♦❧❡❝✉❧❡s ❛r❡ r❛♣✐❞❧② ❧♦st ✇❤❡♥ t❤❡ ❝r②st❛❧ ✐s ❡①♣♦s❡❞ t♦ ♥♦r♠❛❧ ❛t♠♦s♣❤❡r✐❝
❝♦♥❞✐t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❛ r❛♣✐❞ ❧♦ss ♦❢ ❝r②st❛❧❧✐♥✐t②✳ ❚❤❡ ❝r②st❛❧s t❤❛t ❢♦r♠ ✐♥
t❤❡ s❛t✉r❛t❡❞ s♦❧✉t✐♦♥ ❛r❡ ❣❡♥❡r❛❧❧② ❡❧♦♥❣❛t❡❞ ✇✐t❤ ❛ r♦✉❣❤❧② r❡❝t❛♥❣✉❧❛r ❝r♦ss
s❡❝t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ❛♣♣r♦①✐♠t❡ t♦ ❛ ❝✉❜♦✐❞ ✇✐t❤ ♦♥❡ ❧♦♥❣ ❡❞❣❡✳ ❚❤❡ ❝❤♦s❡♥
❝r②st❛❧ ✭♦❢ ❛❜♦✉t 1.1 × 0.31 × 0.27♠♠✮ ✐s ♠♦✉♥t❡❞ ✐♥ ❛ ❝♦♠♠❡r❝✐❛❧ ①✲r❛②
❞✐❢r❛❝t♦♠❡t❡r✳
✶✵✹ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
c
a
b
c
b
a
c
❋✐❣✉r❡ ✺✳✹✿ ❯♥✐t ❝❡❧❧ str✉❝t✉r❡ ♦❢ ▲♥❲✸✵ ❬✼❪✳ ❚❤❡ ❝❤♦s❡♥ ✉♥✐t ❝❡❧❧ ❝♦♥t❛✐♥s ✹ ▲♥❲✸✵
♠♦❧❡❝✉❧❡s✳ ▼❛♥② s✉rr♦✉♥❞✐♥❣ ❛t♦♠s ✭✐♥❝❧✉❞✐♥❣ t❤❡ ✶✷ ❑ ❛t♦♠s✮ ❤❛✈❡ ❜❡❡♥ ❤✐❞❞❡♥
❢♦r ✈✐s✐❜✐❧✐t②✳
❚❤❡ ♠❛✐♥ ❞✐❢r❛❝t♦♠❡tr② r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✺ ✇❤❡r❡ ✇❡ ✜♥❞ t❤❛t
t❤❡ ❝r②st❛❧ str✉❝t✉r❡ ✐s ❝❧❡❛r❧② r❡s♦❧✈❡❞ ❛♥❞ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡s ❢r♦♠ ✜❣✉r❡ ✺✳✹✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✐❞ s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❧❡❛❞ t♦
✐♠♣♦rt❛♥t str✉❝t✉r❛❧ ❝❤❛♥❣❡s✳ ❚❤❡ ❝r②st❛❧ ✐s ♦❢ ❣♦♦❞ q✉❛❧✐t② ❛♥❞ ❛♥ ❛❧♠♦st
❝♦♠♣❧❡t❡ ❊✇❛❧❞ s♣❤❡r❡ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ✭✜❣✉r❡ ✺✳✺❇✮✳ ❲✐t❤ r❡❣❛r❞s t♦ t❤❡
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ❛①❡s ✭❛✱❜✱❝✮ r❡❧❛t✐✈❡ t♦ t❤❡ ❝r②st❛❧ ❡❞❣❡s✱ ✇❡ ✜♥❞ t❤❛t
t❤❡ ❧♦♥❣ ❡❞❣❡ ♦❢ t❤❡ ❝r②st❛❧ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧♦♥❣ ❝r②st❛❧ ❛①✐s ✭❝ ♦r [001]✮✱
✇❤✐❧❡ t❤❡ ❧❛t❡r❛❧ ❢❛❝❡s ❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✭✶✲✶✵✮ ❛♥❞ ✭✶✶✵✮ ❝r②st❛❧
♣❧❛♥❡s✳ ❋r♦♠ t❤❡ ❢✉❧❧ str✉❝t✉r❡ ✐♥ ✜❣✉r❡ ✺✳✹✱ ✇❡ ❛❧s♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❧♦♥❣ ❡❞❣❡
✐s ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ❞❡✜♥❡❞ ❜② t❤❡ ✢❛tt❡♥❡❞ s♣❤❡r❡ s❤❛♣❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞ ❢♦r s❡✈❡r❛❧ ❝r②st❛❧s ❛♥❞ t❤✐s ❛ss✐❣♥♠❡♥t ✇❛s
❢♦✉♥❞ t♦ ❜❡ ❝♦♥s✐st❡♥t ✐♥ ❛❧❧ ❝r②st❛❧s ❝❤❡❝❦❡❞✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❢♦r♠s t❤❡ ❜❛s✐s
t♦ ❞❡t❡r♠✐♥❡✱ t❤r♦✉❣❤ ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝
❛①❡s r❡❧❛t✐✈❡ t♦ t❤❡ ❝r②st❛❧ str✉❝t✉r❡ ❛♥❞ t♦ t❤❡ ♠♦❧❡❝✉❧❡✳
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❋✐❣✉r❡ ✺✳✺✿ ❘❡s✉❧ts ♦❢ ①✲r❛② ❞✐❢r❛❝t♦♠❡tr② ♦♥ ❨✵✳✾✾●❞✵✳✵✶❲✸✵✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡
♠❡❛s✉r❡❞ r❡❝✐♣r♦❝❛❧ ❧❛tt✐❝❡ ❛♥❞ t❤❡ ❧❛tt✐❝❡ ♣❛r❛♠❡t❡rs ♠❡❛s✉r❡❞✳ ❲❡ ✜♥❞ ❣♦♦❞ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ t❤❡ ♦rt❤♦r❤♦♠❜✐❝ str✉❝t✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ✜❣✉r❡ ✺✳✹✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡
♠❡❛s✉r❡❞ ❊✇❛❧❞ s♣❤❡r❡✳ ●r❛♣❤ ❈ ❛♥❞ ❉ s❤♦✇ s❡✈❡r❛❧ ❝r②st❛❧ ❛①❡s ❞❡t❡r♠✐♥❡❞ ❢r♦♠
t❤❡ ♠❡❛s✉r❡♠❡♥ts r❡❧❛t✐✈❡ t♦ t❤❡ ♣❤②s✐❝❛❧ ❝r②st❛❧✳
✺✳✷✳✸ ❆♥❣❧❡ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t②
❲❡ ♣❡r❢♦r♠ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✐♥ ❛ ❝♦♠♠❡r❝✐❛❧
▼P▼❙ s②st❡♠ ✭s❡❡ s❡❝t✐♦♥ ✷✳✷✳✸✮✳ ❆ ✉♥❞✐❧✉t❡❞ ❝r②st❛❧ ♦❢ ●❞❲✸✵ ✇❛s t❛❦❡♥
❢r♦♠ ❛ ❞❡✐♦♥✐③❡❞ ✇❛t❡r s♦❧✉t✐♦♥ ❛♥❞ ♣❧❛❝❡❞ ♦♥ t❤❡ ▼P▼❙ r♦t❛t✐♦♥ st❛❣❡ ❛s
s❤♦✇♥ ✐♥ ✜❣✉r❡s ✺✳✻❇ ❛♥❞ ✺✳✻❈✳ ■ts ♠❛❣♥❡t✐③❛t✐♦♥ ✇❛s t❤❡♥ ♠❡❛s✉r❡❞ ❛s ❛ ❢✉♥❝✲
t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡ ❛t ❛ t❡♠♣❡r❛t✉r❡ ♦❢ 2❑✳ ❚❤❡ ❝r②st❛❧ ✇❛s ❝♦✈❡r❡❞ ❜②
❆♣✐❡③♦♥ ◆ ❣r❡❛s❡ t♦ ❛✈♦✐❞ ✐♥t❡rst✐t✐❛❧ ✇❛t❡r ❧♦ss✳ ❆ ❢r❛❝t✉r❡ ✐♥ t❤❡ ❝r②st❛❧ ✇❛s
❞❡t❡❝t❡❞ ❛❢t❡r t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❆❢t❡r ❛ ✜rst r♦t❛t✐♦♥✱ t❤❡ ❝r②st❛❧ ✐s r♦t❛t❡❞
90◦ ❝❧♦❝❦✇✐s❡ ♦♥ t❤❡ st❛❣❡ ✭✜❣✉r❡ ✺✳✻❈✮ ❛♥❞ ❛ s❡❝♦♥❞ r♦t❛t✐♦♥ ♠❡❛s✉r❡♠❡♥t ✐s
♣❡r❢♦r♠❡❞✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✻✳
❲✐t❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❞❡r✐✈❡❞ ❢r♦♠ ❊P❘ ❡①♣❡r✐♠❡♥ts ❛t 10❑
✭✜❣✉r❡ ✺✳✸✮✱ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡❞ ❛♥❞ ❛♥②
♦❜s❡r✈❛❜❧❡ ❝♦♠♣✉t❡❞✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥ t❤❡ ❧✐♥❡❛r r❡❣✐♠❡ ✭❧♦✇ ✜❡❧❞✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣
✶✵✻ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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0.36
0.38
0.40
0.42
θ = 118.1◦ α0 = 55.7◦
φ = 219.0◦ β = 80.9◦
C0 = −9× 10−4❆♠2♠♦❧−1
❋✐❣✉r❡ ✺✳✻✿ ▼❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ▼P▼❙ ❙◗❯■❉ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r♦t❛t✐♦♥
❛♥❣❧❡ ❢♦r ●❞❲✸✵✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s
♠❡❛s✉r❡❞ ❢♦r ❛ ✜❡❧❞ ✈❛❧✉❡ ♦❢ 0.01❚✳ 0◦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r♦t❛t✐♦♥ ♣❧❛t❢♦r♠ ❜❡✐♥❣
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❘♦t❛t✐♦♥ ✶ ❛♥❞ ✷ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥✜❣✲
✉r❛t✐♦♥s s❡❡♥ ✐♥ ❣r❛♣❤ ❇ ❛♥❞ ❈ r❡s♣❡❝t✐✈❡❧②✳ ❆ s♠❛❧❧ ❢r❛❝t✉r❡ ✐♥ t❤❡ ❝r②st❛❧ ❝❛♥ ❜❡
s❡❡♥ ✐♥ t❤❡ ♣❤♦t♦❣r❛♣❤s✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡s ❛r❡ ✜ts t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✇✐t❤
t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✳ ❚❤❡ ♠❡❛♥✐♥❣s ♦❢ ❡❛❝❤ ♣❛r❛♠❡t❡r ❛r❡
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t ❛♥❞ s✉♠♠❛r✐③❡❞ ✐♥ ✜❣✉r❡ ✺✳✼✳
❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❤♦❧❞s✿
~M = χˆ ~H =

 χxx 0 00 χyy 0
0 0 χzz

 ~H, ✭✺✳✶✮
✇❤❡r❡ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ♠❛tr✐① χˆ ✐s ❞✐❛❣♦♥❛❧ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ s❡t ❜②
t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥✐s♦tr♦♣② ❛①❡s ❳❨❩✳ ❚❤❡ ✭♠♦❧❛r✮ ✈❛❧✉❡s ♦❢ χxx, χyy, χzz ❝❛♥ ❜❡
❞✐r❡❝t❧② ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✹✳✻✮ ❛♥❞✱ ❛t 2❑✱ t✉r♥ ♦✉t t♦ ❜❡✿
χxx = 4π · 3.95 ❝♠3♠♦❧−1 ✭✺✳✷✮
χyy = 4π · 4.31 ❝♠3♠♦❧−1 ✭✺✳✸✮
χzz = 4π · 3.44 ❝♠3♠♦❧−1 ✭✺✳✹✮
❲✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs ✜①❡❞ ❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✶✮✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❢♦r
❛♥② ❣✐✈❡♥ ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞✶✳ ■t ✐s t❤❡r❡❢♦r❡ ♣♦ss✐❜❧❡ t♦ ✜t t❤❡ r♦t❛t✐♦♥
✶❚❤❡ ❢✉❧❧ ❍❛♠✐❧t♦♥✐❛♥ ✇❛s ❛❧s♦ ✉s❡❞ t♦ ❞✐r❡❝t② ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✱ ❜✉t t❤❡r❡
✺✳✷✳ ❑
✶✷
●❞❲
✸✵
✶✵✼
X
Y
Z
Sample
Experimental setup
Magnetic
reference frame
A
B
P❛r❛♠❡t❡r ▼❡❛♥✐♥❣
θ ■♥❝❧✐♥❛t✐♦♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ♦❢ nˆ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ r❡❢❡r❡♥❝❡ ❢r❛♠❡
φ ❆③✐♠✉t❤ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ♦❢ nˆ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ r❡❢❡r❡♥❝❡ ❢r❛♠❡
α0 ■♥✐t✐❛❧ r♦t❛t✐♦♥ ♦❢ hˆ ❛r♦✉♥❞ nˆ
β ❘♦t❛t✐♦♥ ♦❢ nˆ ❛r♦✉♥❞ hˆ ❢♦r s❡❝♦♥❞ r♦t❛t✐♦♥ ❝✉r✈❡
C0 ❈♦♥st❛♥t ❛❞❞❡❞ ❜❛❝❦❣r♦✉♥❞✳
❋✐❣✉r❡ ✺✳✼✿ P❛r❛♠❡t❡rs✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤❡♦r❡t✐❝❛❧ ✜ts t♦ t❤❡ ♠❛❣✲
♥❡t✐❝ r♦t❛t✐♦♥ ❞❛t❛ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✻✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡ r♦t❛t✐♦♥ st❛❣❡ ❛♥❞ t❤❡
r❡❧❡✈❛♥t ❛①❡s✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡s❡ ❛①❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❛♥❞ t❤❡
❛♥❣❧❡s ❝❤♦s❡♥ ❛s ♣❛r❛♠❡t❡rs t♦ ❜❡ ✜tt❡❞✳
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✻❆✱ ❛♥❞ ♦❜t❛✐♥ ❢r♦♠ ✐t t❤❡
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ❛①❡s r❡❧❛t✐✈❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ❳❨❩ ❛①❡s✳ ❙✐♥❝❡ ❢r♦♠
①✲r❛② ❞✐✛r❛❝t✐♦♥ ✇❡ ❤❛✈❡ ❛ ❣♦♦❞ ✐❞❡❛ ♦❢ ✇❤❡r❡ t❤❡ ❝r②st❛❧❧✐♥❡ ❛①❡s ❛r❡ r❡❧❛t✐✈❡
t♦ t❤❡ ❝r②st❛❧ ❣❡♦♠❡tr② ❛♥❞ t❤❡ r♦t❛t✐♦♥ ❛①❡s✱ ✇❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ t❤❡ ❞✐r❡❝t✐♦♥s
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛①❡s r❡❧❛t✐✈❡ t♦ t❤❡ t❤❡ ❝r②st❛❧ str✉❝t✉r❡✳
■♥ t❤❡ ✜tt✐♥❣✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❞❡✜♥✐t✐♦♥s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✼✳ ❲❡ ❧❛❜❡❧ t❤❡
r♦t❛t✐♦♥ ❛①✐s ❞✐r❡❝t✐♦♥ nˆ ✇✐t❤ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s θ, φ ✐♥ t❤❡ ♠❛❣♥❡t✐❝
r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ❚❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥✱ hˆ✱ ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤✐s
r♦t❛t✐♦♥ ❛①✐s ❛♥❞ r♦t❛t❡s ❛r♦✉♥❞ t❤✐s ❛①✐s ✇✐t❤ t❤❡ ❛♥❣✉❧❛r ❝♦♦r❞✐♥❛t❡ α✳ ■❢
t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ s❡t t♦ θ = 0 ❛♥❞ φ = 0✱ nˆ ✐s ❛❧✐❣♥❡❞ ❛❧♦♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❩
❛r❡ ♥♦ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✇✐t❤ t❤❡ ❧✐♥❡❛r r❡s♣♦♥s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤✐s ❡①♣❡r✐♠❡♥t❛❧
r❡❣✐♠❡✳
✶✵✽ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
❛①✐s✱ ✇❤✐❧❡ t❤❡ α = 0 ♣♦s✐t✐♦♥ ♦❢ hˆ ✐s ❛❧♦♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❳ ❛①✐s✳ ❋♦r ♥♦♥✲③❡r♦
✈❛❧✉❡s ♦❢ θ ❛♥❞ φ✱ ❜♦t❤ nˆ ❛♥❞ hˆ ❛r❡ r♦t❛t❡❞ ✜rst❧② ❛r♦✉♥❞ t❤❡ ❨ ❛①✐s ❛♥ ❛♥❣❧❡
θ ✭✐♥❝❧✐♥❛t✐♦♥✮ ❛♥❞ t❤❡♥ ❛r♦✉♥❞ t❤❡ ❩ ❛①✐s ❛♥ ❛♥❣❧❡ φ ✭❛③✐♠✉t❤✮✳ ❲❡ ❛❧s♦ ♥♦t❡
t❤❛t t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ hˆ ♠❛② ♥♦t ❝♦rr❡s♣♦♥❞ t♦ α = 0 ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✱
s♦ ❛ ❛♥❣✉❧❛r s❤✐❢t α0 ✐s ❛❧s♦ ✐♥tr♦❞✉❝❡❞✳ ❆ s✐♠✉❧❛t❡❞ r♦t❛t✐♦♥ ❝✉r✈❡✱ s✐♠✐❧❛r
t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡s ✐♥ ✜❣✉r❡ ✺✳✻✱ ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜② s✇❡❡♣✐♥❣ α t❤r♦✉❣❤
t❤❡ ❞❡s✐r❡❞ ❛♥❣❧❡s✳ ❚❤❡ s❡❝♦♥❞ r♦t❛t✐♦♥ ❝✉r✈❡ ❢r♦♠ ✜❣✉r❡ ✺✳✻ ✐s ♦❜t❛✐♥❡❞ ❜②
r♦t❛t✐♥❣ nˆ ❛♥ ❛♥❣❧❡ β ❛r♦✉♥❞ hˆ ❛t ✐ts ✐♥✐t✐❛❧ ❛♥❣❧❡ α0✳ ❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱
✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✼ ❛♥❞ t❤❡ ✜t r❡s✉❧ts ❢r♦♠
✜❣✉r❡ ✺✳✻✳
❚❤r♦✉❣❤ s②♠♠❡tr② ❝♦♥s✐❞❡r❛t✐♦♥s ✇❡ ❝❛♥ ♠❛❦❡ s♦♠❡ ❡❞✉❝❛t❡❞ ❣✉❡ss❡s ❛t
✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛①❡s s❤♦✉❧❞ ❧✐❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♠♦❧❡❝✉❧❛r str✉❝✲
t✉r❡ ❛♥❞ ❝♦♠♣❛r❡ t❤❡s❡ ♣r❡❞✐❝t✐♦♥s t♦ t❤❡ ✜t r❡s✉❧ts✳ ❙✐♥❝❡ ●❞✸✰ ❤❛s ♥♦
✐♥tr✐♥s✐❝ ❛♥✐s♦tr♦♣②✱ t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ♠♦st❧② ❜②
t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ✭❛ ✢❛tt❡♥❡❞ s♣❤❡r❡ ♦r ❞✐s❝✱ ✜❣✉r❡ ✺✳✹✮✳ ●✐✈❡♥ t❤❡
❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ t✇♦ ❡❛s② ❛①❡s ✭❤✐❣❤❡r s✉s❝❡♣t✐✲
❜✐❧✐t②✮ ❤❛✈❡ s✐♠✐❧❛r s✉s❝❡♣t✐❜✐❧✐t② ✈❛❧✉❡s ✇❤✐❧❡ t❤❡ ❤❛r❞ ❛①✐s s✉s❝❡♣t✐❜✐❧✐t② ❧✐❡s
❢✉rt❤❡r ❛✇❛②✳ ❇② s②♠♠❡tr② t❤❡♥✱ t❤❡ ♠❛❣♥❡t✐❝ ❤❛r❞ ❛①✐s✱ ✐✳❡✳ t❤❡ ❛①✐s ✇✐t❤
t❤❡ ❧♦✇❡st ♠❛❣♥❡t✐③❛t✐♦♥ r❡s♣♦♥s❡ ✭❩ ✐♥ t❤✐s ❝❛s❡✮✱ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♣❡r♣❡♥✲
❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡✳ ❚❤❡ ♦t❤❡r t✇♦ ❛①❡s ✭❳✱❨✮ s❤♦✉❧❞ ❧✐❡ s♦♠❡✇❤❡r❡
✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ✐♥ ✇❤✐❝❤ ♥♦ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ s✉s❝❡♣t✐❜✐❧✐t② ❛r❡ ❡①✲
♣❡❝t❡❞✳ ❚❤✐s s❡❡♠s t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t
t♦ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛①✐s ❢♦r t❤❡ ✜rst r♦t❛t✐♦♥ ✐s
❝❧♦s❡ t♦ t❤❡ ❬✵✵✶❪✱ ❛ ❞✐r❡❝t✐♦♥ t❤❛t ❧✐❡s ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ✭t❤❡ ❧♦♥❣ ❡❞❣❡
♦❢ t❤❡ ❝r②st❛❧ ✇❛s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ r♦t❛t✐♦♥ ❛①✐s✮✳ ■❢ t❤❡ ♠❛❣♥❡t✐❝ ❩ ❛①✐s ✐s
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡✱ t❤✐s r♦t❛t✐♦♥ ❛①✐s s❤♦✉❧❞ ❛♣♣r♦①✐♠❛t❡❧②
❤❛✈❡ θ = 90◦✳ ❚❤❡ ✜tt❡❞ ✈❛❧✉❡ ✐s ❝❧♦s❡ t♦ t❤✐s ✈❛❧✉❡ ✭116◦✮ ♠❛❦✐♥❣ ♦✉r ♦r✐❣✐♥❛❧
❣✉❡ss ♣❧❛✉s✐❜❧❡✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ✐s ❡①♣❧❛✐♥❛❜❧❡ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❝r②st❛❧ ✐s
❛❧✐❣♥❡❞ ❜② ❤❛♥❞ ❛♥❞✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✺✳✻❇✱ t❤❡ ✇❡❞❣❡ s❤❛♣❡ ♠❛❦❡s
✐t ✉♥❝❧❡❛r ✇❤✐❝❤ ❝r②st❛❧ ❡❞❣❡ ✐s ♣❛r❛❧❧❡❧ t♦ ❬✵✵✶❪✳ ❆❧s♦✱ ❛ r♦t❛t✐♦♥ ❛r♦✉♥❞ ❛♥
❛①✐s ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ s❤♦✉❧❞ ❤❛✈❡ ❛ ❧❛r❣❡r ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
s✐♥❝❡ ✐t ✐♥❝❧✉❞❡s ♠❛❣♥❡t✐③❛t✐♦♥s ❛❧♦♥❣ ❜♦t❤ t❤❡ ❤❛r❞ ❛①✐s ❛♥❞ t❤❡ ❡❛s② ♣❧❛♥❡✳
❚❤✐s ✐s ❛❧s♦ ❝♦♥✜r♠❡❞ ❜② t❤❡ ❞❛t❛ ✇❤❡r❡ ✇❡ s❡❡ ❛ ♠✉❝❤ s♠❛❧❧❡r ✈❛r✐❛t✐♦♥ ✇❤❡♥
t❤❡ ❛①✐s ✐s ♣❧❛❝❡❞ ✐♥ ❛ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ♠❡❛s✉r❡♠❡♥t✳ ❲❡ ✇✐❧❧
❢✉rt❤❡r r❡✜♥❡ t❤❡ ♠❛❣♥❡t✐❝ ❛①✐s ♦r✐❡♥t❛t✐♦♥s ✉s✐♥❣ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥t ❝✇✲❊P❘
❡①♣❡r✐♠❡♥ts ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
✺✳✷✳✹ ❈r②st❛❧ ❊P❘ ❡①♣❡r✐♠❡♥ts
❲❡ ♥♦✇ ♠❡❛s✉r❡ ❛ ❞✐❧✉t❡ ❝r②st❛❧ ♦❢ ❨✵✳✾✾●❞✵✳✵✶❲✸✵ ✉s✐♥❣ ❳✲❜❛♥❞ ❝✇✲❊P❘ ❛♥❞
❛ r♦t❛t✐♥❣ st❛❣❡✳ ❚❤❡ ❝r②st❛❧ ✇❛s ❡♥❝❛s❡❞ ✐♥ ❛♥ ❡♣♦①② ❣❧✉❡ ❛❢t❡r ❜❡✐♥❣ r❡♠♦✈❡❞
✺✳✷✳ ❑
✶✷
●❞❲
✸✵
✶✵✾
A B C
❋✐❣✉r❡ ✺✳✽✿ ❨✵✳✾✾●❞✵✳✵✶❲✸✵ ❝r②st❛❧ ♦♥ t❤❡ r♦t❛t✐♥❣ ❊P❘ st❛❣❡✳ ❝✇✲❊P❘ s♣❡❝tr❛ ✇❡r❡
♦❜t❛✐♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛♥❣❧❡ ❢♦r t❤❡ t❤r❡❡ s✉❝❡ss✐✈❡ ❝r②st❛❧ ♦r✐❡♥t❛t✐♦♥s ✭❆✱❇✱❈✮✳ nˆ
❧❛❜❡❧s t❤❡ r♦t❛t✐♦♥ ❛①✐s ✇❤✐❧❡ hˆ ❧❛❜❡❧s t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✭❢♦r ❛ ❝❡rt❛✐♥
❛♥❣❧❡✮✳ ■♥ ❈✱ t❤❡ r♦t❛t✐♦♥ ❛①✐s ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❝r②st❛❧ ❛①✐s cˆ
❢r♦♠ ✐ts ♦r✐❣✐♥❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❝❤❡❝❦❡❞ ✇✐t❤ ①✲r❛② ❞✐✛r❛❝t✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ✺✳✷✳✷✮✳
❍❛✈✐♥❣ ❝♦♥✜r♠❡❞ ✐ts ❝r②st❛❧ str✉❝t✉r❡✱ ❛ r♦♦♠ t❡♠♣❡r❛t✉r❡ ❝✇✲❊P❘ ♠❡❛s✉r❡✲
♠❡♥t ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ❝r②st❛❧ ♦♥ t❤❡ r♦t❛t✐♥❣ st❛❣❡ ✇❛s
❞♦♥❡ ✭✜❣✉r❡ ✺✳✽✮✳ ❚❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡s ✺✳✾❆✱ ✺✳✾❈✱ ❛♥❞
✺✳✾❊✳
❚♦ ❝♦♠♣❛r❡ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts t♦ t❤❡ t❤❡♦r② ❛♥❞ t♦ ♦❜t❛✐♥ t❤❡ ♣♦s✐t✐♦♥s
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛①✐s ✭s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✮✱ ✇❡ ✉s❡ t❤❡ r♦♦♠ t❡♠✲
♣❡r❛t✉r❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❢r♦♠ ✜❣✉r❡ ✺✳✸ ❛♥❞ t❤❡ ❊❛s②❙♣✐♥ ♣❛❝❦❛❣❡
t♦ ❣❡♥❡r❛t❡ s✐♠✉❧❛t❡❞ s♣❡❝tr❛✳ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❛❧♦❣♦✉s t♦
t❤♦s❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t ✭✜❣✉r❡s ✺✳✾❆✱ ✺✳✾❈ ❛♥❞ ✺✳✾❊✮ ✇❡r❡ ❣❡♥✲
❡r❛t❡❞ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ r♦t❛t✐♦♥ ❛①✐s ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❛♥❣❧❡ ❞❡✜♥✐t✐♦♥s ❛r❡
t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✭✜❣✉r❡ ✺✳✼✮ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ t❤❛t α0 ❤❛s
❛❧✇❛②s ❜❡❡♥ s❡t t♦ ✵ s✐♥❝❡ t❤❡ ❊P❘ r♦t❛t✐♥❣ st❛❣❡ ❞♦❡s ♥♦t ❦❡❡♣ ✐ts ♣♦s✐t✐♦♥
♦♥❝❡ t❤❡ s❛♠♣❧❡ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❝❛✈✐t②✳ ❆♠♦♥❣ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❣❡♥❡r❛t❡❞
s♣❡❝tr❛✱ ✇❡ ❤❛✈❡ s❡❛r❝❤❡❞ ❢♦r t❤❡ ♦♥❡s t❤❛t ❜❡st r❡♣r♦❞✉❝❡ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛✳
❚❤❡ ❜❡st ✜tt✐♥❣ s✐♠✉❧❛t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✺✳✾❇✱ ✺✳✾❉✱ ❛♥❞ ✺✳✾❋
♥❡①t t♦ t❤❡✐r ♠❡❛s✉r❡❞ ❝♦✉♥t❡r♣❛rts ❛♥❞ ✇✐t❤ t❤❡ s✐♠✉❧❛t❡❞ ❛①✐s ❞✐r❡❝t✐♦♥s✳
❲❡ s❡❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ♦❢ t❤❡s❡ s✐♠✉❧❛t❡❞ s♣❡❝tr❛ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❆❧s♦✱
t❤❡ t❤r❡❡ ❞✐r❡❝t✐♦♥s ❛r❡ ✈❡r② ❝❧♦s❡ t♦ ❢♦r♠✐♥❣ 90◦ ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡r✱ ❛s t❤❡②
s❤♦✉❧❞ ✐❢ t❤❡ ❝r②st❛❧ ♣♦s✐t✐♦♥✐♥❣ ✭✜❣✉r❡ ✺✳✽✮ ✇❡r❡ ♣❡r❢❡❝t✳
❆ss✉♠✐♥❣ t❤❛t t❤❡ r♦t❛t✐♦♥ ❛①❡s ❢♦r ✜❣✉r❡s ✺✳✾❆❈❊ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝r②s✲
t❛❧ ❛①❡s ❬✵✵✶❪✱ ❬✶✲✶✵❪ ❛♥❞ ❬✶✶✵❪ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ s❡❝t✐♦♥ ✺✳✷✳✷✮✱ t❤❡ ♠❛❣♥❡t✐❝
❛①❡s ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ t♦ t❤❡ ❝r②st❛❧ str✉❝t✉r❡ ❜❛s✐s ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡s❡
❛①✐s r❡❧❛t✐✈❡ t♦ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❲✐t❤ t❤❡ ♥✉♠❜❡rs s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳✾ ✇❡ ❣❡t t❤❡ ❛①✐s ♦r✐❡♥t❛t✐♦♥s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✵✳ ❆❧❧ t❤r❡❡ ❛①❡s
❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ t❤❡ t❤r❡❡ ❝r②st❛❧ ❞✐r❡❝t✐♦♥s✳ ❖✉r ✐♥✐t✐❛❧ ❣✉❡ss ✐s t❤❛t
t❤❡ ♠❛❣♥❡t✐❝ ❩ ❛①✐s s❤♦✉❧❞ ❜❡ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❛ ❝r②st❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❛t
t❤❡ ♦t❤❡r t✇♦ ❛①❡s s❤♦✉❧❞ ❧✐❡ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡✳ ■t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t
t❤❡② ❛r❡ ✐♥❞❡❡❞ t✐❧t❡❞ ❜✉t ✇❡ t❤✐♥❦ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛t ❛t ❧❡❛st t❤❡ ❩ ❛♥❞ ❝
✶✶✵ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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Measurements Simulation
❋✐❣✉r❡ ✺✳✾✿ ▼❡❛s✉r❡❞ ✭❆❈❊✮ ❛♥❞ s✐♠✉❧❛t❡❞ ✭❇❉❋ r❡s♣❡❝t✐✈❡❧②✮ ❳✲❜❛♥❞ ❝✇✲❊P❘ s♣❡❝✲
tr❛ ❢♦r ❛ ❞✐❧✉t❡ ❨✵✳✾✾●❞✵✳✵✶❲✸✵ ❝r②st❛❧✳ ●r❛♣❤s ❆❈❊ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s
s❤♦✇♥ ✐♥ ✜❣✉r❡s ✺✳✽❆❇❈ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❧❛❜❡❧❧❡❞ ✇✐t❤ t❤❡✐r ❝♦rr❡✲
s♣♦♥❞✐♥❣ r♦t❛t✐♦♥ ❛①✐s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥s ❢r♦♠ ✜❣✉r❡ ✺✳✼✳
✺✳✷✳ ❑
✶✷
●❞❲
✸✵
✶✶✶
Z
YX
c
b
a
❋✐❣✉r❡ ✺✳✶✵✿ ❈❛❧❝✉❧❛t❡❞ ♠❛❣♥❡t✐❝ ❛①❡s ♦r✐❡♥t❛t✐♦♥ ❢♦r ●❞❲✸✵ ❢r♦♠ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥t
❝✇✲❊P❘ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ♠❛❣♥❡t✐❝ ❤❛r❞ ❛①✐s ❩ ✐s s❡❡♥ t♦ ❜❡ ❝❧♦s❡ t♦ t❤❡ ❞✐r❡❝✲
t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ✭❛✮✳ ❚❤❡ t✇♦ ❡❛s② ❛①❡s ❛r❡ ❝❧♦s❡ t❤❡ t❤❡
♠♦❧❡❝✉❧❛r ♣❧❛♥❡✳
❞✐r❡❝t✐♦♥s ❛r❡ ❛❧✐❣♥❡❞ ❛♥❞ t❤❛t t❤❡ ♠❡❛s✉r❡❞ ❞❡✈✐❛t✐♦♥ ✐s ❞✉❡ t♦ ❡①♣❡r✐♠❡♥t❛❧
❡rr♦r✳ ❚❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❡rr♦r ✐s ♣r♦❜❛❜❧② t❤❡ ❢❛❝t t❤❛t t❤❡ ❝r②st❛❧ ❛❧✐❣♥♠❡♥t
✐♥ ❞♦♥❡ ❜② ❤❛♥❞ ✐♥ ❛❧❧ ❝❛s❡s ❡①❝❡♣t ✇❤❡♥ t❤❡ ❝r②st❛❧ ✐s ✐♥ t❤❡ ①✲r❛② ❞✐❢r❛❝t♦♠❡✲
t❡r✳ ❲❡ ♥♦t❡ ❛❧s♦ t❤❛t t❤❡ r♦t❛t✐♦♥ ❛①✐s ❢♦r ✜❣✉r❡ ✺✳✾❆❇ s❤♦✉❧❞ ❜❡ t❤❡ s❛♠❡
❛s t❤❡ ❛①✐s ✜tt❡❞ ❢r♦♠ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ✐♥ ✜❣✉r❡ ✺✳✻✳ ❚❤❡r❡ ❛r❡ ❤♦✇❡✈❡r
s♦♠❡ ❞✐✛❡r❡♥❝❡s✱ ❛❣❛✐♥ ♣r♦❜❛❜❧② ❞✉❡ t♦ ♠✐s❛❧✐❣♥♠❡♥ts✳ ❆♥♦t❤❡r ❢❛❝t♦r t❤❛t
❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❧❡❛❞ t♦ s♦♠❡ ❡rr♦r ✐s t❤❡ ♣♦ss✐❜❧❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧
str✉❝t✉r❡ ♦✈❡r t✐♠❡✳
✺✳✷✳✺ P✉❧s❡❞ ❊P❘ ❡①♣❡r✐♠❡♥ts✿ s♣✐♥ q✉❜✐t ❞❡❝♦❤❡r❡♥❝❡ t✐♠❡s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ t❤❡ ●❞❲✸✵ s②st❡♠ ✉s✲
✐♥❣ ♣✉❧s❡❞ ❊P❘ ♠❡t❤♦❞s✱ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶✳ ❚❤❡ s❛♠❡ ❞✐❧✉t❡ ❝r②st❛❧
✭❨✵✳✾✾●❞✵✳✵✶❲✸✵✮ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s ♠♦✉♥t❡❞ ✐♥ ❛ ❳✲❜❛♥❞ ♣✉❧s❡❞
❊P❘ ❝❛✈✐t② ❛♥❞ ♦r✐❡♥t❡❞ ❛s ✐♥ ✜❣✉r❡ ✺✳✽❆ ❛♥❞ ♠❛♥✉❛❧❧② r♦t❛t❡❞ ✐♥t♦ ❛ ♣♦✲
✶✶✷ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
s✐t✐♦♥ ✇❤❡r❡ t❤❡ ❝✇✲s♣❡❝tr✉♠ ♣r❡s❡♥ts t❤❡ ❤✐❣❤❡st ✜❡❧❞ s♣r❡❛❞ ❜❡t✇❡❡♥ t❤❡
❛❜s♦r♣t✐♦♥ ♣❡❛❦s✳ ❚❤✐s ✐s ♥❡❝❡ss❛r② t♦ ❛❧❧♦✇ ✉s t♦ ❡①❝✐t❡ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ tr❛♥✲
s✐t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs ❛♥❞ t♦ st✉❞② t❤❡ r❡❧❛①❛t✐♦♥ ❞②♥❛♠✐❝s ❢♦r
❡❛❝❤ ♦❢ t❤❡♠✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣✉❧s❡ s❡q✉❡♥❝❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤✲
♦✉t t❤✐s s❡❝t✐♦♥✱ ❡❛❝❤ ❣❡❛r❡❞ t♦✇❛r❞s ❡①tr❛❝t✐♥❣ ❞✐✛❡r❡♥t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡
s❛♠♣❧❡✳ ❚❤❡ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s ✉s❡❞ ❛r❡ s❝❤❡♠❛t✐❝❛❧❧② s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✶
❛❧♦♥❣ ✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡❛❝❤ s❡q✉❡♥❝❡ ✐s ❞❡s✐❣♥❡❞ t♦ ❜❡ s❡♥✲
s✐t✐✈❡ t♦ ❬✽❪✳ ❆❧❧ t❤❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t
T = 10❑✳
❚❤❡ ✜rst ♠❡❛s✉r❡♠❡♥t ♣❡r❢♦r♠❡❞ ✐s ❛♥ ❡✐✲❊P❘ ❡①♣❡r✐♠❡♥t ❛t 6❑✳ ❚❤✐s
❡①♣❡r✐♠❡♥t ✐s ♥❡❝❡ss❛r② t♦ ❞❡t❡r♠✐♥❡ t❤❡ r❡s♦♥❛♥t ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r ❡❛❝❤
tr❛♥s✐t✐♦♥ ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❢✉rt❤❡r ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡♠✳ ❚❤❡ ❡❝❤♦ ✐♥✲
t❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✜❡❧❞ ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣✉❧s❡ ♣♦✇❡r ✐s s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳✶✷ ❛❧♦♥❣ ✇✐t❤ t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡ ❝✇✲❊P❘ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ tr❛♥✲
s✐t✐♦♥s ❛r❡ ♥✉♠❜❡r❡❞ ♦♥ t❤❡ ❝✇✲s♣❡❝tr✉♠ ✇❤❡r❡ t❤❡ ✈✐s✐❜✐❧✐t② ✐s ❜❡tt❡r✳ ❚❤❡
❡✐✲s♣❡❝tr✉♠ s❤♦✇s t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥s ❛r❡ st✐❧❧ ✈✐s✐❜❧❡ ❛t 6❑ ❛❧t❤♦✉❣❤ t❤❡✐r
✐♥t❡♥s✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠✐❝r♦✇❛✈❡ ♣♦✇❡r ✉s❡❞ ❢♦r t❤❡ ♣✉❧s❡s✳ ❚❤✐s ✐s ❞✉❡ t♦
❢❛❝t t❤❛t ❢♦r ❛♥ ❡✐✲❊P❘ ♠❡❛s✉r❡♠❡♥t✱ t❤❡ ♣✉❧s❡ ❧❡♥❣t❤s ❛♥❞ ✐♥t❡♥s✐t✐❡s ❛r❡ ♦♣✲
t✐♠✐③❡❞ ❢♦r ❝❡rt❛✐♥ tr❛♥s✐t✐♦♥s ✭t❤❡ ❝❡♥tr❛❧ ♦♥❡✮✳ ❚❤❡ ❞✐✛❡r✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥ts
❛♥❞ ❘❛❜✐ ❢r❡q✉❡♥❝✐❡s ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ ❞♦ ♥♦t ♣r♦❞✉❝❡ ♦♣t✐♠❛❧ ❡❝❤♦❡s ❢♦r
t❤❡ r❡♠❛✐♥✐♥❣ tr❛♥s✐t✐♦♥s ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ❣❡t ✇♦rs❡ t❤❡ ❢✉rt❤❡r t❤❡ tr❛♥s✐t✐♦♥
✐s ❢r♦♠ t❤❡ ♦♣t✐♠✐③❡❞ ♦♥❡✳ ❆❧s♦✱ ✇❡ ✜♥❞ t❤❛t s♦♠❡ tr❛♥s✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞✐s✲
♣❧❛❝❡❞ ❢r♦♠ t❤❡✐r r♦♦♠ t❡♠♣❡r❛t✉r❡ ♣♦s✐t✐♦♥s ♠♦st ❧✐❦❡❧② ❞✉❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥
✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❢r♦♠ r♦♦♠ t❡♠♣❡r❛t✉r❡ t♦ ❧♦✇ t❡♠♣❡r❛t✉r❡✳
❲❡ ♥♦t❡ ❛❧s♦ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ♣❡❛❦s ❛t t❤❡ ❝❡♥tr❛❧ ■❱ ♣♦s✐t✐♦♥ ✭❜♦t❤ ❛r❡
✈✐s✐❜❧❡ ✇❤❡♥ t❤❡ ❛tt❡♥✉❛t✐♦♥ ✐s s❡t t♦ 15 ❞❇✮✳ ❖♥❡ ♦❢ t❤❡ ♣❡❛❦s ❝♦rr❡s♣♦♥❞s t♦
t❤❡ s❛♠♣❧❡ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✐s ♠♦st ❧✐❦❡❧② ❞✉❡ t♦ ❝♦♣♣❡r ✐♠♣✉r✐t✐❡s ✐♥ t❤❡ ❝❛✈✐t②
❛❧t❤♦✉❣❤ ✐t ✐s ✉♥❝❧❡❛r ✇❤✐❝❤ ✐s ✇❤✐❝❤✳
❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❡①tr❛❝t ♣❤❛s❡ ❝♦❤❡r❡♥❝❡ r❡❧❛①❛t✐♦♥ r❛t❡ ❚2 ❜② ✉s✐♥❣
❛ ✷♣✲❊❙❊ ✭✜❣✉r❡ ✺✳✶✶❇✮ s❡q✉❡♥❝❡✳ ❚❤❡ r❡s✉❧ts ❛♥❞ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r ❡❛❝❤
tr❛♥s✐t✐♦♥ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ✜❣✉r❡ ✺✳✶✸✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ❤❡r❡ ✐s t❤❛t ❛❧❧ tr❛♥s✐✲
t✐♦♥s ❝❛♥ ❜❡ ❝♦❤❡r❡♥t❧② ♠❛♥✐♣✉❧❛t❡❞ ❛♥❞ ❤❛✈❡ s✐♠✐❧❛r ❝♦❤❡r❡♥❝❡ t✐♠❡s✱ r❛♥❣✐♥❣
❢r♦♠ 130 ♥s t♦ 400 ♥s✳ ❲❡ ❣✐✈❡ t❤❡ ✈❛❧✉❡ ♦❢ ❚2 ❢♦r ❜♦t❤ t❤❡ ■❱ tr❛♥s✐t✐♦♥s ❢♦✉♥❞
✐♥ t❤❡ ❡✐✲❊P❘ s♣❡❝tr✉♠ ✭✜❣✉r❡ ✺✳✶✷✮✳
❚❤❡ ❚1 r❡❧❛①❛t✐♦♥ t✐♠❡ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ❛ ✸♣✲❊❙❊ ❞❡❝❛② ♠❡❛s✉r❡♠❡♥t
✭✜❣✉r❡ ✺✳✶✶❈✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡❝❤♦ ✐♥t❡♥s✐t✐❡s ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳✶✹✳ ❖♥❧② tr❛♥s✐t✐♦♥s ■■■✱ ■❱✱ ❱✱ ❱■✱ ❛♥❞ ❱■■ ❛r❡ s❤♦✇♥ s✐♥❝❡ ♥♦ ❡❝❤♦
✇❛s ❛❝❤✐❡✈❡❞ ❢♦r tr❛♥s✐t✐♦♥s ■ ❛♥❞ ■■✳ ❆❣❛✐♥ ✇❡ ✜♥❞ ❛ ❢❛✐r❧② ❡✈❡♥ ✈❛❧✉❡ ♦❢ ❚1
❢♦r ❛❧❧ t❤❡ ♠❡❛s✉r❡❞ tr❛♥s✐t✐♦♥s ✇✐t❤ ✐ts ✈❛❧✉❡ r❛♥❣✐♥❣ ❢r♦♠ 2.2 ➭s t♦ 2.8 ➭s✱
t❤✉s ♠✉❝❤ ❧♦♥❣❡r t❤❛t ❚2 ❛s ❡①♣❡❝t❡❞✳
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2p ESE decay
3p ESE decay
2p ei-EPR
(Variable Field)
2p Nutation 
Echo
Echo
Echo
Echo
❋✐❣✉r❡ ✺✳✶✶✿ P✉❧s❡❞ ❊P❘ s❡q✉❡♥❝❡s ❬✽❪✳ ❉♦✉❜❧❡ ❡♥❞❡❞ ❛rr♦✇s ❞❡♥♦t❡ t❤❡ ♣❛r❛♠❡t❡r
t❤❛t ✐s ✈❛r✐❡❞ ❢♦r ❡❛❝❤ ❡❝❤♦ ♠❡❛s✉r❡♠❡♥t✳ ❙❡q✉❡♥❝❡ ❆ ✐s ❛♥ ❡❝❤♦✲✐♥❞✉❝❡❞ ❊P❘ ✭❡✐✲
❊P❘✮ ♠❡❛s✉r❡♠❡♥t t❤❛t ♣r♦❞✉❝❡s ❛ s✐❣♥❛❧ ❛♥❛❧♦❣♦✉s t♦ ❛ ❝✇✲❊P❘ ❡①♣❡r✐♠❡♥t✳ ❚❤❡
✜❡❧❞ ✐s s✇❡♣t ✇❤✐❧❡ t❤❡ ♣✉❧s❡ ❧❡♥❣t❤s ❛♥❞ ✇❛✐t t✐♠❡s ❛r❡ ❦❡♣t ✜①❡❞ ❢♦r ❡❛❝❤ ❡❝❤♦✳
❙❡q✉❡♥❝❡ ❇ ✐s ❛ t✇♦ ♣✉❧s❡ ❊❧❡❝tr♦♥✐❝ ❙♣✐♥ ❊❝❤♦ ❞❡❝❛② s❡q✉❡♥❝❡✳ ❍❡r❡ t❤❡ ✜❡❧❞ ✐s
t✉♥❡❞ t♦ t❤❡ ❞❡s✐r❡❞ tr❛♥s✐t✐♦♥ ❛♥❞ ❛ π/2✕π ♣✉❧s❡ ✇✐t❤ ❛ ✈❛r✐❛❜❧❡ ✇❛✐t t✐♠❡ τ ✐s
❛♣♣❧✐❡❞✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡❝❤♦ ✐♥t❡♥s✐t② ♦♥ τ ❢♦❧❧♦✇s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②
✇❤♦s❡ ❞❡❝❛② ❝♦♥st❛♥t ✐s t❤❡ ❚2 r❡❧❛①❛t✐♦♥ t✐♠❡✳ ❙❡q✉❡♥❝❡ ❈ ✐s ❛ t❤r❡❡ ♣✉❧s❡ s❡q✉❡♥❝❡
✇✐t❤ ❛ ✜①❡❞ ✇❛✐t t✐♠❡ τ ❛♥❞ ❛ ✈❛r✐❛❜❧❡ ✇❛✐t t✐♠❡ T ✳ ❚❤❡ ❡❝❤♦ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❞❡❝❛②
❡①♣♦♥❡♥t✐❛❧❧② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❚1 ❞❡❝❛② t✐♠❡✳ ❋✐♥❛❧❧②✱ s❡q✉❡♥❝❡ ❉
❝♦♥s✐sts ♦❢ t✇♦ ♣✉❧s❡s ✇❤❡r❡ t❤❡ ✜rst ♣✉❧s❡ ✐s ♦❢ ✈❛r✐❛❜❧❡ ✇✐❞t❤ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❛ π
♣✉❧s❡ t❤❛t ♣r♦❞✉❝❡s ❛♥ ❡❝❤♦ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦✉t ♦❢ ♣❧❛♥❡ s♣✐♥ ❝♦♠♣♦♥❡♥t✳ ❚❤❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡❝❤♦ ♦♥ t❤❡ ♣✉❧s❡ t✐♠❡ tp ✐s ❛♣♣r♦①✐♠❛t❡❧② ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②
❛❝❝♦r❞✐♥❣ t♦ ❚2 ♠♦❞✉❧❛t❡❞ ❜② t❤❡ s❛♠♣❧❡✲❝❛✈✐t② ❘❛❜✐ ❢r❡q✉❡♥❝②✳
✶✶✹ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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❋✐❣✉r❡ ✺✳✶✷✿ ❳✲❜❛♥❞ ✷♣ ❡✐✲❊P❘ ♦❢ ❝r②st❛❧❧✐♥❡ ●❞❲✸✵✳ ❚❤❡ t♦♣ ❣r❛♣❤ s❤♦✇s t❤❡ r♦♦♠
t❡♠♣❡r❛t✉r❡ ❝✇✲❊P❘ s♣❡❝tr✉♠ ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♣✉❧s❡❞ s♣❡❝tr❛✳
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2p ESE decay
❋✐❣✉r❡ ✺✳✶✸✿ ❳✲❜❛♥❞ ✷♣ ❊❙❊ ❞❡❝❛② ♦❢ ❝r②st❛❧❧✐♥❡ ●❞❲✸✵✳ ●r❛♣❤s s❤♦✇ t❤❡ ❡❝❤♦
✐♥t❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆τ = τ − τ0 ✇❤❡r❡ τ ✐s t❤❡ ✇❛✐t t✐♠❡ ❢r♦♠ ✜❣✉r❡ ✺✳✶✶❇
❛♥❞ τ0 = 100♥s ✐s ❛ ♠✐♥✐♠✉♠ ✇❛✐t t✐♠❡ ✜①❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t✳ ❊❛❝❤ s❡t ♦❢ ❞❛t❛ ✐s
✜tt❡❞ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❞❡❝❛② t✐♠❡ ❚2 ✐s ❡①tr❛❝t❡❞✳
✶✶✻ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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❋✐❣✉r❡ ✺✳✶✹✿ ❳✲❜❛♥❞ ✸♣ ❊❙❊ ❞❡❝❛② ♦❢ ❝r②st❛❧❧✐♥❡ ●❞❲✸✵✳ ●r❛♣❤s s❤♦✇ t❤❡ ❡❝❤♦
✐♥t❡♥s✐t② ❢♦r τ = 100♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆T = T − T0 ✇❤❡r❡ τ ❛♥❞ T ❛r❡ t❤❡
✇❛✐t t✐♠❡s ❢r♦♠ ✜❣✉r❡ ✺✳✶✶❈ ❛♥❞ T0 = 100 ♥s ✐s ❛ ♠✐♥✐♠✉♠ ✇❛✐t t✐♠❡ ✜①❡❞ ❢♦r t❤❡
❡①♣❡r✐♠❡♥t✳ ❊❛❝❤ s❡t ♦❢ ❞❛t❛ ✐s ✜tt❡❞ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥ ❢r♦♠ ✇❤✐❝❤
t❤❡ ❞❡❝❛② t✐♠❡ ❚1 ✐s ❡①tr❛❝t❡❞✳
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✺✳✷✳✻ ❘❛❜✐ s♣✐♥ ♦s❝✐❧❧❛t✐♦♥s✿ ♣♦t❡♥t✐❛❧ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t❛✲
t✐♦♥
◆✉t❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣✉❧s❡ s❡q✉❡♥❝❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✶❉✳
❚❤❡ ❡❝❤♦ ✐♥t❡♥s✐t② ✇✐❧❧ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ tr❛♥s✈❡rs❡ s♣✐♥ ❝♦♠♣♦♥❡♥t t❤❛t
✇✐❧❧ ♦s❝✐❧❧❛t❡ ✇❤❡♥ ♣❧♦tt❡❞ ❛❣❛✐♥st tp ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝② ♦❢ t❤❡
❝❛✈✐t②✲s♣✐♥ s②st❡♠ ✭❛♥❛❧♦❣♦✉s t♦ ✭✹✳✶✼✮✮✿
νRabi ∝ Brf |〈n|Sbˆ|n+ 1〉| ✭✺✳✺✮
✇❤❡r❡ |n〉 ❛r❡ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❡✐❣❡♥st❛t❡s ❛♥❞ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ✐s ❢♦r
t❤❡ s♣✐♥ ❝♦♠♣♦♥❡♥t ♣❛r❛❧❧❡❧ t♦ t❤❡ r❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ♦s❝✐❧❧❛t✐♦♥ ❢r❡q✉❡♥❝②
❝❛♥ ❞✐r❡❝t❧② ♣r♦✈✐❞❡ t❤❡ s♣✐♥ ♠❛tr✐① ❡❧❡♠❡♥t ✐❢ ❛ ❝❛❧✐❜r❛t✐♦♥ s❛♠♣❧❡ ✐s ✉s❡❞ t♦
s♦❧✈❡ ❢♦r t❤❡ ♣✉❧s❡ ✜❡❧❞ ✐♥t❡♥s✐t②✱ Brf ✳ ❋✐❣✉r❡ ✺✳✶✺❆ s❤♦✇s t❤❡ ❡❝❤♦ s✐❣♥❛❧ ❢♦r
tr❛♥s✐t✐♦♥ ❱■ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣✉❧s❡ ❧❡♥❣t❤ tp ❢♦r ❞✐✛❡r❡♥t ♠✐❝r♦✇❛✈❡ ♣♦✇❡rs
✭✐✳❡✳ ✈❛❧✉❡s ♦❢ Brf✮✳ ❲❡ s❡❡ t❤❡ ❡①♣❡❝t❡❞ ❘❛❜✐ ♦s❝✐❧❧❛t✐♦♥s ♠♦❞✉❧❛t❡❞ ❜② t❤❡
r❡❧❡✈❛♥t ❞❡❝❛② t✐♠❡✳ P❡r❢♦r♠✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡s❡ s✐❣♥❛❧s ✭✜❣✉r❡
✺✳✶✺❇✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝② ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t❤❡ ❛tt❡♥✉❛t✐♦♥✳ ▲♦✇❡r
❛tt❡♥✉❛t✐♦♥s ✭❤✐❣❤❡r ✜❡❧❞s✮ s❤♦✇ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛s ❡①♣❡❝t❡❞✳ ■❢ ✇❡ ♣❧♦t
t❤❡s❡ ❢r❡q✉❡♥❝✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✈❛❧✉❡ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ✜❡❧❞ ✈❛❧✉❡
❛t 10 ❞❇ ❛tt❡♥✉❛t✐♦♥ ✭B10✮✱ ✇❡ ✜♥❞ t❤❡ ❡①♣❡❝t❡❞ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❘❛❜✐
❢r❡q✉❡♥❝② ♦♥ t❤❡ r❢ ✜❡❧❞ str❡♥❣t❤ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✺❈✳ ❚❤❡ ✜❣✉r❡ ❛❧s♦ s❤♦✇s
t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥t ♣❡r❢♦r♠❡❞ ♦♥ ❛ s❛♠♣❧❡ ♦❢ ♥❛t✉r❛❧ ❝❤❛r❝♦❛❧ ✇✐t❤ ❛ ❧✐♥❡❛r
✜t t♦ t❤❡ ❞❛t❛✳ ◆❛t✉r❛❧ ❝❤❛r❝♦❛❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧✐❜r❛t❡ t❤❡ ✜❡❧❞ str❡♥❣t❤s
s✐♥❝❡ ✐t ❜❡❤❛✈❡s ❛s ❛♥ ✐s♦tr♦♣✐❝ s♣✐♥ 1/2 s②st❡♠ ✇❤♦s❡ ♠❛tr✐① ❡❧❡♠❡♥t ✐s ✇❡❧❧
❞❡✜♥❡❞ ❛♥❞ ❡q✉❛❧ t♦ 1/2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t M ≃ |〈n|Sb|n + 1〉|
❢♦r ●❞❲✸✵ ❢♦r ❛ ❣✐✈❡♥ ✜❡❧❞ ❛tt❡♥✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②✿
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1010/a, ✭✺✳✻✮
✇❤❡r❡ a ✐s t❤❡ ❛tt❡♥✉❛t✐♦♥ ✐♥ ❞❇ ❛♥❞ C ❛♥❞ C0 ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡
❧✐♥❡❛r ✜ts ✐♥ ✜❣✉r❡ ✺✳✶✺❈ ❢♦r ●❞❲✸✵ ❛♥❞ ❝❤❛r❝♦❛❧ r❡s♣❡❝t✐✈❡❧②✳
❲✐t❤ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♣♦✇❡r ❞❡♣❡♥❞❡♥t ♥✉t❛t✐♦♥ ❡①♣❡r✐♠❡♥t✱ ✇❡
♥♦✇ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥t ♦♥ ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥s ❛t ❛ ✜①❡❞ ❛tt❡♥✉❛✲
t✐♦♥✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✻ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✳
❲❡ ✜♥❞ t❤❛t ❢♦r t❤❡ ❢♦✉r tr❛♥s✐t✐♦♥s ♠❡❛s✉r❡❞ ❤❛✈❡ ✈❡r② s✐♠✐❧❛r ❘❛❜✐ ❢r❡q✉❡♥✲
❝✐❡s ✭❛r♦✉♥❞ 10▼❍③✮✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✻✮ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠❡❛s✉r❡❞ ♠❛tr✐① ❡❧❡♠❡♥t ✈❛❧✉❡s✳ ❚❤❡s❡ ✈❛❧✉❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❜✲
t❛✐♥❡❞ ❢r♦♠ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✹✳✻✮ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❢r♦♠ ✜❣✉r❡ ✺✳✸ ✭10❑✮✳
❚❤❡ ❞✐r❡❝t✐♦♥ ❝❤♦s❡♥ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ♦♥❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦r✐❡♥t❛t✐♦♥
✶✶✽ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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508 mT (VI)
C
❋✐❣✉r❡ ✺✳✶✺✿ P♦✇❡r ❞❡♣❡♥❞❡♥t ❘❛❜✐ ♦s❝✐❧❧❛t✐♦♥s ❢♦r tr❛♥s✐t✐♦♥ ■❱ ♦❢ ●❞❲✸✵✳ ❚❤❡ ♣✉❧s❡
s❡q✉❡♥❝❡ ✉s❡❞ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✶❉ ❛♥ ❛ ✈❛❧✉❡ ♦❢ τ = 100 ♥s ✇❛s ✉s❡❞✳ ●r❛♣❤
❆ s❤♦✇s t❤❡ ❡❝❤♦ ✐♥t❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣✉❧s❡ ❧❡♥❣t❤ tp ❢♦r ❞✐✛❡r❡♥t
❛tt❡♥✉❛t✐♦♥ ✈❛❧✉❡s✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠
❣r❛♣❤ ❆ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❛t t❤❡ ♠❛①✐♠✉♠ ✭❘❛❜✐ ❢r❡q✉❡♥❝②✮✳
●r❛♣❤ ❈ s❤♦✇s t❤❡ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② ✈❛❧✉❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✭♥♦r♠❛❧✐③❡❞
❜② t❤❡ ✜❡❧❞ ❛t 10 ❞❇ ❛tt❡♥✉❛t✐♦♥✱ B10✳ ❚❤❡ ✜❧❧❡❞ ❞♦ts ❛r❡ ❢♦r ●❞❲✸✵ ✇❤✐❧❡ t❤❡ ❡♠♣t②
❞♦ts ❛r❡ ❢♦r ❛ s❛♠♣❧❡ ♦❢ ♥❛t✉r❛❧ ❝❤❛r❝♦❛❧ ❛♥❞ ✉s❡❞ ❢♦r ❝❛❧✐❜r❛t✐♦♥✳ ❚❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝②
❢♦r ❜♦t❤ s❛♠♣❧❡s ✇❛s ✜tt❡❞ ✉s✐♥❣ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳
✺✳✷✳ ❑
✶✷
●❞❲
✸✵
✶✶✾
♦❢ t❤❡ ❝r②st❛❧ ♦♥ t❤❡ ❊P❘ s❛♠♣❧❡ st❛❣❡ ✭t❤❡ s❛♠❡ ❛s ✐♥ ✜❣✉r❡ ✺✳✽❈✮✳ ▲♦♦❦✐♥❣
❜❛❝❦ ❛t t❤❡ r❡s✉❧ts ❛♥❞ s✐♠✉❧❛t✐♦♥s ❢r♦♠ ✜❣✉r❡ ✺✳✾❊❋✱ ✇❡ ❝❤♦♦s❡ ❛ ❞✐r❡❝t✐♦♥
t❤❛t ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ ✜❡❧❞ s♣r❡❛❞ ❢♦r t❤❡ ❛❜s♦r♣t✐♦♥ ❢❡❛t✉r❡s ✭✜❡❧❞ ❛❧♦♥❣ t❤❡
s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ❞✐r❡❝t✐♦♥ θ = 170◦ ❛♥❞ φ = 70◦ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r r❡❢❡r❡♥❝❡
❢r❛♠❡✮ ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r
t❤❡ s♣✐♥ ❝♦♠♣♦♥❡♥ts tr❛♥s✈❡rs❡ t♦ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❛s
❢♦❧❧♦✇s✿
❚r❛♥s✐t✐♦♥ ▼❡❛s✉r❡❞ ♠❛tr✐① ❡❧❡♠❡♥t ❙✐♠✉❧❛t❡❞ ♠❛tr✐① ❡❧❡♠❡♥t
❱■ ✲ ✶✳✹✹
❱■ ✲ ✶✳✽✺
■■■ ✷✳✸ ✷✳✵✸
■❱ ✷✳✵✽ ✷✳✵✷
❱ ✷✳✵✽ ✶✳✾✶
❱■ ✶✳✽✾ ✶✳✼✺
❱■■ ✲ ✶✳✸✼
❈♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ✐♥ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡r
✈❛❧✉❡s✱ ✇❡ ✜♥❞ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤
♦✉r ♠❡❛s✉r❡❞ ❘❛❜✐ ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ✐s ❛ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ t❤❛t ♦✉r t❤❡♦r❡t✐❝❛❧
♠♦❞❡❧ ❛♥❞ ♣❛r❛♠❡t❡rs ❢♦r t❤✐s s②st❡♠ ❛r❡✱ ❛ t❤❡ ✈❡r② ❧❡❛st✱ ❝❧♦s❡ t♦ ✐ts r❡❛❧
✈❛❧✉❡s✳
■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡ ✐♥❞❡❡❞ ❢♦✉♥❞ t❤❛t t❤✐s s②st❡♠ ❤❛s ❡♥❡r❣② ❧❡✈❡❧s ❡❛s✐❧②
❛❝❝❡ss✐❜❧❡ ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s✳ ❊❛❝❤ tr❛♥s✐t✐♦♥ ❝❛♥ ✉s❡❞
t♦ ❞❡✜♥❡ ❛ q✉❜✐t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢r❡q✉❡♥❝✐❡s ♥❡❡❞❡❞ ❧✐❡ ✐♥ t❤❡ r❛♥❣❡s ♦❢ ❛
❢❡✇ ●❍③ ❢♦r ♠♦❞❡r❛t❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ♠❛❦❡ ●❞❲✸✵ ❛ ✈❡r②
❛ttr❛❝t✐✈❡ ❝❛♥❞✐t❛t❡ t♦ ❝♦✉♣❧❡ t♦ ❝✐r❝✉✐t ◗❊❉ s②st❡♠s✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t
❝♦♥❝❧✉s✐♦♥ ♠❛② ❜❡ ❞r❛✇♥ ❢r♦♠ t❤❡s❡ ♣✉❧s❡❞ ❊P❘ ❡①♣❡r✐♠❡♥ts✳ ❲❡ ❤❛✈❡ ❛❧s♦
❢♦✉♥❞ t❤❛t t❤❡ s②st❡♠ ❤❛s s❡✈❡♥ tr❛♥s✐t✐♦♥s t❤❛t ❛r❡ ✐♥❞✐✈✐❞✉❛❧❧② ❛❞❞r❡ss❛❜❧❡ ❜②
❡✐t❤❡r ✈❛r②✐♥❣ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ✉s✐♥❣ ❛ ❝♦♥st❛♥t ❢r❡q✉❡♥❝② ♦r ❜② ✉s✐♥❣
❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛t ❛ ✜①❡❞ ✜❡❧❞✳ ❚❤❡ ❢r❡q✉❡♥❝✐❡s ❛❧s♦ ✇✐t❤✐♥ r❛♥❣❡s ❡❛s✐❧②
❛❝❝❡ss✐❜❧❡ ✇✐t❤ st❛♥❞❛r❞ ♠✐❝r♦✇❛✈❡ ❡❧❡❝tr♦♥✐❝s ✭❜❡❧♦✇ 10●❍③✮✳ ❆❧t❤♦✉❣❤ t❤❡
❚1 ❛♥❞ ❚2 ❝♦❤❡r❡♥❝❡ t✐♠❡s ❛r❡ ♥♦t ❡①tr❛♦r❞✐♥❛r②✱ t❤❡s❡ t✐♠❡s ❛r❡ r❡❧❛t✐✈❡❧②
❝♦♥s✐st❡♥t ❢♦r ❛❧❧ tr❛♥s✐t✐♦♥s✳ ❆❧s♦✱ ❛t ❧❡❛st ❢♦r t❤❡ tr❛♥s✐t✐♦♥s ♠❡❛s✉r❡❞✱ t❤❡s❡
❤❛✈❡ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ ❧✐♥❡ ✇✐t❤ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳ ❚❤✐s ♠❡❛♥s ✐t ✐s
❤②♣♦t❤❡t✐❝❛❧❧② ♣♦ss✐❜❧❡ t♦ ❡♥❝♦❞❡ ✸ ❢✉❧❧ q✉❜✐ts ♦♥ ❛ s✐♥❣❧❡ ●❞❲✸✵ ♠♦❧❡❝✉❧❡✳
❚❤❡ s❝❤❡♠❡ ✇♦✉❧❞ ❜❡ s✐♠✐❧❛r t♦ ✇❤❛t ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✼✳ ❚❤❡r❡✱ ✇❡
s❤♦✇ ❛ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ♦❢ t❤❡ ●❞❲✸✵ ❡♥❡r❣② ❧❡✈❡❧s ❢♦r ❛ ❣✐✈❡♥ ✜❡❧❞ ❞✐r❡❝t✐♦♥
❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ✐❢ ❛ ❢r❡q✉❡♥❝② ♦❢ 9.7●❍③ ✐s ✉s❡❞✳ ❲❡
❤❛✈❡ ❧❛❜❡❧❧❡❞ ❡❛❝❤ ♦❢ t❤❡ s♣✐♥ ❧❡✈❡❧s ✇✐t❤ ❛ t❤r❡❡ q✉❜✐t st❛t❡✳ ❙✐♥❝❡ ❛❧❧ t❤❡
tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② ❛❞❞r❡ss❡❞✱ ❛ r♦t❛t✐♦♥ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡
✐♥t♦ ❛♥② ♦t❤❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ st❛t❡s s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ●❞❲✸✵
✶✷✵ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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(III) 269 mT
(VI) 508 mT
(V) 431 mT
(IV) 370 mT
(III) 269 mT
(VI) 508 mT
(V) 431 mT
(IV) 370 mT
❋✐❣✉r❡ ✺✳✶✻✿ ❘❛❜✐ ♦s❝✐❧❧❛t✐♦♥s ❢♦r tr❛♥s✐t✐♦♥s ■■■✲❱■ ♦❢ ●❞❲✸✵✳ ❚❤❡ ♣✉❧s❡ s❡q✉❡♥❝❡
✉s❡❞ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✶❉ ❛♥ ❛ ✈❛❧✉❡ ♦❢ τ = 100 ♥s ✇❛s ✉s❡❞✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡
❡❝❤♦ ✐♥t❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣✉❧s❡ ❧❡♥❣t❤ tp ❢♦r ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥s✳
❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ t❤r❡❡✲q✉❜✐t ✉♥✐✈❡rs❛❧ q✉❛♥t✉♠ ♣r♦❝❡ss♦r✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
✉s✐♥❣ t❤✐s s❝❤❡♠❡✱ ❛t ❧❡❛st ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✐r❝✉✐t ◗❊❉✱ ✇♦✉❧❞ ♦❢ ❝♦✉rs❡ ❜❡
❞❡♣❡♥❞❡♥t ♦♥ ✐♠♣r♦✈✐♥❣ ❜♦t❤ t❤❡ ❝♦❤❡r❡♥❝❡ t✐♠❡s ❢♦r t❤✐s t②♣❡ ♦❢ ♠♦❧❡❝✉❧❡
❛♥❞ ♦♥ t❤❡ ❛tt❛✐♥♠❡♥t ♦❢ ❤✐❣❤❡r ❝♦✉♣❧✐♥❣ t♦ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t✐❡s ❛♥❞ ❝✐r❝✉✐ts✳
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■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝♦♠♣♦✉♥❞ ❚❜❲✸✵✱ ❛♥♦t❤❡r s❛♠♣❧❡
❢r♦♠ t❤❡ ▲♥❲✸✵ s❡r✐❡s✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ✜✈❡✲❢♦❧❞ s②♠✲
♠❡tr② ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦♥✲❦r❛♠❡r
❚❜✸✰ ✐♦♥ ❤❛s ❛ Sz = ±5 ❣r♦✉♥❞ st❛t❡ ✐♥ t❤✐s ❝♦♦r❞✐♥❛t✐♦♥✱ ✐s ❡①♣❡❝t❡❞ t♦ ❣✐✈❡
t❤✐s s♣❡❝✐❡s ❛♥ ❡①tr❛♦r❞✐♥❛r✐❧② ❤✐❣❤ t✉♥♥❡❧ s♣❧✐tt✐♥❣✳ ❚❤❡ ❣r♦✉♥❞ |±5〉 ❞♦✉❜❧❡t
✇✐❧❧ s♣❧✐t ✐♥t♦ ✐ts s②♠♠❡tr✐❝ ❛♥❞ ❛♥t✐s②♠♠❡tr✐❝ s✉♣❡r♣♦s✐t✐♦♥s ✇✐t❤ ❛ ❧❛r❣❡
t✉♥♥❡❧ ❡♥❡r❣② ❣❛♣ ∆ ❜❡t✇❡❡♥ t❤❡♠ t❤✉s ❧❡❛❞✐♥❣ t♦ ❛ s✐t✉❛t✐♦♥ ❛♥❛❧♦❣♦✉s t♦
t❤❛t ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♠♣❧❡ t✇♦ ❧❡✈❡❧ s②st❡♠ ✭❡q✉❛t✐♦♥ ✭✹✳✷✮✮✳ ❯♥❧✐❦❡ t❤❡ ❝❛s❡
♦❢ ❋❡✽ ✭s❡❝t✐♦♥ ✹✳✷✳✸✮ ❢♦r ✇❤✐❝❤ ∆ ∼ 10−7❑ ❛t ③❡r♦ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ t✉♥♥❡❧
s♣❧✐tt✐♥❣ ✐♥ t❤✐s ❝❛s❡ s❤♦✉❧❞ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ s✉r✈✐✈❡ s✐③❛❜❧❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱
t❤❡r❡❢♦r❡ ♠❛❦✐♥❣ t❤❡ t✉♥♥❡❧ s♣❧✐t st❛t❡s s✉✐t❛❜❧❡ ❛s ❛ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❜❛✲
s✐s✳ ❖✉r ❛✐♠ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❡①♣❡r✐♠❡♥t❛❧❧② ✈❡r✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s
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❋✐❣✉r❡ ✺✳✶✼✿ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❢♦r ●❞❲✸✵ ❛♥❞ ♣♦ss✐❜❧❡ ❧❡✈❡❧ ❛ss✐♥❣♠❡♥t ❢♦r ❛♥ ❡q✉✐✈✲
❛❧❡♥t ✸✲q✉❜✐t ♣r♦❝❡ss♦r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡s ❛r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r t❤❡ s❡✈❡♥ tr❛♥✲
s✐t✐♦♥s ♠❡❛s✉r❡❞ ✇✐t❤ ♣✉❧s❡❞ ❊P❘ ♠❡t❤♦❞s ✭s❡❡ ✜❣✉r❡ ✺✳✶✸✮✳
❣❛♣ ✐♥ ♦✉r s❛♠♣❧❡s✱ ♣r❡✈✐♦✉s❧② ♣r❡❞✐❝t❡❞ ✐♥ ❬✹❪ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ ✐ts ♠❛❣♥✐t✉❞❡✳
❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ s❛♠♣❧❡ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ∆ ❛r❡ ❡①♣❡❝t❡❞
t♦ ❜❡ s♦ ❧❛r❣❡ t❤❛t ❳✲❜❛♥❞ ❊P❘ ❝❛♥ ♥♦t ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧
s♣❡❝tr✉♠ ❛♥❞ t❤❡ ❢✉❧❧ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ●❞❲✸✵✳ ❲❡
✇✐❧❧ t❤❡r❡❢♦r❡ ✉s❡ ♦t❤❡r ♠❡t❤♦❞s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ t✉♥♥❡❧
❣❛♣✳
❚❤❡ ❢✉❧❧ ❝r②st❛❧ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ✭✹✳✻✮ ✇❛s ❞❡t❡r♠✐♥❡❞ ❬✹❪ ❢r♦♠ s✐♠✉❧t❛♥❡✲
♦✉s t❤❡ ✜t ♦❢ t❤❡ ♣♦✇❞❡r s✉s❝❡♣t✐❜✐❧✐t✐❡s ♦❢ ❑✶✷▲♥❲✸✵ ✇✐t❤ Ln
3+ = Tb,Dy,Ho,Er,Tm,Yb
✉s✐♥❣ t❤❡ ♠❡t❤♦❞ s✉❣❣❡st❡❞ ✐♥ ❬✶✵❪✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥t❛✐♥s ♦♥❧② t❡r♠s ♣r♦✲
♣♦rt✐♦♥❛❧ t♦ B02 , B
0
4 , B
0
6 , B
5
6 ✳ ❆ ❞✐❛❣r❛♠ s❤♦✇✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ s♣✐♥ ♣♦t❡♥t✐❛❧
❛♥❞ t❤❡ q✉❛♥t✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❛t ③❡r♦ ✜❡❧❞ ✉s✐♥❣ t❤❡s❡ ♣❛r❛♠❡t❡rs ✐s s❤♦✇♥
✐♥ ✜❣✉r❡ ✺✳✶✽✳ ❚❤❡ ❝r✐t✐❝❛❧ ♣❛r❛♠❡t❡r t❤❛t ✐♥❞✉❝❡s t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ❛♥❞
❛❧s♦ t❤❡ ♦♥❡ t❤❛t ✐s ♠♦st ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡ ❜② t❤❡ ❛❜♦✈❡ ♠❡t❤♦❞ ✐s B56O
5
6✳
■t ❝♦♥t❛✐♥s t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ S5+ ✭s❡❡ t❛❜❧❡ ✹✳✶✮ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛❜❧❡ t♦
❝♦♥♥❡❝t t❤❡ Sz = ±5 st❛t❡s ✐♥ ♦♥❧② t✇♦ st❡♣s ❬✾❪✳ ❯s✐♥❣ t❤❡ r❡♣♦rt❡❞ ✈❛❧✉❡s ❢♦r
t❤❡s❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ❢✉❧❧ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ s❡❡♥ t♦ ❤❛✈❡ ❛ s✐♥❣❧❡ ♠❛❣♥❡t✐❝
❡❛s② ❛①✐s ✭❩✮ ❛♥❞ t✇♦ ❡q✉❛❧ ❤❛r❞ ❛①❡s ✭❳✱❨✮✳ ❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡
s②♠♠❡tr② ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✭s❡❡ ✜❣✉r❡ ✺✳✹✮✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❡❛s② ❛①✐s ❩
❧✐❡s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ✇❤✐❧❡ t❤❡ t✇♦ ❤❛r❞ ❛①❡s ❛r❡ ❛ss✉♠❡❞
t♦ ❧✐❡ ✇✐t❤✐♥ t❤✐s ♣❧❛♥❡✳ ❙✐♥❝❡✱ ❣✐✈❡♥ t❤❡ t❡♠♣❡r❛t✉r❡s ✇❡ ✇✐❧❧ ❜❡ ♦♣❡r❛t✐♥❣ ❛t
✭❜❡❧♦✇ 2❑✮✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❤✐❣❤❡r ❡♥❡r❣② ❧❡✈❡❧s ✇✐❧❧ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✭t❤❡
✶✷✷ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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Quantum States
Classical potential
Ground states
❋✐❣✉r❡ ✺✳✶✽✿ ❈❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧ ❛♥❞ q✉❛♥t✉♠ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❑✶✷❚❜❲✸✵ ♠♦❧❡❝✉❧❡
❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ✐♥ ❬✹❪✳ ❚❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❣r♦✉♥❞
st❛t❡ |±〉 ❞♦✉❜❧❡t ✐s s❝❤❡♠❛t✐❝❛❧❧② s❤♦✇♥ ❛s ✇❡❧❧ ❤♦✇ t❤❡ B56O56 t❡r♠ ✐♥❞✉❝❡s t❤✐s
s♣❧✐tt✐♥❣ ❬✾❪✳
✜rst ❡①❝✐t❡❞ ❞♦✉❜❧❡t ❧✐❡s ❛❜♦✉t ∼ 8❑ ❛✇❛② ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t ❛❝✲
❝♦r❞✐♥❣ t♦ ❬✹❪✮✱ t❤❡ t❤❡r♠❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ✇✐❧❧ ♠♦st❧② ❞❡♣❡♥❞ ♦♥ t♦
t❤❡ t✇♦ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② st❛t❡s✳ ■♥ t❤✐s r❡❣✐♠❡ ✐t t❤❡r❡❢♦r❡ s❡❡♠s r❡❛s♦♥❛❜❧❡
t♦ ❞❡s❝r✐❜❡ t❤❡ s②st❡♠ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ s♣✐♥ 1/2 ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ ❛ ③❡r♦ ✜❡❧❞
t✉♥♥❡❧✐♥❣ ❣❛♣ ❛♥❞ ❛♥ ❛♥✐s♦tr♦♣✐❝ gS ❢❛❝t♦r ❬✶✶✱ ✶✷✱ ✶✸❪✿
Heff = ∆√
2
(Sx + Sy) + µB ~Sg˜ ~B g˜ =

 gxx 0 00 gyy 0
0 0 gzz

 , ✭✺✳✼✮
✇❤❡r❡ S = 1/2 ❛♥❞ t❤❡ g˜ ♠❛tr✐① ✐s ❝♦♥s✐❞❡r❡❞ ❞✐❛❣♦♥❛❧ ❢♦r t❤❡ ❝❤♦s❡♥ s❡t ♦❢
❛①❡s ❳❨❩✳ ❯s✐♥❣ ❧♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝ ❤❡❛t ❛♥❞ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐❝
s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ gxx, gyy, gzz ❛♥❞
∆ ❢♦r ♦✉r ❚❜❲✸✵ s❛♠♣❧❡ ❛♥❞ ✉s❡ t❤❡s❡ ✈❛❧✉❡s t♦ ♦❜t❛✐♥ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①
❡❧❡♠❡♥ts ❛♥❞ ❧❡✈❡❧ s❡♣❛r❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳
✺✳✸✳✶ ❙♣❡❝✐✜❝ ❤❡❛t✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t✉♥♥❡❧✐♥❣ ❣❛♣
■♥ ♦r❞❡r t♦ ❝♦♥✜r♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ t✉♥♥❡❧ ❡♥❡r❣② ❣❛♣ ✐♥ ❚❜❲✸✵
❛♥❞ ❞❡t❡r♠✐♥❡ ✐ts ♠❛❣♥✐t✉❞❡✱ ✇❡ ♣❡r❢♦r♠ ❛ s❡r✐❡s ♦❢ ❧♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝
❤❡❛t ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤❡ PP▼❙ ✸❍❡ r❡❢r✐❣❡r❛t♦r ✭s❡❝t✐♦♥ ✷✳✷✳✷✮✳ ❊①♣❡r✐♠❡♥ts
✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ s✉❝❝❡ss✐✈❡ ❞✐❧✉t✐♦♥s ♦❢ t❤❡ s❛♠♣❧❡✱ ✐✳❡✳✱ t❤❡ ❚❜✸✰ ✐♦♥s ❛r❡
r❡♣❧❛❝❡❞ ✇✐t❤ ♥♦♥ ♠❛❣♥❡t✐❝ ❨✸✰ ✐♦♥s ✐♥ ❞✐✛❡r❡♥t ♣r♦♣♦rt✐♦♥s✳ ❚❤❡ s❛♠♣❧❡s
♠❡❛s✉r❡❞ ❤❛❞ ✺✪✱ ✶✵✪✱ ✷✺✪ ❛♥❞ ✶✵✵✪ ❚❜ ❝♦♥t❡♥t✳ ❚❤❡ ❞✐❧✉t✐♦♥s ❛r❡ ✉s❡❞
✺✳✸✳ ❑
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❋✐❣✉r❡ ✺✳✶✾✿ ▲♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝ ❤❡❛t ❢♦r ❨✶✲①❚❜①❲✸✵✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ❛r❡ ✜ts
✉s✐♥❣ t❤❡ ❙❝❤♦tt❦② ❛♥♦♠❛❧② ❢♦r♠✉❧❛ ✭✺✳✽✮ ❛♥❞ ❛ ✭tr✉♥❝❛t❡❞✮ ❣❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢
❣❛♣s ∆ ✇✐t❤ δ∆ ✇✐❞t❤✳
t♦ ♠♦r❡ ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤ t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s♣❡❝✐✜❝ ❤❡❛t ❢r♦♠
♦t❤❡r ♣♦ss✐❜❧❡ ❝♦♥tr✐❜✉t✐♦♥s ✭❧❛tt✐❝❡✱ ❞✐♣♦❧❡✲❞✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥s✮✳ ❆❧s♦✱ ❛ ♣✉r❡
❨❲✸✵ s❛♠♣❧❡ ✇❛s ♠❡❛s✉r❡❞ t♦ ❣❡t ❛ ❞✐r❡❝t ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❧❛tt✐❝❡ ❝♦♥✲
tr✐❜✉t✐♦♥✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✷✱ t❤❡ ❡♥t✐r❡ ▲♥❲✸✵ s❡r✐❡s ✐s ❡①♣❡❝t❡❞
t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❝r②st❛❧ str✉❝t✉r❡ ❛♥❞✱ s✐♥❝❡ ♠♦st ♦❢ t❤❡ ♠❛ss ✐s ❞✉❡ t♦ t❤❡
❧✐❣❛♥❞ s❤❡❧❧✱ t❤❡ ❧❛tt✐❝❡ ✈✐❜r❛t✐♦♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ s♣❡❝✐✜❝ ❤❡❛t s❤♦✉❧❞ ❜❡ t❤❡
s❛♠❡ ❢♦r ❞✐✛❡r❡♥t ❝❡♥tr❛❧ ✐♦♥s✳ ❚❤❡ r❡s✉❧t ♦❢ ❛❧❧ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ✐s ♣❧♦t✲
t❡❞ ✐♥ ✜❣✉r❡ ✺✳✶✾✳ ❆ ❜r♦❛❞ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❛♥♦♠❛❧② ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ ❜❡❧♦✇
2❑ ❢♦r ❛❧❧ ❚❜ ❝♦♥❝❡♥tr❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛♥♦♠❛❧② ✐s ♥♦t ❛ss♦❝✐❛t❡❞ ✇✐t❤
❢r♦♠ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s✱ ❜✉t ❛r✐s❡s ❢r♦♠ t❤❡ ❡♥❡r❣② s♣❧✐tt✐♥❣ ♦❢ ❡❛❝❤
✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡✳
❚❤❡ ♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥ ❢♦r ❛ t✇♦✲❧❡✈❡❧ s②st❡♠ ✇✐t❤ ❛♥ ❡♥❡r❣② ❣❛♣ ∆ ✐s
t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❙❝❤♦tt❦② ❛♥♦♠❛❧②✱ ❣✐✈❡♥ ❜②✿
Cp
R
=
(
∆
T
)2 e∆/T
(1 + e∆/T )2
. ✭✺✳✽✮
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❞♦ ♥♦t ❢♦❧❧♦✇ t❤❡ ❜❡❤❛✈✐♦r ♣r❡❞✐❝t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✺✳✽✮✳
❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ●❞❲✸✵✱ ✇❡ ❡①♣❡❝t t❤❡r❡ t♦ ❜❡ str❛✐♥s ♦♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
♣❛r❛♠❡t❡rs ❢♦r ❚❜❲✸✵✳ ❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ✜t t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝ ❤❡❛t
❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ ❛ ❣❛✉ss✐❛♥ ✭tr✉♥❝❛t❡❞ ❛t ✵ s✐♥❝❡ ∆ ❝❛♥ ♥♦t ❜❡ ♥❡❣❛t✐✈❡✮
❞✐str✐❜✉t✐♦♥ ♦❢ ❣❛♣ ♣❛r❛♠❡t❡rs ♦❢ ✇✐❞t❤ δ∆✳ ❚❤❡ ♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥ ✇✐❧❧
✶✷✹ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
t❤❡♥ ❜❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❙❝❤♦tt❦② ❛♥♦♠❛❧② ❡q✉❛t✐♦♥ ✭✺✳✽✮✳ ❚♦ t❤✐s
✜t ✇❡ t❤❡♥ ❛❞❞ t❤❡ ❧❛tt✐❝❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ❨❲✸✵ ♠❡❛s✉r❡♠❡♥t ❛♥❞
♦❜t❛✐♥ t❤❡ s♦❧✐❞ ❧✐♥❡s ❢r♦♠ ✜❣✉r❡ ✺✳✶✾✳ ❲❡ ✜t ♦♥❧② t❤❡ ✶✵✵✪ ❚❜ ❝✉r✈❡ ❛♥❞ ✉s❡
s❝❛❧✐♥❣ t♦ ♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜ts ❢♦r ❧♦✇❡r ❝♦♥❝❡♥tr❛t✐♦♥s✳ ❚❤❡ ❝❡♥tr❛❧
✈❛❧✉❡ ♦❢ t❤❡ ❧❡✈❡❧ ❣❛♣ ✐s ∆ = 0.848 ± 0.028❑ ✇❤✐❧❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ✇✐❞t❤ ✐s
δ∆ = 1.01±0.08❑✳ ❚❤❡ ❞❡✈✐❛t✐♦♥s ❢♦r ❧♦✇❡r ❝♦♥❝❡♥tr❛t✐♦♥s ❛r❡ s♠❛❧❧ ❛♥❞ ♠♦st
❧✐❦❡❧② ❞✉❡ t♦ ✐♥❛❝❝✉r❛❝✐❡s ✐♥ t❤❡ ❛❝t✉❛❧ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡ s❛♠♣❧❡s✳ ❆❧s♦✱
t❤❡ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ∆ ❞✐str✐❜✉t✐♦♥ ✇✐❞t❤ ❧❡❛❞s ✉s t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t✱ ❛s ✐♥
t❤❡ ❝❛s❡ ♦❢ ●❞❲✸✵✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ♠❛② ♣r❡s❡♥t ❧❛r❣❡ str❛✐♥s✳
❚❤✐s ❡①♣❡r✐♠❡♥t t❤❡r❡❢♦r❡ ❝♦♥✜r♠s t❤❛t ❛ ❧❛r❣❡ ❡♥❡r❣② ❣❛♣ ❡①✐sts ❛t ❧♦✇
t❡♠♣❡r❛t✉r❡✱ ♦❢ t❤❡ ♦r❞❡r ♦❢ 1❑✳ ❚❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ✇❤❛t ✐s ♣r❡❞✐❝t❡❞ ✐♥ ❬✹❪
❛❧t❤♦✉❣❤ ♦✉r ♠❡❛s✉r❡❞ ✈❛❧✉❡ ✐s s♦♠❡✇❤❛t ❧♦✇❡r t❤❛♥ t❤❡ ✈❛❧✉❡ r❡♣♦rt❡❞✱ ❧❡❛❞✲
✐♥❣ ✉s t♦ ❜❡❧✐❡✈❡ t❤❛t t❤❡r❡ ♠❛② ❜❡ s♦♠❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❛❝t✉❛❧ ❍❛♠✐❧t♦♥✐❛♥
♣❛r❛♠❡t❡rs ❢♦r ♦✉r s❛♠♣❧❡ ❛♥❞ t❤❡ ♦♥❡s r❡♣♦rt❡❞ ♣r❡✈✐♦✉s❧②✳
✺✳✸✳✷ ❆♥❣❧❡ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t②
❆s ✇❡ ❞✐❞ ❢♦r ●❞❲✸✵ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✸✱ ✇❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ♠❛❣♥❡t✐✲
③❛t✐♦♥ ♦❢ ❛ ♣✉r❡ ❚❜❲✸✵ ❝r②st❛❧ ♦♥ t❤❡ ▼P▼❙ r♦t❛t✐♥❣ s❛♠♣❧❡ st❛❣❡ ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✷✳✷✳✸ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛①❡s ❳❨❩✳
❚❤❡ ❝❤♦s❡♥ ❝r②st❛❧ ✐s t❛❦❡♥ ❢r♦♠ ❛ ❞❡✐♦♥✐③❡❞ ✇❛t❡r s♦❧✉t✐♦♥ ❛♥❞ ♣❧❛❝❡❞ ♦♥ t❤❡
t❤❡ r♦t❛t✐♥❣ st❛❣❡ ❛s s❡❡♥ ✐♥ ✜❣✉r❡ ✺✳✷✵❇❈✳ ❚❤❡ ❝r②st❛❧ ✐s ❝♦✈❡r❡❞ ✐♥ ❆♣✐❡③♦♥
◆ ❣r❡❛s❡ t♦ ❛✈♦✐❞ ❧♦ss ♦❢ ❝r②st❛❧❧✐♥✐t②✳ ▼❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡
t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✵❇ ❛♥❞ ✺✳✷✵❈✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳✷✵❆✳
❚❤❡ ❛♥❣❧❡s ❞❡✜♥✐t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ s❡❝t✐♦♥ ✺✳✷✳✸ ❛♥❞ ✜❣✉r❡ ✺✳✼ ❛♥❞ t❤❡
♠♦❞❡❧ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❝✉r✈❡s ✐s ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✶✮✳ ❍♦✇❡✈❡r✱
✐♥ t❤✐s ❝❛s❡ ✇❡ ✇✐❧❧ ♥♦t ✜① t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ♠❛tr✐① ❡❧❡♠❡♥ts t♦
t❤❡ ♦♥❡s ❣✐✈❡♥ ❜② t❤❡ ❢✉❧❧ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥✱ s✐♥❝❡ ❊P❘ ❞❛t❛ ❢♦r t❤✐s s❛♠♣❧❡
❛r❡ ❝✉rr❡♥t❧② ✉♥❛✈❛✐❧❛❜❧❡✳ ❲❡ ✇✐❧❧ ✐♥st❡❛❞ ✉s❡ s②♠♠❡tr② ❝♦♥s✐❞❡r❛t✐♦♥s t♦ ✜①
s♦♠❡ ♦❢ t❤❡ ❛♥❣✉❧❛r ♣❛r❛♠❡t❡rs ❛♥❞ ✉s❡ t❤❡ ❞❛t❛ t♦ ♦❜t❛✐♥ t❤❡ s✉s❝❡♣t✐❜✐❧✐t②
♠❛tr✐① ❡❧❡♠❡♥ts✳ ❆s ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❩
❛①✐s ❛❧♠♦st ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡ ✭s❡❡ ✜❣✉r❡ ✺✳✹✮ ❛♥❞ t❤❛t t❤❡
❳ ❛♥❞ ❨ ❛①❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♣❧❛♥❡✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡
❝r②st❛❧❧♦❣r❛♣❤② ♦❢ ❛❧❧ ▲♥❲✸✵ ✐s t❤❡ s❛♠❡ ✭s❡❝t✐♦♥ ✺✳✷✮ ❛♥❞ t❤❛t t❤❡ ✜rst r♦t❛t✐♦♥
✐s ❞♦♥❡ ✇✐t❤ t❤❡ r♦t❛t✐♦♥ ❛①✐s ❛❧✐❣♥❡❞ ✇✐t❤ ❛ ❧♦♥❣ ❝r②st❛❧ ❡❞❣❡✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡
❝♦♥❝❧✉❞❡ t❤❛t t❤❡ t❤❡t❛ ❛♥❣❧❡ ✐s ❝❧♦s❡ t♦ 90◦✳ ❆❧s♦✱ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡ β ✐s ✜①❡❞
t♦ 90◦ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 90◦ r♦t❛t✐♦♥ ❜❡t✇❡❡♥ ✜❣✉r❡s ✺✳✷✵❇ ❛♥❞ ❈✮ ❛♥❞
t❤❡ ❜❛❝❦❣r♦✉♥❞ ❧❡✈❡❧ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡
✜t r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ❢r♦♠ ✜❣✉r❡ ✺✳✷✵✳
✺✳✸✳ ❑
✶✷
❚❜❲
✸✵
✶✷✺
A B
C
Rotation Angle (°)
M
a
g
n
e
ti
z
a
ti
o
n
 (
A
m
2
/m
o
le
)
4
 m
m
B = 0.05 TRotation 1
Rotation 2
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θ = 81.0◦ χxx = 4π · 4.2 ❝♠3✴♠♦❧❡
φ = 236.2◦ χyy = 4π · 2.8 ❝♠3✴♠♦❧❡
α0 = 124.6
◦ χzz = 4π · 6.0 ❝♠3✴♠♦❧❡
β = 90◦ ✭✜①❡❞✮
C0 = 0 ✭✜①❡❞✮
❋✐❣✉r❡ ✺✳✷✵✿ ▼❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ▼P▼❙ ❙◗❯■❉ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r♦t❛✲
t✐♦♥ ❛♥❣❧❡ ❢♦r ❚❜❲✸✵✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝
✜❡❧❞ ✐s ♠❡❛s✉r❡❞ ❢♦r ❛ ✜❡❧❞ ✈❛❧✉❡ ♦❢ 0.05❚✳ 0◦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r♦t❛t✐♦♥ ♣❧❛t❢♦r♠
❜❡✐♥❣ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❘♦t❛t✐♦♥ ✶ ❛♥❞ ✷ ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❝♦♥✜❣✉r❛t✐♦♥s s❡❡♥ ✐♥ ❣r❛♣❤ ❇ ❛♥❞ ❈ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡s ❛r❡ ✜ts t♦
t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✇✐t❤ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✳ ❚❤❡s❡ ♣❛✲
r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✸ ❛♥❞ t❤❡✐r ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ s✉♠♠❛r✐③❡❞ ✐♥ ✜❣✉r❡
✺✳✼✳
❲✐t❤ ♣r✐♥❝✐♣❛❧ ✈❛❧✉❡s ♦❢ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ♠❛tr✐① ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡
✜t✱ ✇❡ ❝❛♥ ♥♦✇ ♦❜t❛✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r ♦✉r ❡✛❡❝t✐✈❡ ❍❛♠✐❧t♦✲
♥✐❛♥ ♠♦❞❡❧ ✭❡q✉❛t✐♦♥ ✭✺✳✼✮✮✳ ❚❤r♦✉❣❤ s♣❡❝✐✜❝ ❤❡❛t ♠❡❛s✉r❡♠❡♥ts ✇❡ ❤❛✈❡
❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ ❛ ❣❛♣ ✈❛❧✉❡ ∆ = 0.848❑✳ ❇② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ s✉s❝❡♣t✐❜✐❧✐✲
t✐❡s (χxx, χyy, χzz) ❢♦r t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ♠❛❦✐♥❣ t❤❡s❡ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
✜tt❡❞ ✈❛❧✉❡s✱ ✇❡ ❣❡t t❤❡ ♥❡❝❡ss❛r② ✈❛❧✉❡s ♦❢ (gxx, gyy, gzz)✿
gxx = 9.6
gyy = 7.8
gzz = 11.4
∆ = 0.848❑ ✭✺✳✾✮
❲✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs ✇❡ ❝❛♥ ♥♦✇ ✉s❡ ❡q✉❛t✐♦♥ ✭✺✳✼✮ t♦ ❝❛❧❝✉❧❛t❡ ❛♥② ♦❜s❡r✈✲
❛❜❧❡s ❛♥❞ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❧♦✇ ✜❡❧❞ r❡❣✐♠❡s ❛s
✶✷✻ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
❧♦♥❣ ❛s t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❤✐❣❤❡r ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❚❤❡ ❡♥❡r❣②
❧❡✈❡❧s ✉♥❞❡r ❛♥ ❛♣♣❧✐❡❞ ✜❡❧❞ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✺✳✷✶ ❛❧♦♥❣ ✇✐t❤ t❤❡ tr❛♥✲
s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡ t✇♦ st❛t❡s✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ♠❛tr✐① ❡❧❡♠❡♥ts
❝❛♥ ❜❡ s❡❡♥ t♦ ❜❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤♦s❡ ♦❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❛ s♣✐♥ 1/2 s②st❡♠
✭|〈0|S|1〉| = 1/2✱ s❡❡ s❡❝t✐♦♥ ✹✳✷✳✸✮✱ ❛ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ ♦❢ ✐ts ❛♣♣❧✐❝❛❜✐❧✐t② ❛s ❛
q✉❛♥t✉♠ ❜✐t✳
❲❡ ♥♦t❡ ❛❧s♦ t❤❛t t❤❡ ♠❡❛s✉r❡❞ s✉s❝❡♣t✐❜✐❧✐t✐❡s ❛r❡ ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡
♦r✐❣✐♥❛❧ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs r❡♣♦rt❡❞ ✐♥ ❬✹❪✳ ❚❤❡ ✈❛❧✉❡s r❡♣♦rt❡❞ ❢♦r t❤❡
❝r②st❛❧ ✜❡❧❞ ❝♦❡✣❝✐❡♥ts ✇♦✉❧❞ ❣✐✈❡ gxx = gyy ≪ gzz✳ ❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡ ♠♦❧❡❝✉✲
❧❛r s②♠♠❡tr② ✇❛s ♥♦t ❞✐st✉r❜❡❞✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ❤❛r❞ ♠❛❣♥❡t✐❝ ♣❧❛♥❡ ✇✐t❤
❛❧❧ ❞✐r❡❝t✐♦♥s ✇✐t❤✐♥ t❤✐s ♣❧❛♥❡ ❜❡✐♥❣ ♠❛❣♥❡t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✳ ❚❤✐s ✐s ❝❧❡❛r❧②
♥♦t t❤❡ ❝❛s❡ ❛s s❡❡♥ ✐♥ ✜❣✉r❡ ✺✳✷✵✳ ❆ r♦t❛t✐♦♥ ❛r♦✉♥❞ ❛♥② ❛①✐s ✇♦✉❧❞ ❤❛✈❡
t❤❡ ✜❡❧❞ ✐♥ t❤❡ ❤❛r❞ ♣❧❛♥❡ ❛t s♦♠❡ ♣♦✐♥t ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ♠✐♥✐♠✉♠ ♠❛❣✲
♥❡t✐③❛t✐♦♥ ❢♦r ❛♥② r♦t❛t✐♦♥ ❝✉r✈❡ s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡✳ ❚❤❡ ♠✐♥✐♠✉♠
♠❛❣♥❡t✐③❛t✐♦♥s ❢♦✉♥❞ ❢♦r ❞✐✛❡r❡♥t r♦t❛t✐♦♥ ❛①❡s ❣✐✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ t❤❛t t❤❡r❡
♠✉st ❡①✐st ❛♥ ✐♥✲♣❧❛♥❡ ❛♥✐s♦tr♦♣② ♥♦t ♣r❡✈✐♦✉s❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❢♦r t❤❡
✉♥❞✐st♦rt❡❞ ♠♦❧❡❝✉❧❡s ✭❢♦r ✐♥st❛♥❝❡ ❛ t❡r♠ B22O
2
2✮✳ ❆s ❢♦r ●❞❲✸✵✱ t❤✐s ❡✛❡❝t
❧✐❦❡❧② ♦r✐❣✐♥❛t❡s ❢r♦♠ str❛✐♥ ❡✛❡❝ts ♣r❡s❡♥t ✇✐t❤✐♥ t❤❡ ❝r②st❛❧✳
✺✳✸✳✸ ▲♦✇ t❡♠♣❡r❛t✉r❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t②
❆❢t❡r ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✱ ✈❡r② ❧♦✇ t❡♠✲
♣❡r❛t✉r❡ ❛❝ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ➭✲
❙◗❯■❉ s✉s❝❡♣t♦♠❡t❡r ❬✶✹✱ ✶✺❪ s✐♠✐❧❛r t♦ t❤❛t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✷✺ ♣❧❛❝❡❞ ✐♥s✐❞❡
t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r ♦❢ ❛ ✸❍❡−✹❍❡ ❞✐❧✉t✐♦♥ ❢r✐❞❣❡ ❬✶✻❪✳ ❚❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✇❛s
♠❡❛s✉r❡❞ ❢♦r ❢r❡q✉❡♥❝✐❡s r❛♥❣✐♥❣ ❢r♦♠ 0.23❍③ t♦ 107 ❦❍③ ❛♥❞ ❢♦r t❡♠♣❡r❛t✉r❡s
r❛♥❣✐♥❣ ❢r♦♠ 14♠❑ t♦ 2❑✳ ❆ s❛♠♣❧❡ ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ♣♦✐♥ts ✐s s❤♦✇♥
✐♥ ✜❣✉r❡ ✺✳✷✷ ✭❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡✮ ❛♥❞ ✐♥ ✜❣✉r❡ ✺✳✷✸ ✭❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ❢r❡q✉❡♥❝②✮✳ ❚❤❡ ❛❝t✉❛❧ s✉s❝❡♣t✐❜✐❧✐t② ✈❛❧✉❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛t❝❤✐♥❣ t❤❡
❙◗❯■❉ ♦✉t♣✉t ✈♦❧t❛❣❡s t♦ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ s❡❝t✐♦♥ ✺✳✸✳✷
❛t t❤❡ ❛♥❣❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦rr❡❝t ❝r②st❛❧ ♦r✐❡♥t❛t✐♦♥ ✭✐♥ t❤✐s ❝❛s❡ 0◦
✐♥ ✜❣✉r❡ ✺✳✷✵ s✐♥❝❡ ✐♥ ❜♦t❤ ❝♦♥✜❣✉r❛t✐♦♥s t❤❡ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ s✉❜str❛t❡ ✇✐t❤ t❤❡ ❝r②st❛❧ ♦r✐❡♥t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✮✳
❚❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❧❡① ❛❝ s✉s❝❡♣t✐❜✐❧✐t②✱ χ∗ = χ′ − iχ′′✱
❝❛♥ ❜❡ ❛❞❡q✉❛t❡❧② ♠♦❞❡❧❡❞ ❜② ❛ ❈♦❧❡✲❈♦❧❡ ❡q✉❛t✐♦♥ ❬✶✼❪ t❤❛t ❞❡s❝r✐❜❡s t❤❡
s♣✐♥ r❡❧❛①❛t✐♦♥ ❞②♥❛♠✐❝s✿
χ∗ = χS +
χT − χS
1 + (jωτ)β
✭✺✳✶✵✮
❚❤✐s ♠♦❞❡❧ r❡❞✉❝❡s t♦ t❤❡ ❉❡❜②❡ ❡q✉❛t✐♦♥ ✇❤❡♥ β = 1 ❛♥❞ ❞❡s❝r✐❜❡s ❛ s②st❡♠
✇✐t❤ ❛ s✐♥❣❧❡ r❡❧❛①❛t✐♦♥ t✐♠❡ τ ✇✐t❤ ❛ ❝❡rt❛✐♥ ❜r♦❛❞❡♥✐♥❣ r❡❧❛t❡❞ t♦ β✳ χS ✐s t❤❡
✺✳✸✳ ❑
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❋✐❣✉r❡ ✺✳✷✶✿ ❊✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡ ♦❢ ❚❜❲✸✵✳ ●r❛♣❤ ❆
s❤♦✇s t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦♥ ❛♥ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥✳
●r❛♣❤ ❇ s❤♦✇s t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ t❤❡ t❤r❡❡ s♣✐♥ ♠❛tr✐❝❡s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡
❢❛❝t♦r gii/gS ✇❤❡r❡ gii ❛r❡ ❡❛❝❤ ♦❢ t❤❡ ❣✲❢❛❝t♦r ♠❛tr✐① ❡❧❡♠❡♥ts ❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✳✼✮
❛♥❞ gS = 1.5 ✐s t❤❡ ❣✲❢❛❝t♦r ♦❢ ❚❜✳ ❚❤✐s ✐s ❞♦♥❡ s♦ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ♠♦❞❡❧ ♠❛tr✐①
❡❧❡♠❡♥ts ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❡❞ t♦ ♠❛tr✐① ❡❧❡♠❡♥ts ❝❛❧❝✉❧❛t❡❞ ✐♥ ❢✉❧❧ ❝r②st❛❧ ✜❡❧❞
♠♦❞❡❧✳
❛❞✐❛❜❛t✐❝ ♦r ❤✐❣❤ ❢r❡q✉❡♥❝② ❧✐♠✐t ♦❢ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✇❤✐❧❡ χT ✐s t❤❡ ❡q✉✐❧✐❜✲
r✐✉♠ ❧♦✇ ❢r❡q✉❡♥❝② ❧✐♠✐t✳ χS ✐s ✉s✉❛❧❧② s♠❛❧❧ s✐♥❝❡ ❛t ✈❡r② ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s t❤❡
s♣✐♥s ❞♦ ♥♦t ❤❛✈❡ t✐♠❡ t♦ r❡❧❛① ❛♥❞ ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s✉s❝❡♣t✐❜✐t② ✇❤✐❧❡
t❤❡ ✈❛❧✉❡ ♦❢ χT t②♣✐❝❛❧❧② ❢♦❧❧♦✇s t❤❡ ❈✉r✐❡ ❧❛✇ ✇❤❡r❡ χT ∝ T−1✳ ❚❤❡ t②♣✐❝❛❧
❜❡❤❛✈✐♦r ♦❢ ❛ s②st❡♠ ❢♦❧❧♦✇✐♥❣ t❤❡ ❈♦❧❡✲❈♦❧❡ ❧❛✇ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✹ ✇❤❡r❡
✇❡ s❡❡ t❤❛t t❤❡ ✐♥ ♣❤❛s❡ ❝♦♠♣♦♥❡♥t ❤❛s ❛ st❡♣ ✇❤❡♥ t❤❡ ❢r❡q✉❡♥❝② ω ∼ 1/τ
❛♥❞ t❤❡ ♦✉t ♦❢ ♣❤❛s❡ ❝♦♠♣♦♥❡♥t ❤❛s ❛ ♣❡❛❦ ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝②✳ ❖❜s❡r✈✲
✐♥❣ ♦✉r ♠❡❛s✉r❡♠❡♥ts ❤♦✇❡✈❡r✱ ✐t s❡❡♠s ❡✈✐❞❡♥t t❤❛t t❤❡r❡ ❛r❡ ❝❤❛r❛❝t❡r✐st✐❝
t✇♦ r❡❧❛①❛t✐♦♥ t✐♠❡s ❛♥❞ t❤❛t✱ t❤❡r❡❢♦r❡✱ ✐t ✇✐❧❧ ❜❡ ♥❡❝❡ss❛r② t♦ ✉s❡ ❛ ❞♦✉❜❧❡
❈♦❧❡✲❈♦❧❡ ❡q✉❛t✐♦♥ t♦ ✜t t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ❛t ❡❛❝❤ t❡♠♣❡r❛t✉r❡✿
χ∗ = χ(1)S + χ
(2)
S +
χ
(1)
T − χ(1)S
1 + (jωτ1)β1
+
χ
(2)
T − χ(2)S
1 + (jωτ2)β2
✭✺✳✶✶✮
❚❤❡ ✜ts t♦ t❤✐s ❞♦✉❜❧❡ ❈♦❧❡✲❈♦❧❡ ❡q✉❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✸ ✭s♦❧✐❞
❧✐♥❡s✮✳ ❚❤❡ ✈❛❧✉❡s ♦❢ χS ✐♥ t❤❡ ✜ts ❤❛✈❡ ❜♦t❤ ❜❡❡♥ t❛❦❡♥ ❡q✉❛❧ t♦ ✵✳ ❋r♦♠
✶✷✽ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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10.7 Hz
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1.07 kHz
10.7 kHz
107 kHz
T(K)
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1.7 Hz
10.7 Hz
107 Hz
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10.7 kHz
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T(K)
MPMS-SQUID
❋✐❣✉r❡ ✺✳✷✷✿ ❈♦♠♣❧❡① ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ❛❧♦♥❣ t❤❡ ❬✶✲✶✵❪ ❛①✐s ♦❢ ❚❜❲✸✵ ❛t
✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✐s s❤♦✇♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❢♦r
❞✐✛❡r❡♥t ❡①❝✐t❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❙◗❯■❉ ♦✉t♣✉t ✈♦❧t❛❣❡ ✈❛❧✉❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦
♠❛t❝❤ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❛t 2❑ ✐♥ t❤❡ ❛♥❣❧❡ ❞❡♣❡♥❞❛♥t ♠❛❣♥❡t✐③❛t✐♦♥
♠❡❛s✉r❡♠❡♥ts ✭s❡❝t✐♦♥ ✺✳✸✳✷✮✳ ❚❤❡ s♦❧✐❞ ❜❧❛❝❦ ❧✐♥❡ ✐♥ t❤❡ r❡❛❧ ❝♦♠♣♦♥❡♥t ❣r❛♣❤ r❡♣✲
r❡s❡♥ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ❞❡r✐✈❡❞ ❢r♦♠ ✜ts t♦ ❛ ❞♦✉❜❧❡ ❈♦❧❡✲❈♦❧❡ ❧❛✇ ✭s❡❡ ✜❣✉r❡
✺✳✷✸✮✳
t❤❡s❡ ✜ts ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ t✇♦ r❡❧❛①❛t✐♦♥
t✐♠❡s ✭τ1 ≡ τfast ❛♥❞ τ2 ≡ τslow✮✱ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✺✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡q✉✐✲
❧✐❜r✐✉♠ s✉s❝❡♣t✐❜✐❧✐t② ✭s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✉r❡ ✺✳✷✷✮✳ ❆t t❤❡ ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s✱
t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉s❝❡♣t✐❜✐❧✐t② ✈❛❧✉❡ ❝❛♥ ✉s✉❛❧❧② ❜❡ r❡❛❞ ❞✐r❡❝t❧② ♦✛ t❤❡ ❣r❛♣❤✱
❜✉t ❢♦r t❤❡ ❧♦✇❡r t❡♠♣❡r❛t✉r❡s t❤❡ ✜t ✐s ♥❡❝❡ss❛r② t♦ ❝♦rr❡❝t❧② ❡①tr❛♣♦❧❛t❡ t❤❡
s✉s❝❡♣t✐❜✐❧✐t② t♦ ω → 0✳
❋r♦♠ t❤❡ ❈♦❧❡✲❈♦❧❡ ✜ts ✇❡ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞ τfast t❤❛t r❡♠❛✐♥s
❝♦♥st❛♥t ❛t ❧♦✇❡r t❡♠♣❡r❛t✉r❡s ❛♥❞ ❢❛❧❧s ♦✛ s❧✐❣❤t❧② ❛t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s✳
■t ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ➭s ❛♥❞ ✇❡ ♣r❡s✉♠❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉s✉❛❧ ❚1 ❡❧❡❝tr♦♥✐❝
s♣✐♥ r❡❧❛①❛t✐♦♥ ✇❤✐❝❤✱ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐❢❡t✐♠❡
♦❢ t❤❡ ❡①❝✐t❡❞ s♣✐♥ st❛t❡ ♦❢ t❤❡ ❞♦✉❜❧❡t✳ ❚❤❡r❡ ✐s ❤♦✇❡✈❡r ❛ s❡❝♦♥❞ ♠✉❝❤
s❧♦✇❡r r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ♣r♦❝❡ss ❜❡❝♦♠❡s ♦❜s❡r✈❛❜❧❡ ♦♥❧② ❛t ✈❡r② ❧♦✇
t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡✱ τslow✱ ❞❡❝r❡❛s❡s r❛♣✐❞❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣
t❡♠♣❡r❛t✉r❡ ❛♥❞ ❜❡❝♦♠❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ ♠s ❛t T → 14♠❑✳ ❚❤❡ ♦r✐❣✐♥ ♦❢ t❤✐s
r❡❧❛①❛t✐♦♥ ✐s ✉♥❝❧❡❛r ❜✉t ✇❡ s♣❡❝✉❧❛t❡ t❤❛t ✐t ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ r❡❧❛①❛t✐♦♥
♦❢ ♥✉❝❧❡❛r s♣✐♥s t❤r♦✉❣❤ t❤❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥✳ ❚❜ ❤❛s ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡
❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞✱ ❛❧t❤♦✉❣❤ ✐t ❤❛s ❜❡❡♥ ✉♥♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ✉♣
t✐❧❧ ♥♦✇✱ ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t ✐t ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ r❡❧❛①❛t✐♦♥
❞②♥❛♠✐❝s ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ■♥ ❛♥② ❝❛s❡✱ ♠♦r❡ ✇♦r❦ ✐s ♥❡❝❡ss❛r② t♦ ❢✉❧❧②
✺✳✸✳ ❑
✶✷
❚❜❲
✸✵
✶✷✾
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❋✐❣✉r❡ ✺✳✷✸✿ ❈♦♠♣❧❡① ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ❚❜❲✸✵ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡
s✉s❝❡♣t✐❜✐❧✐t② ✐s s❤♦✇♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡①❝✐t❛t✐♦♥ ❢r❡q✉❡♥❝② ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳
❚❤❡ ❙◗❯■❉ ✈♦❧t❛❣❡ ✈❛❧✉❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ ♠❛t❝❤ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✈❛❧✉❡s ♦❜t❛✐♥❡❞
❛t 2❑ ✐♥ t❤❡ ❛♥❣❧❡ ❞❡♣❡♥❞❛♥t ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✭s❡❝t✐♦♥ ✺✳✸✳✷✮✳ ❚❤❡ ✜❧❧❡❞
♠❛r❦❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ❡♠♣t② ♠❛r❦❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡
✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛❝ s✉s❝❡♣t✐❜✐❧✐t②✳
✉♥❞❡rst❛♥❞ t❤✐s ❡✛❡❝t✳
❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ♠❡❛s✉r❡❞ ❡q✉✐❧✐❜r✐✉♠ s✉s❝❡♣t✐❜✐❧✐t✐❡s t♦ ♣r❡❞✐❝✲
t✐♦♥s ♦❢ ♦✉r ❡✛❡❝t✐✈❡ ♠♦❞❡❧✱ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❈❛❧❝✉❧❛t✐♥❣ t❤❡
❡q✉✐❧✐❜r✐✉♠ s✉s❝❡♣t✐❜✐❧✐t② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❛❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ❝♦rr❡s♣♦♥❞s t♦ 0◦ ✐♥ ✜❣✉r❡ ✺✳✷✵ ❝❧♦s❡ t♦ t❤❡ ❬✶✲✶✵❪ ❝r②st❛❧
❛①✐s✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ χT ❝✉r✈❡ s❤♦✇♥ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ✐♥ ✜❣✉r❡
✺✳✷✻✳
■♥ ♦r❞❡r t♦ ❞✐s❝✉ss t❤❡s❡ r❡s✉❧ts✱ ✇❡ ✜♥❞ ✐t ✐❧❧✉str❛t✐✈❡ t♦ r❡✈✐❡✇ ❤❡r❡ t❤❡
♣❤②s✐❝❛❧ ♦r✐❣✐♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t t❡r♠s t❤❛t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣✲
t✐❜✐❧✐t② ✐♥ ❛ ❣❡♥❡r✐❝ s♣✐♥ s②st❡♠✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡
♠❛❣♥❡t✐③❛t✐♦♥ ❛❧♦♥❣ ❞✐r❡❝t✐♦♥ hˆ ✐s ❣✐✈❡♥ ❜②✿
Mbˆ ≡
1
Z
∑
n
〈n|µbˆ|n〉e−βEn , ✭✺✳✶✷✮
✇❤❡r❡ β = (kBT )−1✱ µbˆ = µB ~Sg˜bˆ ✐s t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦♣❡r❛t♦r✱ bˆ ✐s t❤❡
✉♥✐t❛r② ✈❡❝t♦r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ t❤❡ s✉♠ ✐s ♦✈❡r t❤❡
❍❛♠✐❧t♦♥✐❛♥ ❡✐❣❡♥st❛t❡s |n〉 ✇✐t❤ ❡♥❡r❣✐❡s En✳ ❚❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✐s ❞❡✜♥❡❞ ❛s
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✜❡❧❞
✶✸✵ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
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0
❋✐❣✉r❡ ✺✳✷✹✿ ❈♦❧❡✲❈♦❧❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣❧❡① ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ✇✐t❤ β = 0.8 ✭❡q✉❛✲
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❋✐❣✉r❡ ✺✳✷✻✿ ❊q✉✐❧✐❜r✐✉♠ χT ❢♦r ❚❜❲✸✵ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ s♦❧✐❞ ❝✉r✈❡
r❡♣r❡s❡♥t t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡s ✉s✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ ♠♦❞❡❧ ✭✺✳✼✮ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs
❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✳✾✮✳ ❲❡ s❡❡ ❈✉r✐❡ ❧❛✇ ❜❡❤❛✈✐♦r ❢♦r ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ❜✉t ❛ s❧♦✇❡r
t❤❛t T−1 ❞❡❝❛② ♦❢ χ ❢♦r ❧♦✇ t❡♠♣❡r❛t✉r❡s ✇✐t❤ χT → 0 ❛s T → 0✳
❛♣♣❧✐❡❞ ✐♥ t❤❡ bˆ ❞✐r❡❝t✐♦♥✿
χbˆ ≡
∂Mbˆ
∂B
. ✭✺✳✶✸✮
❆ss✉♠✐♥❣ t❤❛t t❤❡ ✜❡❧❞ ❡♥t❡rs ✐♥ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ t❤r♦✉❣❤ ❛ ❩❡❡♠❛♥ t❡r♠
−~µ ~B✱ ❛♥❞ ❛♣♣❧②✐♥❣ ✜rst ♦r❞❡r ♣❡rt✉❜❛t✐♦♥ t❤❡♦r② ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❝❤❛♥❣❡s ✐♥
t❤❡ ❡♥❡r❣② ❛♥❞ ✇❛✈❡❢✉♥❝t✐♦♥s ❛r❡✿
En ≃ E(0)n − 〈n(0)|µbˆ|n(0)〉δB, ✭✺✳✶✹✮
|n〉 ≃ |n(0)〉 − δB
∑
n′ 6=n
〈n′(0)|µbˆ|n(0)〉
E
(0)
n − E(0)n′
|n(0)〉, ✭✺✳✶✺✮
✇❤❡r❡ δB ✐s ❛ ♣❡rt✉❜❛t✐♦♥ ✐♥ t❤❡ ✜❡❧❞ ❛♥❞ t❤❡ (0) s✉♣❡rs❝r✐♣t ❞❡♥♦t❡s t❤❡ ✉♥✲
♣❡rt✉r❜❡❞ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ st❛t❡s✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ✐t ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞
t♦ ❝♦♠♣✉t❡ χbˆ ❜② ❡①♣❧✐❝✐t❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✺✳✶✷✮✿
χbˆ =
1
kBT
[
〈µ2
bˆ
〉 − 〈µbˆ〉2
]
+
2
Z2
∑
n
∑
n′ 6=n
|〈n|µbˆ|n′〉|2
En′ − En e
−βEn ✭✺✳✶✻✮
✇❤❡r❡ t❤❡ t❤❡ ❛✈❡r❛❣❡s ❛r❡ ❛❧❧ t❤❡r♠❛❧✳✷ ❚❤❡ ✜rst t✇♦ t❡r♠s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦
T−1 ❛♥❞ ❣✐✈❡ r✐s❡ t♦ t❤❡ ❈✉r✐❡ ❧❛✇ ❜❡❤❛✈✐♦r ❛♥❞ ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥s
♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❞✉❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ✜❡❧❞ ✭♣r♦♣♦rt✐♦♥❛❧ t♦ ∂En/∂B✮✳ ❚❤❡
❧❛st t❡r♠✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❝❤❛♥❣❡s ✐♥ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭♣r♦♣♦rt✐♦♥❛❧ t♦ ∂|n〉/∂B✮ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❱❛♥ ❱❧❡❝❦
✷〈µ2
bˆ
〉 = 1
Z
∑
n
〈n|µbˆ|n〉
2e−Enβ
✶✸✷ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
s✉s❝❡♣t✐❜✐❧✐t②✳ ■♥ ❛ s❡♥s❡✱ t❤❡ ❈✉r✐❡ t❡r♠s r❡♣r❡s❡♥t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠
❝❧❛ss✐❝❛❧ t❤❡r♠❛❧ ✢✉❝t✉❛t✐♦♥s ✇❤✐❧❡ t❤❡ ❱❛♥ ❱❧❡❝❦ t❡r♠ r❡♣r❡s❡♥ts t❤❡ ❝❤❛♥❣❡s
✐♥ t❤❡ q✉❛♥t✉♠ ✇❛✈❡❢✉♥❝t✐♦♥✳
■♥ ❛ s②st❡♠ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ❛s ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✼✮ ✇❡ ✜♥❞ t❤❛t
t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ T−1 ❛r❡ ❜♦t❤ ③❡r♦ ❛t ③❡r♦ ✜❡❧❞ ❛♥❞ t❡♠♣❡r❛t✉r❡s
✇❤❡r❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✭t❡♠♣❡r❛t✉r❡s s♠❛❧❧❡r
t❤❛♥ ∆✮✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② s✐♠♣❧② s♦❧✈✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❝❛❧❝✉❧❛t✲
✐♥❣ 〈µnˆ〉 ❛♥❞ 〈µ2nˆ〉 ♦r✱ ♠♦r❡ ✐♥t✉✐t✐✈❡❧②✱ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❡♥❡r❣②
❝✉r✈❡s ✐♥ ✜❣✉r❡ ✺✳✷✶ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ ✈❛♥✐s❤❡s ❛t ③❡r♦ ✜❡❧❞✳ ❚❤✐s ❡✛❡❝t ❞✐r❡❝t❧②
❛r✐s❡s ❢r♦♠ t❤❡ ❧❛r❣❡ q✉❛♥t✉♠ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ♦❢ t❤✐s s②st❡♠ ❛♥❞ s✉♣♣r❡ss❡s
t❤❡ T−1 t❡r♠s ❢♦r kBT . ∆ ❧❡❛✈✐♥❣ t❤❡ ♠✉❝❤ ✇❡❛❦❡r t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡
t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❱❛♥ ❱❧❡❝❦ t❡r♠✳ ❚❤✐s ❛❣r❡❡s ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ❜❡❤❛✈✲
✐♦r s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✻ ✇❤❡r❡ ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡s ✇❡ s❡❡ ❛ ❝♦♥st❛♥t ✈❛❧✉❡
❢♦r χT ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❈✉r✐❡ ❧❛✇✱ ✇❤✐❧❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s t❤❡ ❝❧❛ss✐❝❛❧
❝♦♥tr✐❜✉t✐♦♥s ❛r❡ s✉♣♣r❡ss❡❞ ❛♥❞ χT → 0✳ ❚❤❡r❡ ✐s ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
❡✛❡❝t✐✈❡ ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s ❛♥❞ t❤❡ r❡❧❛t✐✈❡❧② s♠❛❧❧ ❞❡✈✐❛t✐♦♥s ❛r❡ ❧✐❦❡❧② ❞✉❡ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ str❛✐♥s ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs✳
❚❤❡s❡ r❡s✉❧ts s❡r✈❡ t♦ ❢✉rt❤❡r ❝♦♥✜r♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧❛r❣❡ t✉♥♥❡❧ ❣❛♣
❛♥❞ t♦ r❡❛✣r♠ t❤❛t t❤❡ ❚❜❲✸✵ s②st❡♠ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ s♣✐♥ q✉❜✐t ❝❛♥❞✐❞❛t❡
✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❛s✐s ❞❡✜♥❡❞ ❛s t❤❡ t✇♦ t✉♥♥❡❧ s♣❧✐t st❛t❡s✳ ■ts ❧❛r❣❡
t✉♥♥❡❧ ❣❛♣ ❛❧❧♦✇s t✉♥✐♥❣ ✜❡❧❞s t♦ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤♦✉t ❞❡str♦②✐♥❣ t❤❡ ♠❛tr✐①
❡❧❡♠❡♥ts ♦❢ ♣❤♦t♦♥ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥s ❝♦♥♥❡❝t✐♥❣ t❤❡s❡ st❛t❡s✳ ❇❡②♦♥❞ ✐ts
♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ❛s ❛ q✉❛♥t✉♠ ❜✐t✱ t❤✐s s❛♠♣❧❡ ♣r♦✈✐❞❡s t❤❡ r❛t❤❡r ✉♥✐q✉❡
♦♣♣♦rt✉♥✐t② ♦❢ st✉❞②✐♥❣ ❛ ♣✉r❡ q✉❛♥t✉♠ t✇♦ ❧❡✈❡❧ s♣✐♥ s②st❡♠✱ ✇❤❡r❡ t❤❡
❣r♦✉♥❞ st❛t❡ ❛♥❞ ♠❛❣♥❡t✐❝ r❡s♣♦♥s❡ ✐s ❞❡t❡r♠✐♥❡❞ ❢✉❧❧② ❜② t✉♥♥❡❧ ❡✛❡❝ts✳ ❚❤❡
❣r♦✉♥❞ st❛t❡ ♦❢ ❚❜❲✸✵ ✐s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ✉♣ ❛♥❞ ❞♦✇♥ s♣✐♥ st❛t❡s ✇✐t❤
♥♦ ♥❡t ♠❛❣♥❡t✐③❛t✐♦♥✱ ✉♥❧✐❦❡ ♠♦st ♦t❤❡r s♣✐♥ s②st❡♠s ✇❤❡r❡ t❤❡ ❣r♦✉♥❞ st❛t❡
❡♥❞s ✉♣ ❜❡✐♥❣ ❡✐t❤❡r | ± S〉 ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s s✉❝❤ ❛s
❞✐♣♦❧❡✲❞✐♣♦❧❡ ♦r ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s✳
✺✳✹ ❈♦✉♣❧✐♥❣ ❙■▼s t♦ ❈P❲ r❡s♦♥❛t♦rs
❆❢t❡r st✉❞②✐♥❣ t✇♦ ♠♦❞❡❧ ❙■▼ s②st❡♠s ✐♥ ❞❡t❛✐❧✱ ✇❡ ♥♦✇ ✇✐s❤ t♦ ❡✈❛❧✉❛t❡ t❤❡✐r
❝♦✉♣❧✐♥❣ t♦ q✉❛♥t✉♠ ❝✐r❝✉✐ts✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡s❡ s②st❡♠s
t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✐s ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s t♦
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♣r❡s❡♥t❡❞ ❢♦r ❣❡♥❡r✐❝ ❙▼▼s ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✳ ■♥ ❢❛❝t✱ t❤❡ s❛♠❡
✜❡❧❞ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✐♥t❡❣r❛❧s ❛♣♣❧② ❛♥❞ t❤❡ ♦♥❧② ❝❤❛♥❣❡ t❤❛t ❤❛s t♦ ❜❡ ♠❛❞❡
✐s t♦ ✐♥♣✉t t❤❡ ❝♦rr❡❝t ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ ❡q✉❛t✐♦♥s
✭✹✳✶✼✮✱ ✭✹✳✷✶✮ ❛♥❞ ✭✹✳✷✸✮✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ r❡❛❞✐❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❍❛♠✐❧✲
t♦♥✐❛♥s ❞❡❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❛❧❧♦✇✐♥❣ ✉s t♦ ❞✐r❡❝t❧② ❝♦♠♣❛r❡ t❤❡
✺✳✹✳ ❈♦✉♣❧✐♥❣ ❙■▼s t♦ ❈P❲ r❡s♦♥❛t♦rs ✶✸✸
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g N
/ω
 
(%
)
Height (µm)
 Fe8 ω12             Fe8 ω13
 GdW30 ω13        TbW30 ω12
 DPPH              NV centres
❙♣✐♥ ❞❡♥s✐t② ✭s♣✐♥s✴❝♠✸✮
❋❡✽ 5.11× 1020
❉PP❍ 2.14× 1021
◆❱ ❝❡♥t❡rs 1.1× 1018
●❞❲✸✵✱ ❚❜❲✸✵ 3.08× 1020
❋❡8 ω12 ❋❡8 ω13 ●❞❲✸✵ ω13
✺✳✼✺ ●❍③ ✶✶✹✳✻ ●❍③ ✺✳✷✸ ●❍③
✭BY = 2.325 ❚✮
❚❜❲✸✵ ω12 ❉PP❍ ◆❱ ❝❡♥tr❡s
✶✼✳✼ ●❍③ ✻ ●❍③ ✷✳✽✽ ●❍③
✭BZ = 0.43 ❚✮
❋✐❣✉r❡ ✺✳✷✼✿ ❈♦✉♣❧✐♥❣ ♦❢ 40 ➭♠ × 40 ➭♠ × height ❙■▼✱ ❙▼▼ ❛♥❞ ❞✐❛♠♦♥❞ ❝r②st❛❧s
t♦ ❛ ❈P❲ r❡s♦♥❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝r②st❛❧ t❤✐❝❦♥❡ss✳ ❖♥ t❤❡ ❧❡❢t ✇❡ s❤♦✇ t❤❡ t♦t❛❧
❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✇❡ s❤♦✇ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡
r❡s♦♥❛t♦r ❢r❡q✉❡♥❝②✳ ❋♦r ❡❛❝❤ s❛♠♣❧❡✱ ωij ❞❡♥♦t❡s t❤❡ tr❛♥s✐t✐♦♥ ✉s❡❞ ✭ω12 ❞❡♥♦t❡s
t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ✇❤✐❧❡ ω13 r❡❢❡rs t♦ ③❡r♦✲✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s✮ ❛♥❞ t❤❡
♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ t❛❜❧❡ ❛❜♦✈❡✳ ❚❤❡ s♣✐♥ ❞❡♥s✐t✐❡s ❢♦r ❡❛❝❤
s❛♠♣❧❡ ❛r❡ ❛❧s♦ s❤♦✇♥ ❬✶✱ ✶✽✱ ✶✾✱ ✼❪✳ ❚❤❡ ●❞❲✸✵ ❛♥❞ ❉PP❍ ❧✐♥❡s ♦✈❡r❧❛♣ ✐♥ t❤❡ r✐❣❤t
❤❛♥❞ ❣r❛♣❤✳
✶✸✹ ❈❤❛♣t❡r ✺✳ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ❛s ◗✉❜✐ts
0.1 1 10
10-4
10-3
10-2
10-1
100  Fe8 ω12         Fe8 ω13
 GdW30 ω13   TbW30 ω12
                             DPPH
g/
2pi
 
(M
H
z)
Width (µm)
❋✐❣✉r❡ ✺✳✷✽✿ ❈♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ t♦ ❛ ❈P❲ r❡s♦♥❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❡♥tr❡ ❧✐♥❡
✇✐❞t❤✳ ❚❤❡ s♣✐♥ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ♣♦✐♥t ♦❢ ♠❛①✐♠✉♠ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❡♥tr❡
❧✐♥❡✳ ❋♦r ❡❛❝❤ s❛♠♣❧❡✱ ωij ❞❡♥♦t❡s t❤❡ tr❛♥s✐t✐♦♥ ✉s❡❞ ❛♥❞ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s
❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ✜❣✉r❡ ✺✳✷✼✳
❝♦✉♣❧✐♥❣s ❛♥❞ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s t♦ t❤♦s❡ ♦❢ ♣♦❧②♥✉❝❧❡❛r ❙▼▼s st✉❞✐❡❞ ✐♥
s❡❝t✐♦♥ ✹✳✸✳✷✳
❋✐❣✉r❡ ✺✳✷✼ s❤♦✇s t❤❡ ❝❛❧❝✉❧❛t❡❞ ❝♦❧❧❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ♦❢ ❛ r❡s♦♥❛t♦r t♦ ❛
❝r②st❛❧ ✇✐t❤ ❛ ❜❛s❡ s✐③❡ ♦❢ 40 ➭♠× 40 ➭♠ ♣❧❛❝❡❞ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ r❡s♦♥❛t♦r
❢♦r ❞✐✛❡r❡♥t ❝r②st❛❧ ❤❡✐❣❤ts✳ ❲❡ s❡❡ ❛❣❛✐♥ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ s❛t✉r❛t❡s ✇❤❡♥ t❤❡
❤❡✐❣❤t ♦❢ t❤❡ ❝r②st❛❧ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❣❛♣ s✐③❡s ✭14 ➭♠ ❝❡♥t❡r ❧✐♥❡ ❛♥❞ 7 ➭♠
❣❛♣s ✐♥ t❤✐s ❝❛s❡✮✳ ■♥ ❛❧❧ ❝❛s❡s ✇❡ s❡❡ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛t
t❤❡ ✈❛❧✉❡s ❢♦✉♥❞ ❢♦r ◆❱ ❝❡♥tr❡s ✐♥ ❞✐❛♠♦♥❞ ❛♥❞✱ ✐♥ ♠❛♥② ❝❛s❡s✱ ❝❛♥ ❛♠♦✉♥t
t♦ ❛ s✐③❛❜❧❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✳
■♥ t❤❡ ❝❛s❡ ♦❢ ●❞❲✸✵ ✇❡ s❡❡ t❤❛t t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡
❢♦r ❉PP❍✳ ❚❤✐s ♠❛② s❡❡♠ s♦♠❡✇❤❛t ❞✐s❛♣♣♦✐♥t✐♥❣ ❜✉t ✇❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞
t❤❛t ❉PP❍ r❡q✉✐r❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❛❧♠♦st
0.5❚✮ ✐♥ ♦r❞❡r t♦ ♦♣❡r❛t❡ ❛t ❛ ❢r❡q✉❡♥❝② s✐♠✐❧❛r t♦ ●❞❲✸✵ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛
t❡❝❤♥✐❝❛❧ ✐ss✉❡ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts ✭s❡♥s✐t✐✈❡ t♦ ❜❛❝❦✲
❣r♦✉♥❞ ✜❡❧❞s✮✳ ●❞❲✸✵ ❝❛♥ ♦♣❡r❛t❡ ✐♥ t❤✐s r❡❣✐♠❡ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ ❤✐❣❤
t✉♥✐♥❣ ✜❡❧❞s ✇❤✐❝❤ ❣❡♥❡r❛❧❧② ✐s ❢❛✈♦r❛❜❧❡ ❢♦r t❤❡ r❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡✳
❋♦r ❚❜❲✸✵ ✇❡ ✜♥❞ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ✈❛❧✉❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞
✇❤❡♥ ✉s✐♥❣ t❤❡ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❋❡✽✳ ❆s ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ❝♦✉♣❧✐♥❣
✈❛❧✉❡s ❛r❡ ✈❡r② ❤✐❣❤ ✭❤✉♥❞r❡❞s ♦❢ ▼❍③✮ ❜✉t t❤❡ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❚❜❲✸✵
❛r❡ ♠✉❝❤ ♠♦r❡ ❢❛✈♦r❛❜❧❡✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ t✉♥✐♥❣ t❤❡ t✉♥♥❡❧
s♣❧✐tt✐♥❣ ∆ ♦❢ ❋❡✽ t♦ t❤❡ ♦♣❡r❛t✐♥❣ r❡❣✐♠❡ ❛ str♦♥❣ ❛♥❞ ✈❡r② ♣r❡❝✐s❡❧② ❛❧✐❣♥❡❞
✺✳✺✳ ❈♦♥❝❧✉s✐♦♥s ✶✸✺
♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❧❡ ❚❜❲✸✵ ❞♦❡s ♥♦t r❡q✉✐❡r❡ ❛ t✉♥✐♥❣ ✜❡❧❞ t♦ ♦❜t❛✐♥ t❤❡
s❛♠❡ ♣❡r❢♦r♠❛♥❝❡✳ ❊✈❡♥ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r ❋❡✽ ✇❤❡♥ ✉s✐♥❣ ✐ts
③❡r♦ ✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s✳ ❍♦✇❡✈❡r✱ t❤✐s r❡q✉✐r❡s ✇♦r❦✐♥❣ ❛t ❡①tr❡♠❡❧② ❤✐❣❤
❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ 200●❍③✳ ■♥ ❝♦♠♣❛r✐s♦♥✱ ❚❜❲✸✵ ♦✛❡rs ❛♥ ❛ttr❛❝t✐✈❡
♦♣t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠✉❝❤ ♠♦r❡ ♠❛♥❛❣❡❛❜❧❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ❛❧t❤♦✉❣❤ ✐ts
❝♦✉♣❧✐♥❣ ✐s s♦♠❡✇❤❛t s♠❛❧❧❡r✳
❋✐❣✉r❡ ✺✳✷✽ s❤♦✇s t❤❡ ❝♦✉♣❧✐♥❣ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛ s✐♥❣❧❡ s♣✐♥ ♣❧❛❝❡❞ ❛t t❤❡
♠❛①✐♠✉♠ r❢ ✜❡❧❞ ❧♦❝❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤✳ ❆s ❞✐s❝✉ss❡❞ ✐♥
s❡❝t✐♦♥ ✹✳✸✳✷✱ ✇❡ ♦❜s❡r✈❡ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❡♥❤❛♥❝❡♠❡♥t ✐♥ t❤❡ ❝♦✉♣❧✐♥❣
✇❤❡♥ ♥❛rr♦✇✐♥❣ t❤❡ ❝❡♥t❡r ❧✐♥❡ ❞♦✇♥ ❢r♦♠ 10 ➭♠ t♦ 100 ♥♠✳ ❚❤❡ r❡❧❛t✐✈❡
❝♦✉♣❧✐♥❣ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t s❛♠♣❧❡s ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ ✇❤❛t ❤❛s ❜❡❡♥
❢♦✉♥❞ ❢♦r ❝r②st❛❧ s❛♠♣❧❡s ❛♥❞ t❤❡ s❛♠❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❜♦✉t t❤❡ ❙■▼s ❢❛✈♦r❛❜❧❡
♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ❛♣♣❧②✳ ■t s❡❡♠s ♣♦ss✐❜❧❡✱ t❤❛t s✐♥❣❧❡ ♦r s♠❛❧❧ ❡♥s❡♠❜❧❡s
♦❢ ❙■▼s ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ♣r❡s❡♥t str♦♥❣ ❝♦✉♣❧✐♥❣ t♦ t❤✐s t②♣❡ ♦❢ ❝✐r❝✉✐ts✳
✺✳✺ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤❡ ✜❡❧❞ ♦❢ q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥✱ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ♣r♦✈✐❞❡ ♠❛♥② ✐♥t❡r✲
❡st✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s s✐♥❝❡ t❤❡② ❝❛♥ ❛❧❧♦✇ ❛ r❛t✐♦♥❛❧ ❞❡s✐❣♥ ♦❢ t❤❡✐r s♣✐♥ ❍❛♠✐❧t♦✲
♥✐❛♥✳ ❚❤❡ ♣r♦✈✐❞❡ ❛ ❣♦♦❞ ✇❛② t♦ ❢✉❧✜❧❧ t❤❡ t✇♦ ❝r✐t❡r✐❛ ♦✉t❧✐♥❡❞ ✐♥ ✹ r❡❣❛r❞✐♥❣
t❤❡ ❞❡s✐r❛❜❧❡ q✉❛❧✐t✐❡s ♦❢ s♣✐♥ s②st❡♠s ❛s q✉❜✐ts✿ ❆ r❡❧❛t✐✈❡❧② ❧♦✇ ❛♥✐s♦tr♦♣②
♦r ❛ str♦♥❣ t✉♥♥❡❧ s♣❧✐tt✐♥❣✳ ❚❤❡ ❢❛❝t t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ❝❛♥ ❜❡ t✉♥❡❞
❛♥❞ t❤❛t t❤❡ ✐♦♥ ❝❤♦s❡♥ ❝❛♥ ❜❡ ❛♥② ❧❛♥t❤❛♥✐❞❡✱ ❣✐✈❡s ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡
❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t✇♦ ❡①❛♠♣❧❡s ✐♥
❞❡t❛✐❧ ❡❛❝❤ ♦♥❡ ❢✉❧✜❧❧✐♥❣ ♦♥❡ ♦❢ t❤❡ t✇♦ ❞❡s✐r❡❞ q✉❜✐t q✉❛❧✐t✐❡s✳
❇❡❝❛✉s❡ ♦❢ ✐ts ❧♦✇ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ ●❞❲✸✵ ✐s ❢♦✉♥❞ t♦ ❤❛✈❡ ❛❧❧ ✐ts
❡♥❡r❣② ❧❡✈❡❧s ✇✐t❤✐♥ ❛ 1❑ ❡♥❡r❣② r❛♥❣❡✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❡♥❡r❣② ❛♥② ♦❢ t❤❡
s♣✐♥ tr❛♥s✐t✐♦♥s ❧✐❡ ✇✐t❤✐♥ ❛ ❝♦♠❢♦rt❛❜❧❡ r❛♥❣❡ ❢♦r t❤❡✐r ❝♦✉♣❧✐♥❣ t♦ q✉❛♥t✉♠
❝✐r❝✉✐ts✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ t♦ ❞❡♣❡♥❞ ♦♥ t❡♠♣❡r✲
❛t✉r❡ ❛♥❞ t♦ ❤❛✈❡ ❝♦♥s✐❞❡r❛❜❧❡ str❛✐♥s ✐♥ t❤❡✐r s♣❡❝✐✜❝ ✈❛❧✉❡s ♣r♦❜❛❜❧② ❞✉❡ t♦
t❤❡ ❧❛r❣❡ ♠♦❧❡❝✉❧❡ s✐③❡ ❛♥❞ t♦ t❤❡ r❡❧❛t✐✈❡ ❢r❛❣✐❧✐t② ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❝r②st❛❧s✳
❚❤r♦✉❣❤ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥t ❊P❘ ❛♥❞ s✉s❝❡♣t✐❜✐❧✐t② ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♠❛❣♥❡t✐❝
❤❛r❞ ❛①✐s ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❧② ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠♦❧❡❝✉❧❛r
♣❧❛♥❡ ❞❡✜♥❡❞ ❜② t❤❡ ✢❛tt❡♥❡❞ s♣❤❡r❡ s❤❛♣❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✱ ✇❤✐❧❡ t❤❡ ❡❛s②
❛①❡s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ❝❧♦s❡ t♦ t❤✐s ♣❧❛♥❡✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❢♦✉♥❞ t❤❛t ❛❧❧ t❤❡ ♣♦ss✐✲
❜❧❡ s♣✐♥ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡ ❡①❝✐t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✇❤✐❧❡ t❤❡ s♣✐♥ ❚2 ❝♦❤❡r❡♥❝❡
t✐♠❡ ✐s ❢♦✉♥❞ t♦ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ 300 ♥s ❢♦r ❛❧❧ t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥s✳ ❚❤✐s ♥♦t
♦♥❧② ♠❛❦❡s ●❞❲✸✵ ✐♥t❡r❡st✐♥❣ ❛s ❛ q✉❜✐t✱ ❜✉t ❛❧s♦ ❝♦✉❧❞ ❛❧❧♦✇ ❢♦r ✉♣ t♦ t❤r❡❡
q✉❜✐ts t♦ ❜❡ ❡♥❝♦❞❡❞ ♦♥ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♣♦t❡♥t✐❛❧❧② ♠❛❦✐♥❣ ✐t ❛ ✉♥✐✈❡rs❛❧
t❤r❡❡ q✉❜✐t ♣r♦❝❡ss♦r✳
✶✸✻ ❘❊❋❊❘❊◆❈❊❙
❚❤❡ ❝❛s❡ ♦❢ ❚❜❲✸✵ ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❤❛✈❡ ❛ ✈❡r② ❧❛r❣❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ♦❢
t❤❡ ♦r❞❡r ♦❢ 1❑ t❤❛♥❦s t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❚❜✸✰ ✐♦♥ ❛♥❞ t❤❡ ✜✈❡✲❢♦❧❞
s②♠♠❡tr② ♦❢ t❤❡ ❚❜❲✸✵ str✉❝t✉r❡✳ ❈♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ❋❡✽ st✉❞✐❡❞ ✐♥ ❝❤❛♣t❡r
✹✱ t❤✐s ♠❛❦❡s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❧❡✈❡❧s r❡s✐s✲
t❛♥t t♦ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❤✐❝❤ r❡t❛✐♥ ❤✐❣❤ ✈❛❧✉❡s ❢♦r ❤✐❣❤ t✉♥✐♥❣ ✜❡❧❞s✳
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ t❤❡ t✉♥♥❡❧ ❣❛♣ ❤❛s ❜❡❡♥ ❝♦♥✜r♠❡❞ ✇✐t❤ ❧♦✇ t❡♠♣❡r❛t✉r❡
s♣❡❝✐✜❝ ❤❡❛t ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❛♥ ❡q✉✐✈❛❧❡♥t ♠♦❞❡❧ ❢♦r t❤❡ t✇♦ t✉♥♥❡❧ s♣❧✐t
❡♥❡r❣② ❧❡✈❡❧s ❤❛s ❜❡❡♥ ❞❡❞✉❝❡❞✳ ❚❤❡ ♠♦❞❡❧ ❝♦rr❡❝t❧② ❞❡s❝r✐❜❡s t❤❡ ❧♦✇ t❡♠♣❡r✲
❛t✉r❡ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ t❤❛t ❢✉rt❤❡r ❝♦♥✜r♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡ t✉♥♥❡❧
❣❛♣✳ ❇❡②♦♥❞ t❤❡ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ❚❜❲✸✵ ♣r❡s❡♥ts ✐♥t❡r❡st✲
✐♥❣ ♣❤②s✐❝s ✐♥ ✐ts ♦✇♥ r✐❣❤t✳ ❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s ✭T ≪ ∆/kB✱ ✐ts ❧❛r❣❡r
t✉♥♥❡❧✐♥❣ ❣❛♣✱ ❛s ❝♦♠♣❛r❡❞ t♦ ❜♦t❤ ❞✐♣♦❧❛r ❛♥❞ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s✱ ♠❛❦❡s
✐t ❛ ♠♦❞❡❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ s✐♠♣❧❡ q✉❛♥t✉♠ t✇♦ ❧❡✈❡❧ s②st❡♠✳ ❚❤✐s s②st❡♠ ❣✐✈❡s
❛ ✉♥✐q✉❡ ♦♣♣♦rt✉♥✐t② t♦ st✉❞② q✉❛♥t✉♠ ❡✛❡❝ts ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✳
❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s t❤❡ ❱❛♥ ❱❧❡❝❦ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ③❡r♦ ✜❡❧❞ s✉s❝❡♣t✐✲
❜✐❧✐t② ❞♦♠✐♥❛t❡ ♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ t❤❡r♠❛❧ ✢✉❝t✉❛t✐♦♥s ✭❈✉r✐❡ ❧❛✇✮ ♠❛❦✐♥❣ ✐t
♣✉r❡❧② q✉❛♥t✉♠ ✐♥ ♥❛t✉r❡✳ ❋✉rt❤❡r st✉❞② ♦❢ t❤✐s s②st❡♠ ❝♦✉❧❞ ❛❧s♦ ♣r♦✈✐❞❡ ✐♥✲
s✐❣❤t ✐♥t♦ ❛ ♥❡✇ ❦✐♥❞ ♦❢ s♣✐♥ ❧✐q✉✐❞s✱ ✐♥❞✉❝❡❞ ❜② ③❡r♦ ♣♦✐♥t ✢✉❝t✉❛t✐♦♥s ♦❢ ❡❛❝❤
s♣✐♥ ❛♥❞ ♥♦t✱ ❛s ✐s t❤❡ ❝❛s❡ ❢♦r ♦t❤❡r r❡❛❧✐③❛t✐♦♥s✱ ❜② t❤❡ t♦♣♦❧♦❣② ♦❢ s♣✐♥✲s♣✐♥
✐♥t❡r❛❝t✐♦♥s ❬✷✵✱ ✷✶❪✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❙■▼s t♦ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs
t♦ t❤❡ ❝♦✉♣❧✐♥❣s ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r ❙▼▼ s❛♠♣❧❡s ✐♥ ❝❤❛♣t❡r ✹✳ ■♥ ❜♦t❤ ✐♥ ❝r②s✲
t❛❧ ❢♦r♠ ❛♥❞ ❛s ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s✱ t❤❡ ❝♦✉♣❧✐♥❣s ❢♦r ❙■▼s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ✐♥
❧✐♥❡ ✇✐t❤ t❤♦s❡ ❢♦✉♥❞ ❢♦r t②♣✐❝❛❧ ❙▼▼ s②st❡♠s ❜✉t ✇✐t❤ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❤❛✈✲
✐♥❣ ♠✉❝❤ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧❧② ❛❝❝❡ss✐❜❧❡ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ❧✐❡ ✇❡❧❧ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ❝✉rr❡♥t t❡❝❤♥♦❧♦❣✐❡s ✇❤✐❧❡
t❤❡ ♥❡❝❡ss❛r② t✉♥✐♥❣ ✜❡❧❞s ❝❛♥ ❜❡ ❦❡♣t ✇✐t❤✐♥ t❤❡ ♥❡❝❡ss❛r② ❧✐♠✐ts ❢♦r t❤❡ ❛❞❡✲
q✉❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts✳ ❲✐t❤ t❤❡s❡ r❡s✉❧ts ✐t s❡❡♠s ❝❧❡❛r
t❤❛t str♦♥❣ ❝♦✉♣❧✐♥❣ t♦ t❤✐s t②♣❡ ♦❢ s②st❡♠s s❤♦✉❧❞ ❜❡ ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤❡ ♥❡❛r
❢✉t✉r❡✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❲✳ ❙✳ ❘✳ ❲❡r♥s❞♦r❢❡r✱ ❙❝✐❡♥❝❡ ✷✽✹✱ ✶✸✸ ✭✶✾✾✾✮✳
❬✷❪ ▼✳ ❆✳ ❆❧❞❛♠❡♥✱ ❏✳ ▼✳ ❈❧❡♠❡♥t❡✲❏✉❛♥✱ ❊✳ ❈♦r♦♥❛❞♦✱ ❈✳ ▼❛rtí✲●❛st❛❧❞♦✱
❛♥❞ ❆✳ ●❛✐t❛✲❆r✐ñ♦✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t② ✶✸✵✱ ✽✽✼✹
✭✷✵✵✽✮✳
❬✸❪ ▼✳ ❆✳ ❆❧❉❛♠❡♥ ❡t ❛❧✳✱ ■♥♦r❣❛♥✐❝ ❝❤❡♠✐str② ✹✽✱ ✸✹✻✼ ✭✷✵✵✾✮✳
❘❊❋❊❘❊◆❈❊❙ ✶✸✼
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❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈♦♣❧❛♥❛r
❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ❛♥❞
❈♦♥str✐❝t✐♦♥s
✻✳✶ ■♥tr♦❞✉❝t✐♦♥
■♥ ❝❤❛♣t❡r ✹ ✇❡ ✐♥tr♦❞✉❝❡❞ s♣✐♥ s②st❡♠s ❛♥❞ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛s ♣♦s✲
s✐❜❧❡ ❝❛♥❞✐❞❛t❡s ❢♦r q✉❛♥t✉♠ ❜✐ts ❛♥❞ ❞✐s❝✉ss❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦✉♣❧✐♥❣ s✐♥✲
❣❧❡ s♣✐♥s t♦ q✉❛♥t✉♠ ❝✐r❝✉✐ts✳ ❆❧t❤♦✉❣❤ str♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ q✉❛♥t✉♠ ❝✐r❝✉✐ts
t♦ s♣✐♥ ❡♥s❡♠❜❧❡s s❤♦✉❧❞ ❜❡ r❡❛❞✐❧② ❛❝❤✐❡✈❛❜❧❡✱ t❤❡ ❝♦✉♣❧✐♥❣ t♦ s✐♥❣❧❡ s♣✐♥s
♣r❡s❡♥ts ❛ ❜✐❣❣❡r ❝❤❛❧❧❡♥❣❡✳ ❲❡ ❞✐s❝✉ss❡❞ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ❝♦✉❧❞ ❜❡ ✐♥❝r❡❛s❡❞
❜② ❡✐t❤❡r ✐♠♣r♦✈✐♥❣ t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ♦r ❜② ✐♥❝r❡❛s✐♥❣ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ q✉❛♥t✉♠ ❝✐r❝✉✐t✳ ❲❡ ❤❛✈❡ ❡①♣❧♦r❡❞ t❤❡ ❢♦r♠❡r
❛♣♣r♦❛❝❤ ✐♥ ❝❤❛♣t❡r ✺✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss t❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ❛♥❞
❡①♣❧♦r❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♥❛rr♦✇✐♥❣ ❞♦✇♥ t❤❡ ✇✐r❡s ✐♥ ❛ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡
✭❈P❲✮ r❡s♦♥❛t♦r t♦ ❝♦♥❝❡♥tr❛t❡ t❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡r❡❢♦r❡ ❣❡tt✐♥❣ ❡♥❤❛♥❝❡❞
✜❡❧❞ str❡♥❣t❤s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤✐s ❝♦♥str✐❝t✐♦♥✳ ❆s ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✹✱ t❤❡
❝♦✉♣❧✐♥❣ t♦ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ ❣r❡❛t❧② ❡♥❤❛♥❝❡❞ ❜② ♠❛❦✐♥❣ t❤❡ ❝❡♥t❡r
❝♦♥❞✉❝t♦r ✇✐❞t❤ w ♦❢ t❤❡ ♦r❞❡r ♦❢ ♥♠✳ ■♥ s♦♠❡ ❝❛s❡s✱ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r ❛ s✐♥❣❧❡
♠♦❧❡❝✉❧❡ ❝❛♥ ❜❡ ❛s ❤✐❣❤ ❛s g ∼ 1▼❍③✳ ■♥ s❡❝t✐♦♥ ✻✳✷ ✇❡ ♣r❡s❡♥t t❤❡ ❜❛s✐❝
❝♦♥❝❡♣ts ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❈P❲ r❡s♦♥❛t♦rs✳ ❙❡❝t✐♦♥ ✻✳✸ ❤❛s ❞❡t❛✐❧s ♦♥
t❤❡ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ t❡st✐♥❣ ♦❢ ♦✉r ♦✇♥ r❡s♦♥❛t♦rs ✇❤✐❧❡ s❡❝t✐♦♥ ✻✳✹ ❡①♣❧♦r❡s t❤❡
❡✛❡❝ts ♦❢ ✐♥tr♦❞✉❝✐♥❣ ♥❛♥♦❝♦♥str✐❝t✐♦♥s ✐♥t♦ t❤❡s❡ s②st❡♠s✳ ❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ✻✳✺
s✉♠♠❛r✐③❡s t❤❡ ❝♦♥❝❧✉s✐♦♥s✳
✶✹✵ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
✻✳✷ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs
✻✳✷✳✶ ❇❛s✐❝ ❈P❲ ♣r♦♣❡rt✐❡s
❆ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❝♦♥s✐sts ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ s✉❜str❛t❡ ✇✐t❤ ❝♦♥❞✉❝t♦rs ♦♥ t❤❡
✉♣♣❡r s✉r❢❛❝❡ ✭✜❣✉r❡ ✸✳✸✮✳ ❚❤❡ ❝♦♥❞✉❝t♦rs ❢♦r♠ ❛ ❝❡♥t❡r str✐♣ ♦❢ ✇✐❞t❤ w s✉r✲
r♦✉♥❞❡❞ ❜② t✇♦ ♥❛rr♦✇ ❣❛♣s ♦❢ ✇✐❞t❤ s ❛♥❞ t✇♦ ❣r♦✉♥❞ ♣❧❛♥❡s ♦♥ ❡✐t❤❡r s✐❞❡
✇❤✐❝❤ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✜♥✐t❡✳ ❆s tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s✱ t❤❡② ❝❛rr② ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ r❛❞✐❛t✐♦♥ ✐♥ ❝✉rr❡♥t ❛♥❞ ✈♦❧t❛❣❡ ✇❛✈❡s ✇❤✐❧❡ t❤❡ ♠❛❣♥❡t✐❝ ❛♥❞ ❡❧❡❝tr✐❝
✜❡❧❞s ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ❣❛♣s ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✉❝t♦rs✳ ❚❤❡ ❜❛s✐❝ ♣❛r❛♠✲
❡t❡rs ❞❡s❝r✐❜✐♥❣ ❛♥② tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛r❡ ✐ts ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ ✐♥❞✉❝t❛♥❝❡ ♣❡r
✉♥✐t ❧❡♥❣t❤ ✭C ′, L′✮✱ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ✭Z0✮✱ ❛♥❞ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t②
✭v✮✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ r❡❧❛t❡❞ ❜② ❬✶❪✿
Z0 =
√
L′
C ′
v =
1√
L′C ′
=
c√
ǫ❡✛
✭✻✳✶✮
✇❤❡r❡ ǫ❡✛ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❡✛❡❝t✐✈❡ r❡❧❛t✐✈❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ♦❢ t❤❡ str✉❝t✉r❡
❛♥❞ ✐s ✉s❡❞ ✇❤❡♥ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ ❞♦♠❛✐♥s ✐♥ t❤❡ str✉❝t✉r❡✳ ❚❤❡
♣❛r❛♠❡t❡rs L′ ❛♥❞ C ′ ❞❡♣❡♥❞ ♦♥ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧ ♣r♦♣❡r✲
t✐❡s ❛♥❞ ♦♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ❣❡♦♠❡tr②✳ ❋♦r ❈P❲✱ ✉s✐♥❣ q✉❛s✐✲st❛t✐❝ ❝♦♥❢♦r♠❛❧
♠❛♣♣✐♥❣ t❡❝❤♥✐q✉❡s ❬✷❪✱ ✇❡ ❝❛♥ ❛rr✐✈❡ ❛t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡
♣❛r❛♠❡t❡rs ✇❤✐❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ❧❛②❡r ✐♥✜♥✐t❡❧② t❤✐❝❦ s✉❜str❛t❡ s✉r✲
r♦✉♥❞❡❞ ❜② ❛✐r ❛♥❞ ❢♦r t❤✐♥ ♠❡t❛❧ ❧❛②❡rs ✭t≪ s✮ r❡❞✉❝❡ t♦✿
ǫ❡✛ =
1+ǫr
2 C
′ = 2ǫ0(ǫr + 1)
K(k0)
K(k′
0
)
L′ = µ04
K(k′
0
)
K(k0)
Z0 =
cµ0√
8(ǫr+1)
K(k′
0
)
K(k0)
≃ 30π√
(ǫr+1)/2
K(k′
0
)
K(k0)
✭❖❤♠✮ v = c√
(ǫr+1)/2
✭✻✳✷✮
✇❤❡r❡ K(x) ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡t❡ ❡❧❧✐♣t✐❝ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ✜rst ❦✐♥❞✱ ǫr ✐s t❤❡
s✉❜str❛t❡ r❡❧❛t✐✈❡ ❡❧❡❝tr✐❝❛❧ ♣❡r♠✐tt✐✈✐t② ❛♥❞✿
k0 =
w
w + 2s
k′0 =
√
1− k20. ✭✻✳✸✮
❖❜s❡r✈✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✐t ✐s ❝❧❡❛r t❤❛t ❛❧❧ tr❛♥s♠✐ss✐♦♥ ♣❛r❛♠❡t❡rs ❞❡♣❡♥❞
♦♥ t❤❡ ❣❡♦♠❡tr② ♦♥❧② t❤r♦✉❣❤ k0✳ ❚❤❡r❡❢♦r❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♣s
❛♥❞ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤ ❝❛♥ ✐♥ ♣r✐♥❝✐♣❧❡ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❛s ❧♦♥❣ ❛s t❤✐s
r❛t✐♦ ✐s ❦❡♣t ❝♦♥st❛♥t✳ ❋♦r ♦✉r ❢❛❜r✐❝❛t✐♦♥ ♠❡t❤♦❞✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ t❛❦❡ t❤❡s❡
✈❛❧✉❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ 10 ➭♠ s✐♥❝❡ ✐t ✐s ❛ ❝♦♠❢♦rt❛❜❧❡ s✐③❡ ❢♦r ♣❤♦t♦❧✐t❤♦❣r❛♣❤②
t❡❝❤♥✐q✉❡s✳
✻✳✷✳✷ ❉✐str✐❜✉t❡❞ ❝✐r❝✉✐t ♠♦❞❡❧
❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t t❤❡♦r②✱ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❝❛♥
❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ✈♦❧t❛❣❡ ❛♥❞ ✐♥t❡♥s✐t② ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❛
✻✳✷✳ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ✶✹✶
❋✐❣✉r❡ ✻✳✶✿ ❉✐str✐❜✉t❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ ♦❢ ❛ ❣❡♥❡r❛❧ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡
❞✐str✐❜✉t❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ ❬✶❪✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❛ ✇❛✈❡❣✉✐❞❡ ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ s❡r✐❡s
✐♠♣❡❞❛♥❝❡ ❛♥❞ s❤✉♥t ❛❞♠✐tt❛♥❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ❛♥❞ t❤❡♥ ❛♣♣❧②✐♥❣ ❑✐r❝❤♦✛✬s
❝✐r❝✉✐t ❧❛✇s ✭✜❣✉r❡ ✻✳✶✮✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ ✐♠♣❡❞❛♥❝❡s ❛♥❞ ❛❞♠✐tt❛♥❝❡s ❝❛♥
❜❡ ❞❡r✐✈❡❞ ✉s✐♥❣ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞ ❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ❛r❡ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ t②♣❡ ♦❢ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤✐s
❛♥❛❧②s✐s r❡s✉❧ts ✐♥ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❚❡❧❡❣r❛♣❤❡r✬s ❡q✉❛t✐♦♥s ❬✶❪✿
dV
dz
(z) = −Z ′I(z) = −(R′ + jωL′)I(z) ✭✻✳✹✮
dI
dz
(z) = −Y ′V (z) = −(G′ + jωC ′)V (z) ✭✻✳✺✮
❲❤❡r❡ L′ ❛♥❞ C ′ ✇❡r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛s t❤❡ ✐♥❞✉❝t❛♥❝❡ ❛♥❞
❝❛♣❛❝✐t❛♥❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ❛♥❞ ✇❡ ❤❛✈❡ ❛❧s♦ ✐♥tr♦❞✉❝❡❞ R′ ❛♥❞ G′ ❛s t❤❡ s❡r✐❡s
r❡s✐st❛♥❝❡ ❛♥❞ s❤✉♥t ❛❞♠✐tt❛♥❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ✭s❡❡ ✜❣✉r❡ ✻✳✶✮✳ ❚❤✐s ♣❛✐r ♦❢
❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ r❡❛❞✐❧② s♦❧✈❡❞✳ ❚❤❡ ♠♦st ❣❡♥❡r❛❧ s♦❧✉t✐♦♥
❤❛s t❤❡ ❢♦r♠ ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ tr❛✈❡❧❧✐♥❣ ❝✉rr❡♥t ❛♥❞ ✈♦❧t❛❣❡ ✇❛✈❡s✿
V (z) = V+e
−jβz + V−ejβz ✭✻✳✻✮
I(z) =
1
Z0
(V+e
−jβz − V−ejβz) ✭✻✳✼✮
❲❤❡r❡
β = −j
√
(R′ + jωL′)(G′ + jωC ′) ✭✻✳✽✮
Z0 =
√
R′ + jωL′
G′ + jωC ′
✭✻✳✾✮
■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❧♦ss❧❡ss ❧✐♥❡✱ R′ = 0 ❛♥❞ G′ = 0✱ s♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s
r❡❞✉❝❡ t♦✿
β = ω
√
L′C ′ ✭✻✳✶✵✮
Z0 =
√
L′
C ′
✭✻✳✶✶✮
✶✹✷ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
❚❤❡ ✇❛✈❡ ✐♠♣❡❞❛♥❝❡ Z ❛♥❞ r❡❢❡❝t✐♦♥ r❡s♣♦♥s❡ Γ ♦❢ ❛ ✇❛✈❡❣✉✐❞❡ ❛t ♣♦s✐t✐♦♥ z
❛r❡ ❞❡✜♥❡❞ ❜②
Z(z) =
V (z)
I(z)
= Z0
V+(z) + V−(z)
V+(z)− V−(z)) , Γ(z) =
V−(z)
V+(z)
✭✻✳✶✷✮
■t ❝❛♥ ❡❛s✐❧② ❜❡ s❡❡♥ t❤❛t t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❛r❡ r❡❧❛t❡❞ ❜②
Z(z) = Z0
1 + Γ(z)
1− Γ(z) , Γ(z) =
Z(z)− Z0
Z(z) + Z0
✭✻✳✶✸✮
❯s✐♥❣ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❚❡❧❡❣r❛♣❤❡r✬s ❡q✉❛t✐♦♥s✱ ✇❡
❝❛♥ ✜♥❞ ❡①♣r❡ss✐♦♥s ❢♦r ❩ ❛♥❞ Γ ❛t ❞✐✛❡r❡♥t ♣♦✐♥ts ✭l = z2 − z1✮ ❛❧♦♥❣ t❤❡
✇❛✈❡❣✉✐❞❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ✈♦❧t❛❣❡ ❛t t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐♥ t❡r♠s ♦❢ t❤❡ ✈♦❧t❛❣❡
❛t t❤❡ ✜rst ♣♦✐♥t✿
Z1 = Z0
Z2 + jZ0 tan(βl)
Z0 + jZ2 tan(βl)
Γ1 = Γ2e
2jβl ✭✻✳✶✹✮
V2 = V1e
−jβl 1 + Γ2
1 + Γ1
■❢ ✇❡ ✇❛♥t t♦ ✐♥❝❧✉❞❡ s♠❛❧❧ ❧♦ss❡s ✭R′ ≪ ωL′ ❛♥❞ Y ′ ≪ ωC ′✮✱ ✐t ✐s s✉✣❝✐❡♥t t♦
❝♦♥s✐❞❡r ❛ ❧♦ss❧❡ss ❧✐♥❡ ❛♥❞ t♦ r❡♣❧❛❝❡ ✐♥ β ✐♥ ✭✻✳✶✹✮ ✇✐t❤ ❛ ❝♦♠♣❧❡① ♣r♦♣❛❣❛t✐♦♥
❝♦♥st❛♥t βc = β − jα ✇❤❡r❡✱ ✐♥ ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ α ✐s ❣✐✈❡♥ ❜②✿
α =
1
2
(
R′
Z0
+ Y ′Z0
)
= αc + αd ✭✻✳✶✺✮
❛♥❞ αc ❛♥❞ αd r❡♣r❡s❡♥t t❤❡ r❡s✐st✐✈✐t② ❛♥❞ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s r❡s♣❡❝t✐✈❡❧②✳ ■♥
❜r♦❛❞ t❡r♠s✱ t❤❡ r❡s✐st✐✈✐t② ❧♦ss❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✉r❢❛❝❡ r❡s✐st❛♥❝❡
Rs =
√
ωµ0
2σ ∝
√
ω ❛♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ β tan δ ∝ ω
✇❤❡r❡ tan δ ✐s t❤❡ ❧♦ss t❛♥❣❡♥t ♦❢ t❤❡ ✐♥s✉❧❛t♦r✳ ❊①♣r❡ss✐♦♥s ♦❢ αc,d ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❣❡♦♠❡tr② ❢♦r ❈P❲ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❬✷✱ ✶✱ ✸❪✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ r❡s♦♥❛t♦rs✱ r❛❞✐❛t✐✈❡
❧♦ss❡s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s♠❛❧❧ ❬✹❪ ❛♥❞ r❡s✐st✐✈❡ ❧♦ss❡s s❤♦✉❧❞ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❛t
t❡♠♣❡r❛t✉r❡s ✇❡❧❧ ❜❡❧♦✇ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❢♦r t❤❡ s✉♣❡r❝♦♥❞✉❝t♦r ❬✺❪
❧❡❛✈✐♥❣ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s ❛s t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷❪✱ ❞✐❡❧❡❝tr✐❝
❧♦ss❡s ✐♥ ❛ ❈P❲ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❞✐❡❧❡❝tr✐❝ s✉s❜str❛t❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿
αd =
ω
2c
ǫr√
(ǫr + 1)/2
tan δ ✭✻✳✶✻✮
❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✻✳✶✹✮ ✐t ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ ❝✐r❝✉✐t ♣r♦♣❡rt✐❡s
s✉❝❤ ❛s ❙✲♣❛r❛♠❡t❡rs ❢♦r ❝✐r❝✉✐ts ✐♥✈♦❧✈✐♥❣ ✇❛✈❡❣✉✐❞❡s✳ ❙✲♣❛r❛♠❡t❡rs ❛r❡ ❝❛❧❧❡❞
✻✳✷✳ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ✶✹✸
Port 1
(incident wave)
DUT
Port 2
❋✐❣✉r❡ ✻✳✷✿ ❙❝❛tt❡r✐♥❣ ♣❛r❛♠❡t❡r ❞❡✜♥✐t✐♦♥s ❢♦r s✐❣♥❛❧ ❛♣♣❧✐❡❞ t♦ ♣♦rt ✶
s❝❛tt❡r✐♥❣ ♣❛r❛♠❡t❡rs t♦ ❝♦♥✈❡② t❤❡ ✐❞❡❛ t❤❛t t❤❡② ❞❡s❝r✐❜❡ ❤♦✇ ❛ s✐❣♥❛❧ s❝❛t✲
t❡rs ♦✛ ❛ ❞❡✈✐❝❡ ✉♥❞❡r t❡st✳ ❚❤❡ ✉s✉❛❧ s❡t✉♣ ✇❤❡r❡ ❙✲♣❛r❛♠❡t❡rs ❛r❡ ❛♣♣❧✐❡❞
✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✷✳ ❍❡r❡✱ t✇♦ ✐❞❡♥t✐❝❛❧ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦
t❤❡ ❞❡✈✐❝❡ ✉♥❞❡r t❡st ❛♥❞ ❛ s✐❣♥❛❧ ✐s ❛♣♣❧✐❡❞ t♦ ♦♥❡ ♦❢ t❤❡ ♣♦rts✳ ❚❤❡ t✇♦✲♣♦rt
❙✲♣❛r❛♠❡t❡rs ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❛s✿
S11 =
(
b1
a1
)
a2=0
S21 =
(
b2
a1
)
a2=0
✭■♥♣✉t ♦♥ ♣♦rt ✶✮ ✭✻✳✶✼✮
S12 =
(
b1
a2
)
a1=0
S22 =
(
b2
a2
)
a1=0
✭■♥♣✉t ♦♥ ♣♦rt ✷✮ ✭✻✳✶✽✮
❚♦ ✐❧❧✉str❛t❡ ❛♥ ❙✲♣❛r❛♠❡t❡r ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝❛s❡ ♦❢ ♦✉r ❝♦♣❧❛✲
♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r ❝❛♣❛❝✐t✐✈❡❧② ❝♦✉♣❧❡❞ t♦ t❤❡ ❡①t❡r♥❛❧ ❢❡❡❞❧✐♥❡s ✭✜❣✉r❡
✻✳✸✮✳ ❚❤✐s ❝✐r❝✉✐t ❝❛♥ ❜❡ ❢❛❜r✐❝❛t❡❞ ❜② s✐♠♣❧② ♠❛❦✐♥❣ t✇♦ ♥❛rr♦✇ ❝✉ts ✐♥ t❤❡
❝❡♥t❡r ❧✐♥❡ ♦❢ ❛ ❈P❲ ❧❡❛✈✐♥❣ ❛ ✇❛✈❡❣✉✐❞❡ s❡❣♠❡♥t ♦❢ ❧❡♥❣t❤ L✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t
✐♠♣❡❞❛♥❝❡ s❡❡♥ ❛t t❤❡ ♦✉t♣✉t Z2 ✐s ❛ s❡r✐❡s ❝♦♠❜✐♥❛t✐♦♥ ♦❢ Z0 ❛♥❞ Cgap✳ ❲❡
❝❛♥ t❤❡♥ ✉s❡ ❡q✉❛t✐♦♥ ✭✻✳✶✹✮ t♦ ♦❜t❛✐♥ t❤❡ ✐♠♣❡❞❛♥❝❡ s❡❡♥ ❛t t❤❡ st❛rt ♦❢ t❤❡
✇❛✈❡❣✉✐❞❡ s❡❣♠❡♥t Z1 ✐♥ t❡r♠s ♦❢ Z2✳ ❚❤❡♥ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ✐♠♣❡❞❛♥❝❡ ❛t
t❤❡ ❝✐r❝✉✐t ✐♥♣✉t Zin ❛♥❞ t❤❡ r❡❢❡❝t✐♦♥ r❡s♣♦♥s❡ ❛t t❤❡ ✐♥♣✉t Γin✿
Z2 =
1
jωCgap
+ Z0 ✭✻✳✶✾✮
Z1 = Z0
Z2 + jZ0 tan(βL)
Z0 + jZ2 tan(βL)
✭✻✳✷✵✮
Zin =
1
jωCgap
+ Z1 ⇒ Γin = Zin − Z0
Zin + Z0
✭✻✳✷✶✮
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S11 = (V−/V+)in ✐♠♣❧✐❡s t❤❛t S11 = Γin✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡
✶✹✹ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
Close to resonance
Circuit model
❋✐❣✉r❡ ✻✳✸✿ ❈✐r❝✉✐t ♠♦❞❡❧ ❢♦r ❛ ❈P❲ r❡s♦♥❛t♦r✳ ❚❤❡ ✐♠❛❣❡ s❤♦✇s t❤❡ ❣❡♥❡r❛❧ str✉❝✲
t✉r❡ ♦❢ ❛ ❈P❲ r❡s♦♥❛t♦r ✇❤✐❧❡ t❤❡ ❧♦✇❡r ❞✐❛❣r❛♠s s❤♦✇ t❤❡ ❝✐r❝✉✐t ❡q✉✐✈❛❧❡♥ts✳ ❈❧♦s❡
t♦ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥✱ t❤❡ ✇❛✈❡❣✉✐❞❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ❡①❝❤❛♥❣❡❞ ❢♦r ❛ ❧✉♠♣❡❞
❡❧❡♠❡♥t ❘▲❈ ❝✐r❝✉✐t ❛s ❧♦♥❣ ❛s Cgap ✐s s✉❝❤ t❤❛t R≪ 1/(ωCgap)✳
❡q✉❛t✐♦♥s ❛♥❞ ❞❡✜♥✐♥❣ s = CgapZ0ω ❣✐✈❡s
S11 =
2s+ tan(βL)
2s(1 + js) + (1 + 2js− 2s2) tan(βL) ✭✻✳✷✷✮
❚♦ ♦❜t❛✐♥ t❤❡ S21 = (V+)out/(V+)in tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ✇❡ ❛❣❛✐♥ ✉s❡
✭✻✳✶✹✮ t♦ ♦❜t❛✐♥ t❤❡ ✈♦❧t❛❣❡ Vout ❛t t❤❡ ♦✉t♣✉t✿
Vin = (V+)in(1 + Γin) ✭✻✳✷✸✮
V1 = Vin
Z1
Zin
✭✻✳✷✹✮
V2 = V1e
−jβL 1 + Γ2
1 + Γ1
✭✻✳✷✺✮
Vout = V2
Z0
Z2
= (V+)out ✭✻✳✷✻✮
✻✳✷✳ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ✶✹✺
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Frecuency (GHz)
S
21
S
11
Cgap Z0 L β ǫeff α
100 ❢❋ 50Ω 20♠♠ ωc
√
ǫeff − jα ✺✳✺ (6× 10−9 r❛❞−1 s♠−1)ω
❋✐❣✉r❡ ✻✳✹✿ ❚r❛♥s♠✐ss✐♦♥ ✭S21✮ ❛♥❞ r❡✢❡❝t✐♦♥ ✭S11✮ ❢♦r ❛♥ ✐❞❡❛❧ ❈P❲ r❡s♦♥❛t♦r✳ ❚❤❡
t❛❜❧❡ s❤♦✇s t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✻✳✷✼✮ ❛♥❞ ✭✻✳✷✷✮✳
❙✉❜st✐t✉t✐♥❣ ❛❧❧ t❤❡s❡ ❡①♣r❡ss✐♦♥s ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S21 ✇❡ ✜♥❛❧❧② ❣❡t✿
S21 =
4s2ejβL
1 + e2jβL(j − 2s)2 ✭✻✳✷✼✮
❙❡tt✐♥❣ s♦♠❡ t②♣✐❝❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ♣❧♦tt✐♥❣ |S11| ❛♥❞ |S21| ❛s ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ✇❛✈❡ ❢r❡q✉❡♥❝②✱ ✇❡ s❡❡ t❤❡ t②♣✐❝❛❧ r❡s♦♥❛♥❝❡ ♣❛tt❡r♥ ✇✐t❤ ❤❛r♠♦♥✐❝s ❛t
r❡❣✉❧❛r ✐♥t❡r✈❛❧s ✭✜❣✉r❡ ✻✳✹✮✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ s❤♦✇s ♣❡❛❦s ✇❤✐❧❡ t❤❡ r❡✢❡❝t✐♦♥
✐s s✉♣♣r❡ss❡❞ ✇❤❡♥ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s ♠❡t✿
L ≃ (n+ 1)λn/2 ✭✻✳✷✽✮
♦r ✐♥ t❡r♠s ♦❢ ❢r❡q✉❡♥❝② f = ω/2π✿
fn =
(n+ 1)v
2L
, ✭✻✳✷✾✮
✇❤❡r❡ n ❧❛❜❡❧s t❤❡ ❤❛r♠♦♥✐❝ ❛♥❞ n = 0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡✳
❚❤❡ ❧♦ss❡s ❛r❡ ❤✐❣❤❡r ❛♥❞ ❤❡♥❝❡ t❤❡ ♣❡❛❦s ❛r❡ ✇✐❞❡r ❛♥❞ ❤❛✈❡ ❧♦✇❡r q✉❛❧✐t②
❢❛❝t♦rs ❛t ❤✐❣❤❡r ❤❛r♠♦♥✐❝s✳ ❚❤❡s❡ ❧♦ss❡s ❛r❡ ❞✉❡ ♠❛✐♥❧② t♦ t❤❡ ❢❛❝t t❤❛t t❤❡
❝♦✉♣❧✐♥❣ ✐♠♣❡❞❛♥❝❡ ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❢r❡q✉❡♥❝② ✭Zgap ∝ ω−1✮✱ t❤✉s
♠❛❦✐♥❣ t❤❡ s②st❡♠ ♠♦r❡ str♦♥❣❧② ❝♦✉♣❧❡❞✳
❲❤❡♥ ✇♦r❦✐♥❣ ❝❧♦s❡ t♦ r❡s♦♥❛♥❝❡ ✐t ✐s s♦♠❡t✐♠❡s ❝♦♥✈❡♥✐❡♥t t♦ r❡♣❧❛❝❡ t❤❡
✜rst ❝✐r❝✉✐t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✸ ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t ❧✉♠♣❡❞ ❘▲❈ ❡❧❡♠❡♥t✳ ❚❤❡
✶✹✻ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
✈❛❧✉❡s ♦❢ t❤❡ ❧✉♠♣❡❞ ❝❛♣❛❝✐t❛♥❝❡ ✭Cl✮✱ r❡s✐st❛♥❝❡ ✭Rl✮ ❛♥❞ ✐♥❞✉❝t❛♥❝❡ ✭Ll✮ ❛r❡
❣✐✈❡♥ ❜② ❬✻❪
Ll =
2L′L
n2π2
✭✻✳✸✵✮
Cl =
C ′L
2
✭✻✳✸✶✮
Rl =
Z0
αL
✭✻✳✸✷✮
❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ω ≃ πvL ❛♥❞ αL ≪ 1 ❛♥❞
❛ss✉♠✐♥❣ ❧❛r❣❡ ❝♦✉♣❧✐♥❣ ✐♠♣❡❞❛♥❝❡s✱ ✐✳❡✳✱ ✈❡r② s♠❛❧❧ ❝♦✉♣❧✐♥❣ ❝❛♣❛❝✐t❛♥❝❡s✳
❲✐t❤ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❧♦❛❞❡❞ q✉❛❧✐t② ❢❛❝t♦r QL ✐♥ t❡r♠s ♦❢
✐ts ✐♥t❡r♥❛❧ Qint ❛♥❞ ❡①t❡r♥❛❧ Qext ❝♦♥tr✐❜✉t✐♦♥s ❬✶❪✿
1
QL
=
1
Qint
+
1
Qext
. ✭✻✳✸✸✮
Qint t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② ❧♦ss❡s t❤❛t ♦❝❝✉r ✐♥s✐❞❡ t❤❡ r❡s♦♥❛t♦r s✉❝❤ ❛s t❤❡
❝♦♥❞✉❝t♦r r❡s✐st✐✈✐t② ❛♥❞ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Qext ❝♦♥t❛✐♥s
❧♦ss❡s t❤r♦✉❣❤ t❤❡ ❝♦✉♣❧✐♥❣ ❝❛♣❛❝✐t❛♥❝❡s Cgap t♦ t❤❡ ❡①t❡r♥❛❧ ❢❡❡❞❧✐♥❡s✳ ■t ❝❛♥
❜❡ s❤♦✇♥ t❤❛t t❤❡② ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✿
Qint = ωRlCl ✭✻✳✸✹✮
Qext =
ωCl
2
1 + ω2C2gapZ
2
0
ω2C2gapZ0
✭✻✳✸✺✮
❋r♦♠ ❛ ♠❡❛s✉r❡♠❡♥t ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦♥❧② QL ✐s ❞✐r❡❝t❧② ❛❝❝❡ss✐❜❧❡ ✇❤✐❧❡ t❤❡ Qint
❝♦♥tr✐❜✉t✐♦♥ ❝❛♥ ♥♦t ❜❡ ✐♠♠❡❞✐❛t❡❧② s❡♣❛r❛t❡❞✳ ■t ❝❛♥ ❤♦✇❡✈❡r ❜❡ ❡st✐♠❛t❡❞
❜② ❛❧s♦ ♠❡❛s✉r✐♥❣ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss L0✱ ❞❡✜♥❡❞ ❛s t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✉♥✐t② ♦❢
t❤❡ ♣❡❛❦ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡✿
L0 = − |S21(fn)| ✭✐♥ ❞❇✮ ✭✻✳✸✻✮
❉❡✜♥✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r ❛s g = Qint/Qext✱ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss L0 ❛♥❞ g ❛r❡
t❤❡♥ r❡❧❛t❡❞ ❜②✿
L0 = −20 log
(
g
g + 1
)
❞❇. ✭✻✳✸✼✮
❚❤✐s t❤❡♥ ❛❧❧♦✇s ✉s t♦ s❡♣❛r❛t❡ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❝♦♥tr✐❜✉t✐♦♥s Qint ❛♥❞ Qext
✉s✐♥❣ ✭✻✳✸✸✮✱✭✻✳✸✼✮ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ L0 ❛♥❞ QL✿
g =
10
−L0
20
1− 10−L020
✭✻✳✸✽✮
Qint = (1 + g)QL ✭✻✳✸✾✮
✻✳✷✳ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ❘❡s♦♥❛t♦rs ✶✹✼
✻✳✷✳✸ ❉❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥
❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✻✳✷✮ ✇❡ ❝❛♥ s❡t t❤❡ ❞❡s✐❣♥ ❞✐♠❡♥s✐♦♥s ❛♥❞ ♣❛r❛♠❡t❡rs ❢♦r ♦✉r
r❡s♦♥❛t♦rs✳ ❲❡ ❞❡s✐❣♥ t❤❡♠ t♦ ❤❛✈❡ ❛ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛r♦✉♥❞ ✶✳✺ ●❍③ ❛♥❞
❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥s ✐♥ t❤❡ 10 ➭♠ r❛♥❣❡✳ ❚❤❡ ❞❡✈✐❝❡s ❛r❡ ❢❛❜r✐❝❛t❡❞ ❜② ♦♣t✐❝❛❧
❧✐t❤♦❣r❛♣❤② ♦♥ s❛♣♣❤✐r❡ ✇❛❢❡rs ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡s ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✷✳
❙❛♣♣❤✐r❡ ✐s ❝❤♦s❡♥ ❛s t❤❡ s✉❜str❛t❡ ❜❡❝❛✉s❡ ♦❢ ✐ts ❡①❝❡❧❧❡♥t ✐♥s✉❧❛t✐♥❣ ♣r♦♣❡rt✐❡s
❛♥❞ ❧♦✇ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s ✭tan δ ∼ 10−5 − 10−6 ❬✼❪ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ❛♥❞
tan δ ∼ 10−8 − 1010 ❛t ❧✐q✉✐❞ ❤❡❧✐✉♠ t❡♠♣❡r❛t✉r❡ ❬✽❪✮✳ ❚❤❡ ♠❛s❦ ❞❡s✐❣♥s
❝♦♥s✐st ♦❢ ❧❛r❣❡ ❢❡❡❞❧✐♥❡s ✇✐t❤ 400 ➭♠ ❝❡♥t❡r ❧✐♥❡s s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ❣r♦✉♥❞
❜② 200 ➭♠ ❣❛♣s t❤❛t ♥❛rr♦✇ ❞♦✇♥ t♦ ❛ 14 ➭♠ ❝❡♥t❡r❧✐♥❡ ❛♥❞ 7 ➭♠ ❣❛♣s ❛❢t❡r
❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❣❛♣ ❝❛♣❛❝✐t♦rs✳ ❙❡✈❡r❛❧ t②♣❡s ♦❢ ❣❛♣ ❝❛♣❛❝✐t♦rs ✇✐t❤ ❛ ✜♥❣❡r
❞❡s✐❣♥ ✭s❡❡ ✜❣✉r❡ ✻✳✺❇✮ ✇❡r❡ ❢❛❜r✐❝❛t❡❞ t♦ ❛❧❧♦✇ ❢♦r ♦✈❡r ❛♥❞ ✉♥❞❡r✲❝♦✉♣❧❡❞
s②st❡♠s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜♥❣❡rs✳ ❚❤❡ ✜♥❣❡r s❡♣❛r❛t✐♦♥ ❛♥❞ ✇✐❞t❤
❛r❡ 4 ➭♠ ❛♥❞ t❤❡② ❛r❡ 96 ➭♠ ❧♦♥❣✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❛✈✐t② ✐s ❝❤♦s❡♥ t♦ ❜❡
✹✹ ♠♠ ❜② ♠❛❦✐♥❣ t❤❡ ✇❛✈❡❣✉✐❞❡ ♠❡❛♥❞❡r ❛❝r♦ss t❤❡ s✉r❢❛❝❡✳ ❊✈❡♥ t❤♦✉❣❤
s❛♣♣❤✐r❡ ✐s ❛♥✐s♦tr♦♣✐❝✱ ❢♦r ♦✉r ♣✉r♣♦s❡s ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡ ❛♥ ❛✈❡r❛❣❡
❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ♦❢ ǫr = 10 ❬✾❪✳ ❆ss✉♠✐♥❣ ♥♦ ❧♦ss❡s ❛♥❞ ✉s✐♥❣ ✭✻✳✷✮ ✇❡ ❣❡t
t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❢♦r t❤❡ r❡s♦♥❛t♦r ♣❛r❛♠❡t❡rs✿
ǫ❡✛ = 11/2
Z0 = 52.9Ω
L′ = 0.414 ➭❍♠−1
C ′ = 0.148 ♥❋♠−1
f0 = 1.454●❍③ ✭❯♥❧♦❛❞❡❞✮
❖✉r ❞❡✈✐❝❡s ❛r❡ ❢❛❜r✐❝❛t❡❞ ♦♥ 500 ➭♠ t❤✐❝❦ ❈✲♣❧❛♥❡ s❛♣♣❤✐r❡ ✇❛❢❡rs ❜②
♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤② ❢♦❧❧♦✇❡❞ ❜② ❡✐t❤❡r r❡❛❝t✐✈❡ ✐♦♥ ❡t❝❤✐♥❣ ✭❘■❊✮ ♦r ❜② ❧✐❢t✲♦✛✳
❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❧✐t❤♦❣r❛♣❤② t❡❝❤♥✐q✉❡s ❛r❡ ❝♦✈❡r❡❞ ✐♥ ❝❤❛♣t❡r ✷✳ ❆♥ ✐♠❛❣❡
♦❢ ❛ ✜♥✐s❤❡❞ r❡s♦♥❛t♦r ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✺❆✳
❚❤❡ ✜♥✐s❤❡❞ ❝✐r❝✉✐t ❞✐♠❡♥s✐♦♥s ❞✐✛❡r s♦♠❡✇❤❛t ❢r♦♠ t❤❡ ♠❛s❦ s♣❡❝✐✜❝❛✲
t✐♦♥s ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝❛s❡s t❤❛t ❘■❊ ✐s ✉s❡❞ ✭✜❣✉r❡ ✻✳✻ t♦♣✮✳ ❚❤❡ ❘■❊ ♣r♦✲
❝❡❞✉r❡ ✉s✉❛❧❧② ♦✈❡r ❡t❝❤❡s t❤❡ ♥✐♦❜✐✉♠ ❧❛②❡r ❧❡❛❞✐♥❣ t♦ ❧❛t❡r❛❧ s✐③❡ ❡rr♦rs ♦❢
❛❜♦✉t ✶✲2 ➭♠✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ❢❛✐r❧② ❧❛r❣❡✱ t❤❡ ❞❡✈✐❝❡s ❣❡♥❡r❛❧❧②
✇♦r❦ ❛❝❝❡♣t❛❜❧② ✇❡❧❧✳ ❚❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ ♠❛s❦ ✐s ❜❡tt❡r ✉s✐♥❣ ❧✐❢t✲♦✛✳
❍♦✇❡✈❡r✱ ✇❤❡♥ ✉s✐♥❣ ❧✐❢t ♦✛✱ t❤❡r❡ ❛r❡ ♦❢t❡♥ r❡♠❛✐♥s ♦❢ t❤❡ r❡s✐♥ ❢♦r♠✐♥❣ ❤✐❣❤
✇❛❧❧s ♦♥ t❤❡ ❡❞❣❡s ♦❢ str✉❝t✉r❡s ✭✜❣✉r❡ ✻✳✻ ❜♦tt♦♠✮✳ ❚❤❡s❡ r❡s♦♥❛t♦rs ❛r❡ ❛❧s♦
st✐❧❧ ✉s❛❜❧❡ ❜✉t ✐t ✐s ❛s ②❡t ✉♥❝❧❡❛r ✇❤❡t❤❡r ❛♥❞ ❤♦✇ t❤❡s❡ str✉❝t✉r❡s ❝♦✉❧❞
❛✛❡❝t t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦♣❡rt✐❡s✳
✶✹✽ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
Sapphire
Nb
Nb (ground)
Pt
Coupling gaps
Constrictions
Center
Ground Bridge
A
B C D
E
❋✐❣✉r❡ ✻✳✺✿ ❈♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦r✳ ❆✮ ❖♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ ❛ ❈P❲
r❡s♦♥❛t♦r✳ ❚❤❡ ❝❤✐♣ ✐s ✷ ❝♠ ✐♥ ❧❡♥❣t❤✱ ❜② ✵✳✺ ❝♠ ✐♥ ✇✐❞t❤✳ ❇✮ ❉✐✛❡r❡♥t ❝♦✉♣❧✐♥❣
❣❛♣s ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ✜♥❣❡rs✳ ▲❛r❣❡r ♥✉♠❜❡rs ♦❢ ✜♥❣❡rs ❣✐✈❡ ♦✈❡r❝♦✉♣❧❡❞
r❡s♦♥❛t♦rs✳ ❈✮ ❈❡♥t❡r r❡❣✐♦♥ ♦❢ ❈P❲ r❡s♦♥❛t♦r✳ ❉✮ P❧❛t✐♥✉♠ ❜r✐❞❣❡ ❞❡♣♦s✐t❡❞ ❜②
❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ✐♥❞✉❝❡❞ ❞❡♣♦s✐t✐♦♥✳ ❚❤✐s ❜r✐❞❣❡ ✐s r❡♠♦✈❡❞ ❛❢t❡r ❋■❇ ♣r♦❝❡ss✐♥❣ ❛♥❞
❛❧❧♦✇s t❤❡ ❝❡♥t❡r ❧✐♥❡ t♦ ❜❡ ❣r♦✉♥❞❡❞ ❛❞❡q✉❛t❡❧② ❞✉r✐♥❣ ♥❛♥♦❝♦♥str✐❝t✐♦♥ ❢❛❜r✐❝❛t✐♦♥✳
❊✮ ❉✐✛❡r❡♥t ♥❛♥♦❝♦♥str✐❝t✐♦♥s ❢❛❜r✐❝❛t❡❞ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ r❡s♦♥❛t♦r
✻✳✸ ❚❡sts ❛t T = 4.2❑
✻✳✸✳✶ ❋r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡✿ r❡s♦♥❛♥t ❜❡❤❛✈✐♦r
❚❤❡ r❡s♦♥❛t♦rs ❛r❡ ✜rst ❣❧✉❡❞ t♦ ❛ ✜❜❡r❣❧❛ss ♣r✐♥t❡❞ ❝✐r❝✉✐t ❜♦❛r❞ ✭❋❘✹ ♦r
s✐♠✐❧❛r ❬✶✵❪✮ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✼ ❛♥❞ ✇✐r❡ ❜♦♥❞❡❞ ✇✐t❤ ❛❧✉♠✐♥✉♠ t❤r❡❛❞ t♦
❝♦♣♣❡r ♣❛❞s✳ ❚②♣✐❝❛❧❧② t❤❡r❡ ❛r❡ ❜❡t✇❡❡♥ ✻ ❛♥❞ ✶✵ ✇✐r❡ ❜♦♥❞s ❢♦r t❤❡ ❝❡♥t❡r
❧✐♥❡ ✇❤✐❧❡ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡s ❤❛✈❡ ❜❡t✇❡❡♥ ✹✵ ❛♥❞ ✻✵ ✇✐r❡ ❜♦♥❞s✳ ❚❤❡ ❝✐r❝✉✐t
❜♦❛r❞ ❤❛s ❙▼P t②♣❡ ❝♦♥♥❡❝t♦rs ❬✶✶❪ t♦ ❝♦♥♥❡❝t t♦ ❡①t❡r♥❛❧ s❡♠✐✲r✐❣✐❞ ❝r②♦❣❡♥✐❝
❝♦❛①✐❛❧ ❝❛❜❧❡s✳ ❚❤❡ ✇✐r❡s ❛♥❞ P❈❇ ❛r❡ ✐♥s❡rt❡❞ ✐♥t♦ ❛ s✐♠♣❧❡ ✹ ❑ ♣r♦❜❡ t❤❛t
❝♦♥s✐sts ♦❢ ❡ss❡♥t✐❛❧❧② ❛ st❡❡❧ t✉❜❡ ✇✐t❤ ❙▼❆ ❝♦♥♥❡❝t♦rs ❛t ♦♥❡ ❡♥❞✱ t♦ ❝♦♥♥❡❝t
t♦ ♦✉r ♠❡❛s✉r❡♠❡♥t ❡❧❡❝tr♦♥✐❝s✱ ❛♥❞ t❤❡ P❈❇ ✇✐t❤ t❤❡ r❡s♦♥❛t♦r ❛t t❤❡ ♦t❤❡r
✭✜❣✉r❡ ✻✳✼✮✳
❖♥❝❡ ♠♦✉♥t❡❞ ♦♥ ♦✉r ✹ ❑ ♣r♦❜❡✱ t❤❡ ♣r♦❜❡ ✐s ✐♥s❡rt❡❞ ✐♥t♦ ❛ ❤❡❧✐✉♠ ❜❛t❤
❛♥❞ t❤❡ ❞❡✈✐❝❡s ❛r❡ t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ✉s✐♥❣ ❛ ♣r♦❣r❛♠♠❛❜❧❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r
✻✳✸✳ ❚❡sts ❛t T = 4.2❑ ✶✹✾
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✉s❡❞ ❢♦r ❢❛❜r✐❝❛t✐♦♥✳ ❚❤❡ ❜♦tt♦♠ ✐♠❛❣❡ s❤♦✇s ❛♥ ❙❊▼ ✐♠❛❣❡ ♦❢ t❤❡ r❡s✐♥ r❡♠❛✐♥s ♦♥
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❣❧✉❡❞ t♦ ❛ P❈❇ ❛♥❞ ✇✐r❡ ❜♦♥❞❡❞ t♦ ❝♦♣♣❡r ♣❛❞s✳ ❚❤❡ P❈❇ ✐s t❤❡♥ s❝r❡✇❡❞ ✐♥t♦ ❛
❝♦♣♣❡r ❜♦① ❛♥❞ ✇✐r❡❞ ✇✐t❤ s❡♠✐✲r✐❣✐❞ ❝♦❛①✐❛❧ ❝❛❜❧❡s t♦ t❤❡ ✹ ❑ ♣r♦❜❡✳
✶✺✵ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
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❋✐❣✉r❡ ✻✳✽✿ ❋✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ r❡s♦♥❛♥❝❡s ❢♦r ❞✐✛❡r❡♥t❧② ❝♦✉♣❧❡❞ r❡s♦♥❛t♦rs✳ ❚❤❡
❣r❛♣❤s ♦♥ t❤❡ ❧❡❢t s❤♦✇s t❤❡ tr❛♥s♠✐ss✐♦♥ S21 ❛♥❞ r❡✢❡❝t✐♦♥ S11 ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡
♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❣r❛♣❤s ♦♥ t❤❡ r✐❣❤t s❤♦✇ t❤❡ ❝❤❛♥❣❡s ✐♥ r❡s♦♥❛♥t ❢r❡q✉❡♥❝②✱
❧♦❛❞❡❞ ◗✲❢❛❝t♦r✱ ✜tt❡❞ ❣❛♣ ❝❛♣❛❝✐t② ❛♥❞ tr❛♥s♠✐ss✐♦♥ ♣❡❛❦ ✈❛❧✉❡ ❢♦r ❞✐✛❡r❡♥t ♥✉♠❜❡rs
♦❢ ✜♥❣❡rs✳
❬✶✷❪ ✭s❡❡ ❛❧s♦ s❡❝t✐♦♥ ✷✳✹✳✶✮✳ ❖♥❡ ❜❛t❝❤ ♦❢ r❡s♦♥❛t♦rs ❢❛❜r✐❝❛t❡❞ ❜② ♦♣t✐❝❛❧
❧✐t❤♦❣r❛♣❤② ❛♥❞ ❘■❊ ✇❡r❡ ❢♦✉♥❞ t♦ ❤❛✈❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ r❡s♦♥❛♥❝❡s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✽✳ ■♥ ❣❡♥❡r❛❧ ❢♦r ❛❧❧ ♦✉r tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡
❡①❝✐t❛t✐♦♥ ♣♦✇❡r ✐s s❡t t♦ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✲✹✺ ❞❇♠ ❛t t❤❡ s✐❣♥❛❧ s♦✉r❝❡
t♦ ❛✈♦✐❞ ❛♥② ♣❡❛❦ ❞✐st♦rs✐♦♥s✳ ❲❡ s❡❡ t❤❛t t❤❡ r❡s♦♥❛♥❝❡s ♠♦✈❡ t♦ ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s ❛♥❞ ❤❛✈❡ ❤✐❣❤❡r ◗ ❢❛❝t♦rs t❤❡ ❧❡ss ❝♦✉♣❧❡❞ t❤❡② ❛r❡ t♦ t❤❡ ❢❡❡❞
❧✐♥❡s✳ ❊❛❝❤ ♣❡❛❦ ❝❛♥ ❜❡ ✜tt❡❞ t♦ ❛ ❧♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡ ✭✐♥ ❞❇ s❝❛❧❡✮✿
F (f) =
A0
(f − f0)2 + δf2/4 , ✭✻✳✹✵✮
✇❤❡r❡ f0 ✐s t❤❡ ♣❡❛❦ ♣♦s✐t✐♦♥✱ δf ✐s t❤❡ ❢✉❧❧ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ❛♥❞ A0 ✐s
❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t t❤❛t s❡ts t❤❡ ♣❡❛❦ ❤❡✐❣❤t✳ ❋r♦♠ t❤❡s❡ ✜ts ✐t ✐s s✐♠♣❧❡
t♦ ♦❜t❛✐♥ t❤❡ ❧♦❛❞❡❞ ◗✲❢❛❝t♦r QL = f0/δf ❢♦r ❡❛❝❤ r❡s♦♥❛t♦r✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ✐s♦❧❛t❡ t❤❡ ✐♥t❡r♥❛❧ q✉❛❧✐t② ❢❛❝t♦r Qint t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡r♥❛❧ ❧♦ss❡s ♦❢ t❤✐s
s❡r✐❡s r❡s♦♥❛t♦rs✳ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ✐♥t❡r♥❛❧ ❧♦ss❡s s❤♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❢♦r t❤❡
❡♥t✐r❡ s❡r✐❡s ❛♥❞ t❤❡② ❛❧❧ s❤♦✉❧❞ ❤❛✈❡ s✐♠✐❧❛r Qint✳ ❚♦ ♦❜t❛✐♥ t❤✐s ✈❛❧✉❡ ✇❡
♥❡❡❞ t♦ ✉s❡ ❡q✉❛t✐♦♥ ✭✻✳✸✾✮ ❛♥❞ ✭✻✳✸✼✮ t♦ ♦❜t❛✐♥ Qint ❢r♦♠ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss
L0✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♥♦t ❛❞❡q✉❛t❡ t♦ ♦❜t❛✐♥ t❤✐s ✈❛❧✉❡ ✐♥ ✈❡r② ♦✈❡r❝♦✉♣❧❡❞ ❝❛s❡s
❛s t❤❡ ❢♦r♠✉❧❛ ✐s ❡①tr❡♠❡❧② t♦ ✈❡r② s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ L0 ❛♥❞ ✇✐❧❧ ❤❛✈❡ ❧❛r❣❡
✻✳✸✳ ❚❡sts ❛t T = 4.2❑ ✶✺✶
❡rr♦rs ✐♥ t❤❡s❡ ✐♥st❛♥❝❡s✳ ■♥ ❛♥② ❝❛s❡✱ L0 ✐s ❡✈❛❧✉❛t❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡❛❦
tr❛♥s♠✐ss✐♦♥ ✇✐t❤ t❤❛t ♦❢ ❛ t❤r✉ ❝♦♥♥❡❝t✐♦♥ ✭s❡❡ ✻✳✽❇✮✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡
tr❛♥s♠✐ss✐♦♥ ♣❡❛❦ s✉r♣❛ss❡s t❤❡ t❤r✉ ✈❛❧✉❡ ❛♥❞ ❝❛♥ ♥♦t ❣✐✈❡ ❛ ✈❛❧✉❡ ❢♦r Qint✳ ❚♦
♣❛rt✐❛❧❧② ❝♦rr❡❝t t❤✐s ❡rr♦r✱ t❤❡ ❡♥t✐r❡ t❤r✉ ❝✉r✈❡ ✐s s❤✐❢t❡❞ s♦ t❤❛t t❤❡ ✽ ✜♥❣❡r
❝❛s❡ ❤❛s L0 = 0 ✭❛♥❞ ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡ Qint✮✳ ❚❤✐s ♥❡✇ ❝✉r✈❡ ✐s t❤❡♥ ✉s❡❞ ❛s
t❤❡ r❡❢❡r❡♥❝❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s t♦ ❡st✐♠❛t❡ Qint ❛♥❞ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✜♥❣❡rs ✭✜❣✉r❡ ✻✳✽❉✮✳ ❚❤❡ ❡rr♦r ✐s s♠❛❧❧❡r ❢♦r ❧♦✇❡r ❝♦✉♣❧✐♥❣s✱
✐✳❡✳✱ ❢❡✇❡r ✜♥❣❡rs ❛♥❞ s❤♦✉❧❞ ❤❛✈❡ ✈❡r② s♠❛❧❧ ❡✛❡❝ts ✐♥ t❤❡ ❧♦✇ ❝♦✉♣❧✐♥❣ ❝❛s❡s✳
❲❡ s❡❡ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❝♦♥✈❡r❣❡ ♦♥ ❛ ✈❛❧✉❡ ♦❢ ❛r♦✉♥❞ Qint ≃ 4 ·104 ✇❤✐❝❤
✇❡ ✇✐❧❧ t❛❦❡ t♦ ❜❡ ♦✉r st❛♥❞❛r❞ ✈❛❧✉❡ ❢♦r t❤❡ s❡r✐❡s✳ ❋✐❣✉r❡ ✻✳✽ ❛❧s♦ s❤♦✇s t❤❡
♣❡❛❦ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡s ❛♥❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ✭✻✳✽❈ ❛♥❞ ✻✳✽❋✮✳ ❚❤❡ ✜❣✉r❡
✻✳✽❊ s❤♦✇s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣❛♣ ❝❛♣❛❝✐t❛♥❝❡ ✭✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥❡ t❤❡
❡①t❡r♥❛❧ ❧♦ss❡s✮ ❛ss✉♠✐♥❣ t❤❡ ✐♥t❡r♥❛❧ ❧♦ss❡s ❛r❡ ❣✐✈❡♥ ❜② ♦✉r ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡
♦❢ Qint ≃ 4 · 104✳ ❚❤✐s ✐s ❞♦♥❡ t❛❦✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✷✼✮ ❛♥❞
✉s✐♥❣ ✐t t♦ ✜t t❤❡ ♣❡❛❦ ❞❛t❛ ✈✐❛ t❤❡ Cgap✱ L ❛♥❞ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t t♦
❛❝❝♦✉♥t ❢♦r t❤❡ ❧♦ss❡s ✐♥ ♦✉r ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ✈❛❧✉❡s ♦❢ Cgap ❛r❡
s✐♠✐❧❛r t♦ t❤♦s❡ r❡♣♦rt❡❞ ✐♥ ❬✻❪✮✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❛❧t❤♦✉❣❤ ♠♦st ♦❢ t❤❡
r❡s✉❧ts s❤♦✇♥ ❛r❡ ❢♦r tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✭S21, S12✮✱ ♠✉❝❤ ♦❢ t❤❡ s❛♠❡
❜❡❤❛✈✐♦r ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ r❡✢❡❝t✐♦♥ s✐❣♥❛❧s ✭S11, S22✮✳
✻✳✸✳✷ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡
◆✐♦❜✐✉♠ t❤✐♥ ✜❧♠ ♣r♦♣❡rt✐❡s
❆s ✇❡❧❧ ❛s ❜❡✐♥❣ ♣❡r❢❡❝t ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t♦rs✱ s✉♣❡r❝♦♥❞✉❝t♦rs ❛r❡ ♣❡r❢❡❝t ❞✐❛✲
♠❛❣♥❡t✐❝s ♠❡❛♥✐♥❣ t❤❡② ❡①♣❡❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s t❤❛t ✇♦✉❧❞ ♦r❞✐♥❛r✐❧② ♣❛ss
t❤r♦✉❣❤ t❤❡♠ ❬✶✸✱ ✶✹❪✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞s ❛r❡ str♦♥❣ ❡♥♦✉❣❤ t❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣r♦♣❡rt✐❡s ❡♥❞ ✉♣ ❜❡✐♥❣ s✉♣♣r❡ss❡❞ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ❜❡❝♦♠❡s
❛ ♥♦r♠❛❧ ❝♦♥❞✉❝t♦r✳ ❚❤❡r❡ ❛r❡ ✐♥ ❣❡♥❡r❛❧ t✇♦ t②♣❡s ♦❢ s✉♣❡r❝♦♥❞✉❝t♦r t❤❛t
s❤♦✇ ❞✐✛❡r❡♥t ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♥❡❛r t❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞✳
• ❚②♣❡ ■ s✉♣❡r❝♦♥❞✉❝t♦rs ❛r❡ ❣❡♥❡r❛❧❧② ♣✉r❡ ♠❡t❛❧s ✭❆❧✉♠✐♥✉♠✱ ▲❡❛❞✱
▼❡r❝✉r②✮ ❛♥❞ ❛❜r✉♣t❧② ❧♦s❡ t❤❡✐r s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣r♦♣❡rt✐❡s ✇❤❡♥ t❤❡
❝r✐t✐❝❛❧ ✜❡❧❞ ✐s r❡❛❝❤❡❞✳ ❚❤❡s❡ ✜❡❧❞s ❛r❡ ❣❡♥❡r❛❧❧② ♠✉❝❤ s♠❛❧❧❡r ✭Bc .
50♠❚✮ t❤❛♥ ❢♦r t②♣❡ ■■ s✉♣❡r❝♦♥❞✉❝t♦rs ❛♥❞ ❛❧s♦ ❤❛✈❡ ❧♦✇❡r ❝r✐t✐❝❛❧
t❡♠♣❡r❛t✉r❡s ✭Tc . 1❑✮✳
• ❚②♣❡ ■■ s✉♣❡r❝♦♥❞✉❝t♦rs ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ❝r✐t✐❝❛❧ ✜❡❧❞s ❛♥❞ ✐♥
❣❡♥❡r❛❧ ❝❛♥ ✇✐t❤st❛♥❞ ♠✉❝❤ ❤✐❣❤❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s ❜❡❢♦r❡ ❜❡❝♦♠✐♥❣ r❡✲
s✐st✐✈❡✳ ❚❤❡ ✜rst ❝r✐t✐❝❛❧ ✜❡❧❞ ✐s t❤❡ ♠✐♥✐♠✉♠ ✜❡❧❞ ❝❛♣❛❜❧❡ ♦❢ ❝r❡❛t✐♥❣
✈♦rt✐❝❡s ✐♥ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❞♦♠❛✐♥✳ ❚❤❡s❡ ✈♦rt✐❝❡s ❛r❡ ♠✐❝r♦s❝♦♣✐❝
❛r❡❛s t❤❛t ❛❧❧♦✇ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ♣❛ss t❤r♦✉❣❤ t❤❡♠ ✇❤✐❧❡ t❤❡ r❡st
✶✺✷ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
♦❢ t❤❡ ♠❛t❡r✐❛❧ r❡♠❛✐♥s s✉♣❡r❝♦♥❞✉❝t✐♥❣✳ ❲❤❡♥ ❤✐❣❤❡r ✜❡❧❞s ❛r❡ ❛♣♣❧✐❡❞
✉♣ t♦ t❤❡ s❡❝♦♥❞ ❝r✐t✐❝❛❧ ✜❡❧❞✱ t❤❡ ❞❡♥s✐t② ♦❢ ✈♦rt✐❝❡s ✐♥❝r❡❛s❡s ✉♥t✐❧ ❛❧❧
t❤❡ ♠❛t❡r✐❛❧ ❜❡❝♦♠❡s ❛ ♥♦r♠❛❧ ❝♦♥❞✉❝t♦r✳
❍❡r❡ ✇❡ ✇♦r❦ ♦♥❧② ✇✐t❤ ♥✐♦❜✐✉♠ ✇❤✐❝❤ ✐s ❛ t②♣❡ ■■ s✉♣❡r❝♦♥❞✉❝t♦r ❬✶✺❪✳
❯s✐♥❣ t❤❡ ▼P▼❙ ❛♥❞ PP▼❙ s②st❡♠s ✭s❡❡ s❡❝t✐♦♥s ✷✳✷✳✸ ❛♥❞ ✷✳✷✳✷ r❡s♣❡❝t✐✈❡❧②✮
✇❡ ❤❛✈❡ ♠❡❛s✉r❡❞ s♦♠❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛♥❞ ❉❈ ❝♦♥❞✉❝t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢
♦✉r ♥✐♦❜✐✉♠ t❤✐♥ ✜❧♠s✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❣✐✈❡ ✉s ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡
✈❛❧✉❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝r✐t✐❝❛❧ ✜❡❧❞s ❛♥❞ ❝✉rr❡♥ts ❛♥❞ t❤❡✐r ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✳
❋✐rst❧②✱ ✉s✐♥❣ ❛ s✐♠♣❧❡ ✹ ♣♦✐♥t r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥t ♣❛tt❡r♥✱ ✇❡ ❤❛✈❡
♦❜t❛✐♥❡❞ t❤❡ ❉❈ ❜❡❤❛✈✐♦r ♦❢ ♦✉r ♥✐♦❜✐✉♠ ❝✐r❝✉✐ts ✐♥❝❧✉❞✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞s✱
❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡s ❛♥❞ ❝✉rr❡♥ts✳ ❚❤❡ r❡s✐st✐✈✐t② ♣❛tt❡r♥ ✐s ❢❛❜r✐❝❛t❡❞ ✐♥ t❤❡
s❛♠❡ ♣r♦❝❡ss ❛s t❤❡ r❡s♦♥❛t♦rs ✭✐♥ t❤❡ ✇❛❢❡r ♠❛r❣✐♥s✮ ❛♥❞ ❤❛s ❛ s❡♣❛r❛t✐♦♥
♦❢ 400 ➭♠ ❜❡t✇❡❡♥ t❤❡ ✈♦❧t❛❣❡ ❧❡❛❞s ✇❤✐❧❡ t❤❡ ✇✐r❡ ❤❛s ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ ✶✺✵
♥♠ ❜② 10 ➭♠✳ ❚❤✐s s②st❡♠ ✐s ♠♦✉♥t❡❞ ♦♥ ❛ ✈❡rt✐❝❛❧ st❛❣❡ ✭s❡❡ ❝❤❛♣t❡r ✷✮
s♦ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ✇❛❢❡r ♣❧❛♥❡ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ✇✐r❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✾✳ ❲❡ s❡❡ ❢r♦♠ t❤❡ r❡s✐st✐✈✐t②
♠❡❛s✉r❡♠❡♥t t❤❛t t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ✐s 8.15❑✱ ❝❧♦s❡ t♦ ✈❛❧✉❡s ❢♦✉♥❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ♥✐♦❜✐✉♠ t❤✐♥ ✜❧♠s ❬✶✻❪ ❛♥❞ ❢♦r ❜✉❧❦ ♥✐♦❜✐✉♠ ✭Tc = 9.15❑
❬✶✺❪✮✳ ❚❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞ Hc2 ✭❛♣♣r♦①✐♠❛t❡❧② ✇❤❡♥ t❤❡ ③❡r♦ r❡s✐st✐✈✐t② st❛t❡ ✐s
❧♦st✮ ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❝❛♥ ❜❡ ❤✐❣❤❡r t❤❛♥ 1.5❚ ❛t 4.2❑
❛♥❞ ❡✈❡♥ ❤✐❣❤❡r ✭✐♥ ❡①❝❡ss ♦❢ ✷ ❚✮ ❛t 2❑✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ✈❛❧✉❡s ♦❢ Hc ❛r❡ ♦♥❧②
❢♦r t❤❡ ✐♥ ♣❧❛♥❡ ✜❡❧❞ ❝❛s❡ ❛♥❞ ✇❡ ❡①♣❡❝t t❤❡ ❝r✐t✐❝❛❧ ✜❡♥❞s t♦ ❜❡ ✈❡r② s♠❛❧❧ ✐❢
t❤❡ ✜❡❧❞ ✇❡r❡ ❛♣♣❧✐❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✜❧♠✳
❚♦ ❝❤❡❝❦ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥✐♦❜✐✉♠ ✜❧♠s✱ ✇❡ ♣❧❛❝❡❞ ❛ s♠❛❧❧
♣✐❡❝❡ ♦❢ s❛♣♣❤✐r❡ ✇❛❢❡r ✇✐t❤ ❛ ✶✺✵ ♥♠ ◆❜ ❧❛②❡r ♦♥ t❤❡ r♦t❛t✐♥❣ st❛❣❡ ♦❢ t❤❡
▼P▼❙ s②st❡♠ ✭❝❤❛♣t❡r ✷✮✳ ❲❡ t❤❡♥ ♠❡❛s✉r❡ t❤❡ ❆❈ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ❉❈
♠❛❣♥❡t✐③❛t✐♦♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✜❧♠ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡
r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✵✳ ❋r♦♠ ✜❣✉r❡ ✻✳✶✵❆✱ ✇❡ s❡❡ t❤❛t✱ ❛s ❡①♣❡❝t❡❞✱
t❤❡ ❞✐❛♠❛❣♥❡t✐❝ r❡s♣♦♥s❡ ✐s ♠✉❝❤ str♦♥❣❡r ✇❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♥✐♦❜✐✉♠ ✜❧♠ ✭❝❧♦s❡ t♦ 0◦ ❛♥❞ 180◦✮ ❛♥❞ ✈❡r② s♠❛❧❧ ✇❤❡♥
t❤❡ ✜❡❧❞ ✐s ✐♥ ♣❧❛♥❡ ✭❛r♦✉♥❞ 90◦ ❛♥❞ 270◦✮✳ ❆❧s♦✱ t❤❡ r❡❛❝t✐✈❡ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② χ′′✱ ❛❧t❤♦✉❣❤ s♠❛❧❧✱ ✐s ❛❧s♦ ❧❛r❣❡r ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r
♦r✐❡♥t❛t✐♦♥✳ ❋✐❣✉r❡ ✻✳✶✵ s❤♦✇s ❤②st❡r❡s✐s ❝②❝❧❡s ❢♦r ❞✐✛❡r❡♥t ✜❡❧❞ ♦r✐❡♥t❛t✐♦♥s✳
■♥ t❤❡ θ = 175◦ ❝❛s❡ ❛♥❞ st❛rt✐♥❣ ❢r♦♠ ❛♥ ✉♥♠❛❣♥❡t✐③❡❞ st❛t❡✱ ❛♣♣❧②✐♥❣ t❤❡
✜❡❧❞ ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❞✐r❡❝t✐♦♥ ❣✐✈❡s ❛ str♦♥❣ ❞✐❛♠❛❣♥❡t✐❝ r❡s♣♦♥s❡ t❤❛t st❛rts
t♦ ❞❡❝❛② ❛t ❛❜♦✉t Hc1 ∼ 35 ❖❡ ✭✐♥s❡t✮✳ ❆❢t❡r t❤❛t t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❝♦♥t✐♥✉❡s
t♦ ❞❡❝❛② ✉♥t✐❧ t❤❡ ♠❛t❡r✐❛❧ ♥♦ ❧♦♥❣❡r ❤❛s ❛ ♠❛❣♥❡t✐❝ r❡s♣♦♥s❡✳ ❚❤❡ ♠❛❣♥❡t✐❝
✢✉① t❤r♦✉❣❤ t❤❡ ✜❧♠ ✐s tr❛♣♣❡❞ ✇❤❡♥ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ✐s r❡♠♦✈❡❞ ❛♥❞ t❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ st❛t❡ ✐s r❡st♦r❡❞ ❧❡❛✈✐♥❣ ❛ ♣♦s✐t✐✈❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❛t ③❡r♦ ✜❡❧❞✳
✻✳✸✳ ❚❡sts ❛t T = 4.2❑ ✶✺✸
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❋✐❣✉r❡ ✻✳✾✿ ❉❈ r❡s✐st✐✈✐t② ♣❡r❢♦r♠❛❝❡ ♦❢ ◆❜ r❡s✐st✐✈✐t② ♣❛tt❡r♥s✳ ❚❤❡ ✇✐r❡ ♠❡❛s✉r❡❞
✇❛s 400 ➭♠ ❧♦♥❣ ❛♥❞ ❤❛❞ ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② 10 ➭♠ ❜② ✶✺✵ ♥♠ ✭1.5 ➭♠2✮✳
●r❛♣❤ ❆ s❤♦✇s t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s✐st✐✈✐t② ❛t ③❡r♦ ✜❡❧❞ ✇✐t❤ ❛
❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ ❛❜♦✉t 8.15❑✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t② ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♠❡❛s✉r✐♥❣ ■✲❱ ❝✉r✈❡s ❛t ❡❛❝❤ t❡♠♣❡r❛t✉r❡✳
●r❛♣❤ ❈ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s✐st✐✈✐t② ♦♥ t❤❡ ✐♥ ♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t
s❡✈❡r❛❧ t❡♠♣❡r❛t✉r❡s✳ ●r❛♣❤ ❉ s❤♦✇s t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❝✐r❝✉✐t
❚❤❡ ❝②❝❧❡ t❤❡♥ r❡♣❡❛ts ✐♥ t❤❡ ♦♣♣♦s✐t❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ✐s ♥❡✈❡r r❡st♦r❡❞ ❞✉r✐♥❣ t❤❡ ❝②❝❧❡✳ ❚❤❡ ❝②❝❧❡s ❛r❡ s♠❛❧❧❡r
❛t ✐♥t❡r♠❡❞✐❛t❡ ❛♥❣❧❡s ❛♥❞ ✐♥ t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥ ✇❤✐❧❡ t❤❡ ❡✛❡❝t✐✈❡ ✈❛❧✉❡ ♦❢
Hc1 ✐♥❝r❡❛s❡s ✭∼ 75 ❖❡ ❛t 230◦ ❛♥❞ ♥♦t ✈✐s✐❜❧❡ ❛t 85◦✮✳
❚❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ♥♦♥③❡r♦ χ′′ s✉s❝❡♣t✐❜✐❧✐t② ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢
✈♦rt✐❝❡s ❛t r❡❧❛t✐✈❡❧② ❧♦✇ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ✇❤♦s❡ ❡✛❡❝t ❜❡❝♦♠❡s ❡s♣❡❝✐❛❧❧② ✐♠✲
♣♦rt❛♥t ✇❤❡♥ t❤❡ ✜❡❧❞ ❤❛s ❛ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✜❧♠✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡s❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t ✇❡ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ❛♣♣❧② ♠♦❞✲
❡r❛t❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇✐t❤♦✉t ❜r❡❛❦✐♥❣ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ♦❢ ♦✉r ❝✐r❝✉✐ts✳
❚❤✐s ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❝❤❛♣t❡r ✹ ❛♥❞ ✺✱ ♠♦st ❝❛♥❞✐❞❛t❡s
❢♦r ♠❛❣♥❡t✐❝ q✉❜✐ts r❡q✉✐r❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✜❡❧❞s t♦ t✉♥❡ t❤❡ ❧❡✈❡❧ s❡♣❛r❛t✐♦♥
✐♥t♦ r❡s♦♥❛♥❝❡ ✇✐t❤ ♦✉r ❝✐r❝✉✐ts✳ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ♠✐❝r♦ ❛♥❞ ♥❛♥♦✲❊P❘ ❡①♣❡r✲
✶✺✹ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
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❋✐❣✉r❡ ✻✳✶✵✿ ◆✐♦❜✐✉♠ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❛t T = 4.5❑✳
❋✐❣✉r❡ ❆ s❤♦✇s t❤❡ ❛♥❣❧❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❆❈ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ❛ ✹ ❖❡ ❞r✐✈✐♥❣ ✜❡❧❞
❛♥❞ ✶✺ ❍③ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❝♦❧♦r❡❞ ❛rr♦✇s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t❤r❡❡ ♦r✐❡♥t❛t✐♦♥s s❤♦✇♥
✐♥ ✜❣✉r❡ ❇✳ ❋✐❣✉r❡ ❇ s❤♦✇s ❤②st❡r❡s✐s ❝②❝❧❡s ❛t ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s✳ ❙t❛rt✐♥❣ ❢r♦♠
❛ ♥♦♥✲♠❛❣♥❡t✐③❡❞ st❛t❡ t❤❡ ✜❡❧❞ ✇❛s s✇❡♣t s✉❝❝❡ss✐✈❡❧② t♦ ✷ ❚❡s❧❛✱ ✲✷ ❚❡s❧❛ ❛♥❞ ✷
❚❡s❧❛✳ ❚❤❡ ❛rr♦✇s ❧❛❜❡❧ t❤❡ ✉♣✲s✇❡❡♣ ❛♥❞ ❞♦✇♥✲s✇❡❡♣ ❝✉r✈❡s ❛♥❞ t❤❡ ✐♥s❡t s❤♦✇s t❤❡
✐♥✐t✐❛❧ r❡s♣♦♥s❡ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ✜❡❧❞✳ ❋✐❣✉r❡ ❈ s❤♦✇s t❤❡ ❢r❛❣♠❡♥t ♦❢ ♥✐♦❜✐✉♠ ♦♥
s❛♣♣❤✐r❡ ♠❡❛s✉r❡❞ ♦♥ t❤❡ ▼P▼❙ r♦t❛t✐♦♥ st❛❣❡ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞
✭❆❈ ❛♥❞ ❉❈✮✳
✐♠❡♥ts ✇♦✉❧❞ ❛❧s♦ r❡q✉✐r❡ ❛♣♣❧✐❡❞ ✜❡❧❞s✳ ❚❤❡ ♥❡①t st❡♣ ✐s t❤❡r❡❢♦r❡ t♦ st✉❞②
t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦✉r r❡s♦♥❛t♦rs ❛t t❤❡✐r ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
♠❛❣♥❡t✐❝ ✜❡❧❞s t♦ ❛♥❛❧②③❡ t❤❡ ♣♦ss✐❜❧❡ ❧✐♠✐t❛t✐♦♥s✳
❊✛❡❝ts ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦♥ r❡s♦♥❛t♦rs ❝❤❛r❛❝t❡r✐st✐❝s
❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ tr❛♣♣❡❞ ❆❜r✐❦♦s♦✈ ✈♦rt✐❝❡s ✐♥ ♦✉r ✇✐r❡s ❝❛♥ ❛❧t❡r t❤❡✐r
tr❛♥s♠✐ss✐♦♥ ♣r♦♣❡rt✐❡s ❛♥❞ ❤❡♥❝❡✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r r❡s♦♥❛♥❝❡s ❛s ✇❡❧❧
❛s✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✼❪ ❛♥❞ ♦✉r s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts✱ ✐♥tr♦❞✉❝❡ ❤②st❡r❡s✐s
❡✛❡❝ts✳ ❲❡ ✉s❡ ♦✉r s❡t✉♣ t♦ ✐♥s❡rt ❛ ✶✳✹✵✾ ●❍③ r❡s♦♥❛t♦r ✐♥t♦ ♦✉r ✈❡❝t♦r
♠❛❣♥❡t ✭s❡❡ ❝❤❛♣t❡r ✷✮ ❛♥❞ st✉❞② ✐ts ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ❢♦r ♠❛❣♥❡t✐❝ ✜❡❧❞s
✻✳✸✳ ❚❡sts ❛t T = 4.2❑ ✶✺✺
❛♣♣❧✐❡❞ ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ❲❡ ♠❡❛s✉r❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❢♦r ❡❛❝❤ ✜❡❧❞✱ ✜t
❛ ❧♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡ t♦ t❤❡ r❡s♦♥❛♥❝❡ ✐♥ ❡❛❝❤ ❝❛s❡✱ ❛♥❞ ❡①tr❛❝t t❤❡ r❡s♦♥❛♥❝❡
❝❤❛r❛❝t❡r✐st✐❝s ✭r❡s♦♥❛♥t ❢r❡q✉❡♥❝②✱ Q ❛♥❞ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡✮✳
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❋✐❣✉r❡ ✻✳✶✶✿ ❘❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ■♥ t❤❡ ❛❜s❡♥❝❡
♦❢ ✜❡❧❞✱ t❤❡ ♦r✐❣✐♥❛❧ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ r❡s♦♥❛t♦r ✐s ✶✳✹✵✾ ●❍③ ✇✐t❤ ❛ ◗✲❢❛❝t♦r
♦❢ ❛❜♦✉t ✶✾✵✵✵ ❛♥❞ ❛ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ♦❢ ✲✶✻ ❞❇✳ ●r❛♣❤ ❆ s❤♦✇s t❤❡ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥s✳ ●r❛♣❤s ❇✱❈ ❛♥❞ ❉ s❤♦✇ t❤❡ tr❛♥s♠✐ss✐♦♥✱ r❡s♦♥❛♥t
❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ t❤r❡❡
❛①✐s ❞✐r❡❝t✐♦♥s✳ ❋♦r t❤❡ ✐♥ ♣❧❛♥❡ ❞✐r❡❝t✐♦♥s Bx ❛♥❞ Bz ❛ ❢✉❧❧ ❤②st❡r❡s✐s ❝②❝❧❡ ✇❛s
♣❡r❢♦r♠❡❞ ✭✵ ❚✱ ✵✳✺ ❚✱ ✲✵✳✺ ❚✱ ✵✳✺ ❚✱ ✵ ❚✮ ✇❤✐❧❡ t❤❡ ♦✉t ♦❢ ♣❧❛♥❡ ✜❡❧❞ By ✇❛s ♦♥❧②
s✇❡♣t ❢r♦♠ ✵ ❚ t♦ ✵✳✺ ❚ ❛♥❞ ❜❛❝❦ t♦ ✵ ❚✳ ❚❤❡ ❛rr♦✇s ✐♥ ❣r❛♣❤ ❇ s❤♦✇ t❤❡ t②♣✐❝❛❧
r♦✉t❡ ❢♦r t❤❡ ❤②st❡r❡s✐s ❝②❝❧❡s ❢♦r ❛❧❧ t❤❡ ❣r❛♣❤s✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✶ r❡✈❡❛❧ ❝❧❡❛r s✐❣♥s ♦❢ ❤②st❡r❡s✐s ✐♥
t❤❡ r❡s♦♥❛♥❝❡ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✶✼❪✱ t❤❡s❡ ❡✛❡❝ts ❛r❡ ❞✉❡ t♦ t❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ ❆❜r✐❦♦s♦✈ ✈♦rt✐❝❡s ✐♥ t❤❡ ♥✐♦❜✐✉♠ ✜❧♠ t❤❛t ❛❧t❡r t❤❡ ❝♦♥❞✉❝t✐♦♥s
❝❤❛r❛❝t❡r✐st✐❝s✳ ❆❧s♦✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ❜❡❢♦r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
❛♥② ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♥❡✈❡r r❡❝♦✈❡r❡❞ ✐♥ t❤❡ ❝②❝❧❡✱ ❛♥ ❡✛❡❝t ✇❡ ❛❧r❡❛❞② ❡①♣❡❝t❡❞
❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ♣r❡✈✐♦✉s s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✭✜❣✉r❡ ✻✳✶✵✮✳ ❆❢t❡r
❡❛❝❤ ❝②❝❧❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♦s❝✐❧❧❛t❡❞ t♦ ✵ t♦ r❡❞✉❝❡ t❤❡ tr❛♣♣❡❞ ✜❡❧❞ ❛♥❞
t♦ ❛✈♦✐❞ r❡♠❛♥❡♥t ✜❡❧❞s ✐♥ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡ts✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t
✶✺✻ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
✐s ♥❡✈❡r ❡♥t✐r❡❧② r❡♠♦✈❡❞ ❛♥❞ ❝❛✉s❡s ❡❛❝❤ ❝②❝❧❡ t♦ st❛rt ❛t ❛ ❞✐✛❡r❡♥t ♣♦✐♥t✳ ■♥
❛♥② ❝❛s❡✱ ✇❡ s❡❡ t❤❛t t❤✐s s♣❡❝✐✜❝ r❡s♦♥❛t♦r ❝❡❛s❡s t♦ ❤❛✈❡ ❛ ✉s❛❜❧❡ r❡s♦♥❛♥❝❡
❛t ❛❜♦✉t ✵✳✷ ❚ ❛♥❞ ✵✳✵✷ ❚ ❢♦r t❤❡ ✐♥ ♣❧❛♥❡ ❛♥❞ ♦✉t ♦❢ ♣❧❛♥❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥s
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ✜❡❧❞ ✐♥ t❤❡ Bx ❞✐r❡❝t✐♦♥ ✇❡
❣❡t s♦♠❡ ♥♦✐s❡ ✐♥ t❤❡ ❧♦✇ ✜❡❧❞ r❡❣✐♦♥✱ ♣♦ss✐❜❧② ❞✉❡ t♦ s♦♠❡ ❝♦♠♣❧❡① ✈♦rt❡①
❞②♥❛♠✐❝s✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s ♥♦✐s❡ ✐s ♥♦t t✐♠❡ ❞❡♣❡♥❞❡♥t ✐♥ t❤❡
s❡♥s❡ t❤❛t ✐t ♦♥❧② ❛♣♣❡❛rs ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡ ✜❡❧❞✳ ■❢ t❤❡ ✜❡❧❞ ✐s ❦❡♣t ✜①❡❞
t❤❡ tr❛♥s♠✐ss✐♦♥ s✐❣♥❛❧ ✐s st❛❜❧❡ ❜✉t ✐ts ❡✈♦❧✉t✐♦♥ ✐s ♥♦✐s② ✇❤❡♥ t❤❡ ✜❡❧❞ ✐s
♠♦✈❡❞ t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s✳ ■♥ ❛♥② ❝❛s❡✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡s❡ ❤②st❡r❡s✐s ❡✛❡❝ts
❝❛♥ ❜❡ ♠✐♥✐♠✐③❡❞ ♣❡r❢♦r♠✐♥❣ ♠❡❛s✉r❡♠❡♥ts ♣r❡❢❡r❛❜❧② ♦♥ t❤❡ ✜rst ✉♣s✇❡❡♣✳
■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t r❡s♦♥❛t♦rs ✇✐t❤ ❧♦✇❡r ◗ ❢❛❝t♦rs ❛r❡ s♦♠❡✇❤❛t ❧❡ss
s✉s❝❡♣t✐❜❧❡ t♦ t❤❡s❡ ❡✛❡❝ts ❛♥❞ t❤❡✐r ♦r✐❣✐♥❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❜❡ ❛♣♣r♦①✐✲
♠❛t❡❧② r❡❝♦✈❡r❡❞ ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ ❤❡❛t t❤❡ r❡s♦♥❛t♦r ❛❜♦✈❡ Tc✳ ❆❧s♦✱ ❤✐❣❤❡r
◗✲❢❛❝t♦rs ❛r❡ ✉s✉❛❧❧② ❛❝❝♦♠♣❛♥✐❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ♠❡❛♥✐♥❣
t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡ tr❛❝❦❡❞ ✉♣ t♦ ❤✐❣❤❡r ✜❡❧❞s ✇✐t❤♦✉t ❜❡✐♥❣ ❧♦st✳ ❆s ❛♥
❡①❛♠♣❧❡✱ ✜❣✉r❡ ✻✳✶✷ s❤♦✇s t❤❡ ❤✐st❡r❡s✐s ❝②❝❧❡s ❢♦r ❛ ✷✺✵✵ ◗✲❢❛❝t♦r ❛♥❞ ✶✳✸✽✼
●❍③ r❡s♦♥❛t♦r✳ ❲❡ ❛❣❛✐♥ s❡❡ ♥♦✐s❡ ✐♥ t❤❡ Bx ❝✉r✈❡ ❛t ❧♦✇ ✜❡❧❞s✳
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❋✐❣✉r❡ ✻✳✶✷✿ ❘❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❆t ③❡r♦ ✜❡❧❞
♦❢ ✜❡❧❞✱ t❤❡ ♦r✐❣✐♥❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ r❡s♦♥❛t♦r ✐s ✶✳✸✽✼ ●❍③ ✇✐t❤ ❛ ◗✲
❢❛❝t♦r ♦❢ ❛❜♦✉t ✸✺✵✵ ❛♥❞ ❛ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ♦❢ ✲✽✳✼ ❞❇✳ ●r❛♣❤s ❆✱❇ ❛♥❞ ❈ s❤♦✇
t❤❡ tr❛♥s♠✐ss✐♦♥✱ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞
✐♥ ♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ Bx ❛♥❞ Bz ❛①✐s ❞✐r❡❝t✐♦♥s ✭s❡❡ ✜❣✉r❡ ✻✳✶✶❆✮✳ ❆ ❢✉❧❧
❤②st❡r❡s✐s ❝②❝❧❡ ✇❛s ♣❡r❢♦r♠❡❞ ❢♦r ❡❛❝❤ ♦r✐❡♥t❛t✐♦♥ ✭✵ ❚✱ ✵✳✺ ❚✱ ✲✵✳✺ ❚✱ ✵✳✺ ❚✱ ✵ ❚✮
❚❤❡ ❛rr♦✇s ✐♥ ❣r❛♣❤ ❆ s❤♦✇ t❤❡ t②♣✐❝❛❧ r♦✉t❡ ❢♦r t❤❡ ❤②st❡r❡s✐s ❝②❝❧❡s ❢♦r ❛❧❧ t❤❡
❣r❛♣❤s✳
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✺✼
✻✳✹ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛✲
♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs
✻✳✹✳✶ ❋❛❜r✐❝❛t✐♦♥
❆❢t❡r t❤❡ ❜❛s✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞❡✈✐❝❡s ✇❡r❡ ♠❡❛s✉r❡❞✱ t❤❡ ❝❡♥t❡r ❧✐♥❡
✐s ♥❛rr♦✇❡❞ ❞♦✇♥ ❢r♦♠ ❛r♦✉♥❞ 10 ➭♠ t♦ ♠✐♥✐♠✉♠ ✇✐❞t❤s ♦❢ ✺✵ ♥♠ ❛❧♦♥❣
❞✐st❛♥❝❡s ♦❢ ✉♣ t♦ 15 ➭♠ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ r❡s♦♥❛t♦r ❧❡♥❣t❤ ✭s❡❡ ✜❣✉r❡ ✻✳✺❊✮✳
❚❤❡ ❝♦♥str✐❝t✐♦♥ ✇❛s ♠❛❞❡ ✉s✐♥❣ ❛ ❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ✭❋■❇✮ s②st❡♠ ❧✐❦❡ t❤♦s❡
❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳✷✳ ❆ ♥❛rr♦✇ ❜❡❛♠ ♦❢ ❣❛❧❧✐✉♠ ✐♦♥s ✭❞♦✇♥ t♦ ❛ ❢❡✇ ♥♠
✐♥ ❞✐❛♠❡t❡r✮ ✐s ❢♦❝✉s❡❞ ♦♥t♦ t❤❡ ♥✐♦❜✐✉♠ ❧❛②❡r ❛♥❞ s✇❡♣t ♦✈❡r t❤❡ ❛r❡❛ t♦ ❜❡
❡t❝❤❡❞ ❛✇❛② ❧❡❛✈✐♥❣ ♦♥❧② ❛ s♠❛❧❧ ♥❛♥♦✇✐r❡✳ ❆❧t❤♦✉❣❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞
t❤❡ ❝♦♥str✐❝t✐♦♥ ❧❡♥❣t❤ ✉♣ t♦ 50 ➭♠✱ t❤❡② ❛r❡ ❤❛r❞❡r t♦ ♠❛❦❡ ❛♥❞ ✇♦✉❧❞ ❧✐❦❡❧②
✐♥❞✉❝❡ ❣r❡❛t❡r ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s✳ ❖♥❝❡ t❤❡ ❝♦♥str✐❝t✐♦♥s
❛r❡ ♠❛❞❡✱ s♣❡❝✐❛❧ ❝❛r❡ ♠✉st ❜❡ t❛❦❡♥ ❜♦t❤ ✇✐t❤ t❤❡ ❞❡✈✐❝❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞
s❝❛♥♥✐♥❣ ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣✐♥❣ s✐♥❝❡ ❡❧❡❝tr♦st❛t✐❝ ❜✉✐❧❞✉♣ ❛♥❞ ❞✐s❝❤❛r❣❡
❝❛♥ ❡❛s✐❧② ✈❛♣♦r✐③❡ t❤❡ ♥❛♥♦✇✐r❡s✳ ❚♦ ❛✈♦✐❞ t❤✐s ❞✉r✐♥❣ ❋■❇ ♣r♦❝❡ss✐♥❣ ❛♥❞
❙❊▼ ✐♠❛❣✐♥❣✱ ❛ s❤♦rt t♦ ❣r♦✉♥❞ ✐s ♠❛❞❡ ❜② ❞❡♣♦s✐t✐♥❣ ❛ s♠❛❧❧ ♣❧❛t✐♥✉♠ ❜r✐❞❣❡
❜② ❋■❇ ✐♥❞✉❝❡❞ ❞❡♣♦s✐t✐♦♥ ✭✜❣✉r❡ ✻✳✺❉✮✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ❜❡❛♠ ❝✉rr❡♥t ✉s❡❞
t♦ ❡t❝❤ t❤❡ ❝❡♥t❡r ❧✐♥❡ ♦r t♦ ✐♠❛❣❡ t❤❡ ❛r❡❛ t♦ ❜❡ ❞✐ss✐♣❛t❡❞ ❝♦♥t✐♥✉❛❧❧② ❢r♦♠
t❤❡ r❡s♦♥❛t♦r ❝❡♥t❡r ❝♦♥❞✉❝t♦r ✐♥st❡❛❞ ♦❢ ❛s ❛ s✉❞❞❡♥ ❡❧❡❝tr♦st❛t✐❝ ❞✐s❝❤❛r❣❡✳
❆❢t❡r t❤❡ ♣r♦❝❡ss✐♥❣ ✐s ❝♦♠♣❧❡t❡✱ t❤❡ ❜r✐❞❣❡ ✐s r❡♠♦✈❡❞ ✇✐t❤ t❤❡ ✐♦♥ ❜❡❛♠✳
Phase 1
(High current)
Phase 2
(Low current)
❋✐❣✉r❡ ✻✳✶✸✿ ❚✇♦✲♣❤❛s❡ ❋■❇ ❡t❝❤✐♥❣ ♣r♦❝❡ss✳ ❋✐rst❧② t❤❡ r❡❞ ❛r❡❛s ❛r❡ ❡t❝❤❡❞ ✉s✐♥❣
❛ ❤✐❣❤ ❜❡❛♠ ❝✉rr❡♥t✳ ❋✐♥❛❧❧② t❤❡ ❜❧✉❡ ❛r❡❛s ❛r❡ ❡t❝❤❡❞ ✉s✐♥❣ ❛ s♠❛❧❧ ❜❡❛♠ ❝✉rr❡♥t
r❡s♦❧✈❡ ✜♥❡ ❢❡❛t✉r❡s✳
■♥ ♠♦st ❝❛s❡s✱ t❤❡ ❡t❝❤✐♥❣ ♣r♦❝❡ss ✐s ❞♦♥❡ ✐♥ t✇♦ ♣❤❛s❡s ✭✜❣✉r❡ ✻✳✶✸✮✳
✶✺✽ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
❋✐rst❧②✱ t❤❡ ❧❛r❣❡r ❛r❡❛s ❛r❡ ❡t❝❤❡❞ ✇✐t❤ ❛ ❧❛r❣❡ ❜❡❛♠ ❝✉rr❡♥t t♦ s❛✈❡ t✐♠❡✳
❚❤✐s ❛❧❧♦✇s t❤❡ ❝❡♥t❡r ❧✐♥❡ t♦ ❜❡ ♥❛rr♦✇❡❞ ❞♦✇♥ t♦ ❛❜♦✉t 1 ➭♠ ✐♥ ❛ ❝♦✉♣❧❡ ♦❢
♠✐♥✉t❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ✇❡ r❡♠♦✈❡ t❤❡ r❡♠❛✐♥✐♥❣ ♠❛t❡r✐❛❧ ❛♥❞ ❝r❡❛t❡
t❤❡ ✜♥✐s❤❡❞ ❣❡♦♠❡tr② ✉s✐♥❣ s♠❛❧❧ ❜❡❛♠ ❝✉rr❡♥ts ✭❛r♦✉♥❞ ✷✵ ♣❆ ❜❡❛♠ ❝✉rr❡♥t✮
t❤❛t ❛❧❧♦✇s ❢♦r ✜♥❡r ❞❡t❛✐❧s✳ ❚❤❡ ❡♥t✐r❡ ♣r♦❝❡❞✉r❡✱ ♦♥❝❡ t❤❡ s❛♠♣❧❡ ✐s ❧♦❛❞❡❞
❛♥❞ t❤❡ ❝❤❛♠❜❡r ♣r❡♣❛r❡❞✱ t❛❦❡s ♥♦ ♠♦r❡ t❤❛♥ ✶✵✲✶✺ ♠✐♥✉t❡s✳
✻✳✹✳✷ ❊✛❡❝ts ♦❢ ❝♦♥str✐❝t✐♦♥s ♦♥ t❤❡ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s
15 μm
1 μm 5 μm
100 nm
100 nm
100 nm
❋✐❣✉r❡ ✻✳✶✹✿ ❉✐✛❡r❡♥t ❧❡♥❣t❤ ❝♦♥str✐❝t✐♦♥s✳ ❚❤❡ ♠✐❝r♦✇❛✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s s❡t ♦❢
❝♦♥str✐❝t✐♦♥s ✐s ❝♦♠♣❛r❡❞ ✐♥ ✜❣✉r❡ ✻✳✶✼❇
❚♦ ❝❤❡❝❦ t❤❡ ❝❤❛♥❣❡s t♦ t❤❡ r❡s♦♥❛♥❝❡ ✇❤❡♥ ♠❛❦✐♥❣ ❛ ❝♦♥str✐❝t✐♦♥✱ ✇❡
st✉❞② t✇♦ s❡r✐❡s ♦❢ t❤r❡❡ ✐❞❡♥t✐❝❛❧ r❡s♦♥❛t♦rs✳ ■♥ ❡❛❝❤ s❡r✐❡s ✇❡ ♠❛❦❡ ❝♦♥str✐❝✲
t✐♦♥s ✈❛r②✐♥❣ ❡✐t❤❡r t❤❡ ❧❡♥❣t❤ δ ♦r t❤❡ ✇✐❞t❤ w ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ ♦t❤❡r ❝♦♥st❛♥t✳
❚❤❡ ✜rst s❡r✐❡s ❤❛s ❝♦♥str✐❝t✐♦♥s ♦❢ 100♥♠ ✇✐❞t❤ ❛♥❞ ❧❡♥❣❤ts ♦❢ 1 ➭♠✱ 5 ➭♠
❛♥❞ 15 ➭♠ t♦ ❡①♣❧♦r❡ t❤❡ ❧❡♥❣t❤ ❞❡♣❡♥❞❡♥❝❡ ✭✜❣✉r❡ ✻✳✶✹✮ ✇✐t❤ ♦r✐❣✐♥❛❧ ✈❛❧✉❡s
❢♦r f0 ≃ 1.35●❍③ ❛♥❞ Q ≃ 800✳ ❙✐♠✐❧❛r✐❧②✱ t❤❡ s❡❝♦♥❞ s❡r✐❡s ❦❡❡♣s ❛ ❝♦♥st❛♥t
❧❡♥❣t❤ ♦❢ 1 ➭♠ ✇❤✐❧❡ t❤❡ ✇✐❞t❤ ✐s ✈❛r✐❡❞ t❤r♦✉❣❤ 300 ♥♠✱ 100 ♥♠ ❛♥❞ 50 ♥♠
✭✜❣✉r❡ ✻✳✶✺✮ ✇✐t❤ ♦r✐❣✐♥❛❧ ✈❛❧✉❡s ❢♦r f0 ≃ 1.31●❍③ ❛♥❞ QL ≃ 250✳ ■♥ ♦r❞❡r
t♦ s❤♦✇ t❤❛t ♦t❤❡r ❣❡♦♠❡tr✐❡s ❝❛♥ ❛❧s♦ ❜❡ ❛tt❛✐♥❡❞✱ ✇❡ s❤♦✇ t❤❡ r❡s✉❧ts ❢♦r
❛ s✐♥❣❧❡ ❝❛s❡ ♦❢ ❛ ❧♦♦♣ ❝♦♥str✐❝t✐♦♥ ✭s❡❡ ✻✳✶✻ ❛♥❞ ✻✳✶✼❆✮ ✐♥st❡❛❞ ♦❢ ❛ str❛✐❣❤t
♥❛♥♦✇✐r❡ ✭♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡rs✱ f0 = 1.378●❍③ ❛♥❞ QL = 2700✮✳ ❚❤❡ r❡s✉❧ts
❛r❡ ❛♥❛❧②③❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s✱ q✉❛❧✐t② ❢❛❝t♦rs ❛♥❞ tr❛♥s✲
♠✐ss✐♦♥ ✈❛❧✉❡s ♠❡❛s✉r❡❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❝♦♥str✐❝t✐♦♥s ✇❡r❡ ♠❛❞❡✳ ❚❤❡
❝❤❛♥❣❡s ❢♦✉♥❞ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✼✳ ❆s ✇❡ ❝❛♥ s❡❡✱ ❛❧t❤♦✉❣❤ t❤❡r❡ ❛r❡
s♦♠❡ ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s✱ t❤❡② r❡♠❛✐♥ ❜r♦❛❞❧② t❤❡ s❛♠❡ ❛❢✲
t❡r ❤❛✈✐♥❣ t❤❡ ❝♦♥str✐❝t✐♦♥ ♠❛❞❡✳ ❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ❛❧t❡r❡❞ ♦♥❧② ✈❡r②
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✺✾
1 μm
50 nm
100 nm
300 nm
❋✐❣✉r❡ ✻✳✶✺✿ ❉✐✛❡r❡♥t ✇✐❞t❤ ❝♦♥str✐❝t✐♦♥s✳ ❚❤❡ ♠✐❝r♦✇❛✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s s❡t ♦❢
❝♦♥str✐❝t✐♦♥s ✐s ❝♦♠♣❛r❡❞ ✐♥ ✜❣✉r❡ ✻✳✶✼❈
1 μm
70-130 nm
❋✐❣✉r❡ ✻✳✶✻✿ ▲♦♦♣ ❝♦♥str✐❝t✐♦♥ ❚❤❡ ♠✐❝r♦✇❛✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s s❡t ♦❢ ❝♦♥str✐❝t✐♦♥
✐s s❤♦✇♥ ✜❣✉r❡ ✻✳✶✼❆
✶✻✵ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
s❧✐❣❤t❧② ✇❤✐❧❡ t❤❡ ❧♦❛❞❡❞ q✉❛❧✐t② ❢❛❝t♦r ❝❤❛♥❣❡s ❧❡ss t❤❛♥ ✶✵✪ ✐♥ ❛❧❧ ❝❛s❡s ❣✐✈✐♥❣
✉s ❛♥ ✐♥❞✐❝❛t✐♦♥ t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ ❡①tr❛ ❧♦ss❡s ✐♥❞✉❝❡❞ ✐♥ t❤❡ s②st❡♠ ❜② t❤❡
❝♦♥str✐❝t✐♦♥✳ ❚❤❡s❡ ❛r❡ ♣♦ss✐❜❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♥str✐❝t✐♦♥ ❝♦♥st✐✲
t✉t❡s ❛ ❞❡❢❡❝t ❢♦r t❤❡ r❛❞✐❛t✐♦♥ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ r❡✢❡❝ts s♦♠❡ ❡①tr❛ r❛❞✐❛t✐♦♥
❢r♦♠ t❤❡ s♦✉r❝❡✳ ❙✐♥❝❡ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❧♦ss❡s ♠✉st ❜❡ ✐♥t❡r♥❛❧✱ t❤❡ ❡✛❡❝t ♦♥
Qint ✐s ♠♦r❡ ❞r❛♠❛t✐❝ ✭✉♣ t♦ ✻✵✪✮✳ ❚❤❡s❡ ❧♦ss❡s ❛❧s♦ s❡❡♠ t♦ ♦♥❧② ❞❡♣❡♥❞ ♦♥
t❤❡ ✇✐❞t❤ ❢♦r t❤❡ st✉❞✐❡❞ ❣❡♦♠❡tr✐❡s✳
1.373 1.374 1.375 1.376 1.377 1.378 1.379 1.380
-25
-20
-15
-10
Frequency (GHz)
Before constriction
After constriction
With nano-loop Original
A
B C
0 100 200 300
-60%
-40%
-20%
0%
0 5 10 15
-60%
-40%
-20%
0%
❋✐❣✉r❡ ✻✳✶✼✿ ❘❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❞✐✛❡r❡♥t ❝♦♥str✐❝t✐♦♥ ❣❡♦♠❡tr✐❡s✳ ❆✮ ❘❡s✲
♦♥❛♥❝❡ ❝♦♠♣❛r✐s♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ t❤❡ ♥❛♥♦❧♦♦♣ ❝♦♥str✐❝t✐♦♥
✭s❡❡ ✜❣✉r❡ ✻✳✶✻✮✳ ∆f0✱ ∆QL✱ ∆Qint ❛♥❞ ∆S21 ❛r❡ t❤❡ ✈❛r✐❛t✐♦♥s ✐♥ r❡s♦♥❛♥❝❡ ❢r❡✲
q✉❡♥❝②✱ ❧♦❛❞❡❞ q✉❛❧✐t② ❢❛❝t♦rs✱ ✐♥t❡r♥❛❧ q✉❛❧✐t② ❢❛❝t♦rs ❛♥❞ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ✭✐♥ ❧✐♥✲
❡❛r s❝❛❧❡✮ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥❛♥♦❧♦♦♣ ❤❛s ∆f0/f0 = −0.25%✱
∆QL/QL = −22.7%✱ ∆Qint/Qint = −54% ❛♥❞ ∆S21/S21 = −36%✳ ❇✮ ❱❛r✐❛t✐♦♥ ♦❢
r❡s♦♥❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ❛ 100 ♥♠ ✇✐❞❡ ❝♦♥str✐❝t✐♦♥ ❛♥❞ ❞✐✛❡r❡♥t ❧❡♥❣t❤s ✭s❡❡ ✜❣✉r❡
✻✳✶✹✮✳ ▲♦♥❣❡r ❝♦♥str✐❝t✐♦♥s ✐♥❞✉❝❡ ❧❛r❣❡r ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ♣❛r❛♠❡t❡rs✳ ❈✮ ❱❛r✐❛t✐♦♥
♦❢ r❡s♦♥❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ❛ 1 ➭♠ ❧♦♥❣ ❝♦♥str✐❝t✐♦♥ ❛♥❞ ❞✐✛❡r❡♥t ✇✐❞t❤s ✭s❡❡ ✜❣✉r❡
✻✳✶✺✮✳ ◆❛rr♦✇❡r ❝♦♥str✐❝t✐♦♥s ✐♥❞✉❝❡ ❧❛r❣❡r ✈❛r✐❛t✐♦♥s✳ Qint ✈❛❧✉❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠
✐♥s❡rt✐♦♥ ❧♦ss❡s ❛s ✐♥ ✜❣✉r❡ ✻✳✽✳
❚❤❡ ❞❡❝r❡❛s❡ ♦❢ f0 ❧✐❦❡❧② r❡s✉❧ts ❢r♦♠ t❤❡ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡
❛t t❤❡ ❝♦♥str✐❝t✐♦♥✳ ❆ s✐♠♣❧❡ ❛♣♣r♦❛❝❤ ✐s t♦ ♠♦❞❡❧ t❤❡ ❝♦♥str✐❝t✐♦♥ ❜② ❛ r❡❣✐♦♥
♦❢ ❧❡♥❣t❤ δ ❛♥❞ ❡✛❡❝t✐✈❡ ✐♥❞✉❝t❛♥❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤✱ l′✱ ❧❛r❣❡r t❤❛♥ ✐ts ✈❛❧✉❡ l
♦✉ts✐❞❡ t❤✐s r❡❣✐♦♥✳ ❆s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✽❪✱ t❤✐s ❡✛❡❝t ♠❛❦❡s t❤❡ ❝❡♥t❡r ❧✐♥❡
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✻✶
❡✛❡❝t✐✈❡❧② ❧♦♥❣❡r ❢♦r t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❘❋ ❝✉rr❡♥ts ❛♥❞ ❧❡❛❞s t♦ ❛ ❝❧♦s❡ t♦
❧✐♥❡❛r ❞❡❝r❡❛s❡ ♦❢ f0 ✇✐t❤ ✐♥❝r❡❛s✐♥❣ δ✿
∆f0
f0
≃ − δ
L
(
l′
l
− 1
)
✭✻✳✹✶✮
✇❤❡r❡ ▲ ✐s t❤❡ r❡s♦♥❛t♦r ❧❡♥❣t❤✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✼❇
❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ l′/l = 10.9✳
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝❛♥ ❛❧s♦ ❜❡ ♠♦❞❡❧❧❡❞ ✉s✐♥❣ ❛♥ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t
✇✐t❤ t✇♦ ❛❞❞✐t✐♦♥❛❧ ❧✉♠♣❡❞ ❡❧❡♠❡♥ts ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ r❡s♦♥❛t♦r ✭✜❣✉r❡
✻✳✶✽✮✱ ❛♥ ✐♥❞✉❝t❛♥❝❡ LA t❤❛t ❛❝❝♦✉♥ts ❢♦r ❝❤❛♥❣❡s ♦❢ f0✱ ❛♥❞ ❛ r❡s✐st❛♥❝❡ RA
t❤❛t ❛❝❝♦✉♥ts ❢♦r ∆Q✳ ❚❤❡ ✜tt✐♥❣ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ♦❢ ✜rst ♠❡❛s✉r✐♥❣ t❤❡
✉♥❝♦♥str✐❝t❡❞ r❡s♦♥❛t♦r ❛♥❞ ✜tt✐♥❣ ✐ts ❧❡♥❣t❤ L ❛♥❞ ❣❛♣ ❝❛♣❛❝✐t② Cgap ❛s ✇❛s
❞♦♥❡ ❢♦r ✜❣✉r❡ ✻✳✽✳ ❑❡❡♣✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✜①❡❞✱ ✇❡ t❤❡♥ ✜t t❤❡ tr❛♥s♠✐ss✐♦♥
❞❛t❛ ❛❢t❡r t❤❡ ❝♦♥str✐❝t✐♦♥ ✐s ♠❛❞❡ ✉s✐♥❣ ♦♥❧② t❤❡ ❛❞❞✐t✐♦♥❛❧ ❧✉♠♣❡❞ ❡❧❡♠❡♥ts
LA ❛♥❞ RA✳ ❆❣❛✐♥ ❢♦r t❤❡ s❡r✐❡s ♦❢ r❡s♦♥❛t♦rs ✐♥ ✜❣✉r❡ ✻✳✶✼✱ ✇❡ ✜♥❞ t❤❛t LA
❧✐❡s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❛ ❢❡✇ t❡♥s ♦❢ ♣❍✱ ✐♥❝r❡❛s✐♥❣ ✇✐t❤ δ ❛s ✇❡ ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡
❛❜♦✈❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❤❡r❡❛s t❤❡ ❡✛❡❝t✐✈❡ r❡s✐st❛♥❝❡ RA ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛
❢❡✇ ♠Ω✬s ❛♥❞ ❢❛✐r❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✳
❋✐❣✉r❡ ✻✳✶✽✿ ▲✉♠♣❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ ❢♦r ❝♦♥str✐❝t✐♦♥
❚♦ s❡❡ ✇❤❛t ❧✐♠✐ts t❤❡ ✐♥t❡r♥❛❧ ❧♦ss❡s ♠❛② ♣❧❛❝❡ ♦♥ ❢❛❜r✐❝❛t✐♥❣ ❤✐❣❤❡r Q
r❡s♦♥❛t♦rs ✇✐t❤ ❝♦♥str✐❝t✐♦♥s ✇❡ ♣r❡♣❛r❡❞ s♦♠❡ 100 ♥♠ ✇✐❞❡ ❜② 15 ➭♠ ❧♦♥❣
❝♦♥str✐❝t✐♦♥s ✐♥ ❤✐❣❤❡r Q r❡s♦♥❛t♦rs ❛♥❞ ❝❤❡❝❦❡❞ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ QL✳ ❚❤❡
❡✛❡❝ts ♦♥Q ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶✾ ✇❤❡r❡ ✇❡ s❤♦✇ t❤❡ ✈❛❧✉❡s ♦❢Q ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❝❛♣❛❝✐t❛♥❝❡s ❢♦r ❛❧❧ ♦✉r st✉❞✐❡❞ ❝♦♥str✐❝t✐♦♥s✳ ❚❤❡ t✇♦ ❤✐❣❤ ◗
❝❛s❡s ♠❡❛s✉r❡❞ ❛r❡ ♦♥ t❤❡ ❧❡❢t ❡♥❞ ♦❢ t❤❡ ❣r❛♣❤ ❛♥❞ ❛❝t✉❛❧❧② ♣r❡s❡♥t ❤✐❣❤❡r
QL ❛❢t❡r t❤❡ ❝♦♥str✐❝t✐♦♥ ✐s ♠❛❞❡✳ ■t ✐s ✉♥❝❧❡❛r ✇❤② t❤✐s ❤❛♣♣❡♥❡❞ ❜✉t ✇❡
❛ss✉♠❡ t❤❛t ✐t ✐s ♣r♦❜❛❜❧② ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ r❡s♦♥❛t♦r ❜❡✐♥❣ ❝❧❡❛♥❡r ❞✉r✐♥❣
t❤❡ ❝♦♥str✐❝t✐♦♥ ♠❡❛s✉r❡♠❡♥t✳ ❚❤✐s r❡♠♦✈❡s s♦♠❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❧♦ss❡s ✇❤✐❝❤
♣❧❛② ❛ ♠✉❝❤ ♠♦r❡ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡ t❤❡② ❛ ♠✉❝❤ ❧❛r❣❡r ✐♥✢✉❡♥❝❡
✶✻✷ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
♦♥ ❧♦❛❞❡❞ q✉❛❧✐t② ❢❛❝t♦r t❤❛♥ ✐♥ t❤❡ str♦♥❣❧② ❝♦✉♣❧❡❞ ❝❛s❡s✳ ■♥ ❛♥② ❝❛s❡ t❤✐s
s❤♦✇s t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❝♦♥str✐❝t✐♦♥s ♥❡❡❞ ♥♦t ❞r❛♠❛t✐❝❛❧❧② ✐♥✢✉❡♥❝❡ t❤❡
✐♥t❡r♥❛❧ ❧♦ss❡s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❤✐❣❤ ◗ r❡s♦♥❛t♦rs ✇❡r❡ ❢❛❜r✐❝❛t❡❞ ✉s✐♥❣
t❤❡ ❘■❊ ❡t❝❤✐♥❣ ✇❤✐❧❡ t❤❡ ❧♦✇ ◗ ❛r❡ ❢r♦♠ ❛ ❜❛t❝❤ ♠❛❞❡ ❜② ❧✐❢t♦✛ ✭s❡❡ s❡❝t✐♦♥
✷✳✸✳✶ ❢♦r ❞❡t❛✐❧s ♦♥ t❤❡s❡ ♣r♦❝❡❞✉r❡s✮✳ ❊✈❡♥ ❜❡❢♦r❡ t❤❡ ❝♦♥str✐❝t✐♦♥s ❛r❡ ♠❛❞❡✱
✇❡ ✉s✉❛❧❧② ❣❡t ❧♦✇❡r ◗ ❢❛❝t♦rs ✐♥ t❤❡ ❝❛s❡s ✇❤❡r❡ ❧✐❢t♦✛ ✐s ✉s❡❞ t❤❛♥ ✇❤❡♥
❘■❊ ✐s ✉s❡❞✳ ■t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t t❤❡ ❧✐t❤♦❣r❛♣❤② ❞❡❢❡❝ts ✐♥ t❤❡ ❧✐❢t♦✛ ❝❛s❡
✭s❡❝t✐♦♥ ✻✳✷✳✸✮✱ ❛s ✇❡❧❧ ❛s ✐♥tr♦❞✉❝✐♥❣ ❡①tr❛ ❧♦ss❡s✱ ♠❛❦❡ t❤❡ r❡s♦♥❛t♦rs ♠♦r❡
s❡♥s✐t✐✈❡ t♦ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❝♦♥str✐❝t✐♦♥s✳
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Q with constriction
Cgap (fF)
Q
❋✐❣✉r❡ ✻✳✶✾✿ ▲♦❛❞❡❞ ◗✲❋❛❝t♦rs ❢♦r ❞✐✛❡r❡♥t r❡s♦♥❛t♦rs ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝♦♥str✐❝t✐♦♥s✳
❚❤❡ s❡r✐❡s st✉❞✐❡❞ ✐♥ ✜❣✉r❡ ✻✳✶✼ ❛r❡ ♦♥ t❤❡ r✐❣❤t ❡♥❞ ♦❢ t❤❡ ❣r❛♣❤ ✇❤✐❧❡ t❤❡ ❛❞❞✐t✐♦♥❛❧
❤✐❣❤❡r ◗ r❡s♦♥❛t♦rs ❛r❡ ♦♥ t❤❡ ❧❡❢t ❡♥❞✳ ❆❞❞✐t✐♦♥❛❧ r❡s♦♥❛t♦rs ✇✐t❤♦✉t ❝♦♥str✐❝t✐♦♥s
❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❛❞❞❡❞ t♦ t❤❡ ❣r❛♣❤ ✭sq✉❛r❡s ✇✐t❤ ♥♦ ❝✐r❝❧❡s✮✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ❝❛♣❛❝✐t❛♥❝❡
✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ✐♥ ✜❣✉r❡ ✻✳✽ ❛♥❞ ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ ❜❡❢♦r❡
❛♥❞ ❛❢t❡r ❛ ❝♦♥str✐❝t✐♦♥ ✐s ♠❛❞❡✳
✻✳✹✳✸ P♦✇❡r ❡✛❡❝ts ❛♥❞ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t②
❖♥❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ t❤❛t ✇❡ ♦❜s❡r✈❡ ✇❤❡♥ ❛❞❞✐♥❣ t❤❡ ❝♦♥str✐❝t✐♦♥s ✐s
t❤❡ ♣♦✇❡r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s✳ ❋✐❣✉r❡ ✻✳✷✵ s❤♦✇s t❤❡ ♣❡r❢♦r♠❛❝❡ ♦❢
❛ 100 ♥♠ ✇✐❞❡ ❛♥❞ 1 ➭♠ ❧♦♥❣ ❝♦♥str✐❝t✐♦♥ ❛t ❞✐✛❡r❡♥t ❡①❝✐t❛t✐♦♥ ♣♦✇❡rs ❛♥❞
❢♦r t❤❡ ✜rst t❤r❡❡ ❝❛✈✐t② ♠♦❞❡s✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✭✻✳✷✵❇✮ ❛♥❞ s❡❝♦♥❞
❤❛r♠♦♥✐❝ ✭✻✳✷✵❉✮ ❜r❡❛❦ ❞♦✇♥ ✇❤❡♥ t❤❡ ♠✐❝r♦✇❛✈❡ ♣♦✇❡r ✐s ✐♥❝r❡❛s❡❞✳ ❚❤✐s
❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ♥♦t✐♥❣ t❤❛t✱ s✐♥❝❡ ❜♦t❤ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ❛♥❞ s❡❝♦♥❞
❤❛r♠♦♥✐❝ ❤❛✈❡ ❛ st❛♥❞✐♥❣ ✇❛✈❡ ✇✐t❤ ❛ ❝✉rr❡♥t ♠❛①✐♠✉♠ ❛t t❤❡ ❝❡♥t❡r ✭❛s
s❤♦✇♥ ❜② ✜❣✉r❡ ✻✳✷✵❆✮ ✇❤❡r❡ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❞r❛st✐❝❛❧❧② r❡❞✉❝❡❞✱
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✻✸
✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t t❤❡ ❝♦♥str✐❝t✐♦♥ ❡①❝❡❡❞s t❤❡ ❝r✐t✐❝❛❧
❝✉rr❡♥t ❢♦r ♥✐♦❜✐✉♠ ❛♥❞ ❤❡♥❝❡ ✐t ✐s ❜❡❝♦♠✐♥❣ r❡s✐st✐✈❡✳ ❲❡ ✜♥❞ t❤❛t t❤❡r❡ ✐s
♥♦ s✉❝❤ ❡✛❡❝t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✜rst ❤❛r♠♦♥✐❝✳ ❚❤✐s ✐s ✉♥❞❡rst❛♥❞❛❜❧❡ ❛❧♦♥❣
t❤❡ s❛♠❡ ❧✐♥❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ s✐♥❝❡ t❤❡r❡ ✐s t❤❡♥ ❛❧♠♦st ③❡r♦ ❝✉rr❡♥t ❛t
t❤❡ ❝♦♥str✐❝t✐♦♥ ✭❢♦r t❤✐s ♠♦❞❡✱ t❤❡ ❝✉rr❡♥t ❤❛s ❛ ♥♦❞❡ ❛t t❤❡ ❝❡♥t❡r✮✳ ❚❤❡s❡
❡①♣❡r✐♠❡♥ts ❞✐r❡❝t❧② s❤♦✇ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❝✉rr❡♥t ✢♦✇ t❤r♦✉❣❤ t❤❡ ♥❛♥♦✇✐r❡
❛♥❞ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭t❤✉s ❛❧s♦ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞✮✳
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❋✐❣✉r❡ ✻✳✷✵✿ P♦✇❡r ❡✛❡❝ts ♦♥ ❞✐✛❡r❡♥t r❡s♦♥❛t♦r ♠♦❞❡s✳ ❉✐❛❣r❛♠ ❆ s❝❤❡♠❛t✐❝❛❧❧②
s❤♦✇s t❤❡ ❝❡♥t❡r❧✐♥❡ ♦❢ t❤❡ r❡s♦♥❛t♦r ❛♥❞ t❤❡ ❞✐✛❡r❡♥t st❛♥❞✐♥❣ ❝✉rr❡♥t ✇❛✈❡s ❢♦r t❤❡
✜rst t❤r❡❡ r❡s♦♥❛♥t ♠♦❞❡s✳ ●r❛♣❤s ❇✱❈ ❛♥❞ ❉ ❣r❛♣❤s s❤♦✇ t❤❡ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛
✐♥ ❛ ❝♦♥str✐❝t❡❞ r❡s♦♥❛t♦r ✭1 ➭♠ ❧♦♥❣ ❛♥❞ 100 ♥♠ ✇✐❞❡✮ ❢♦r t❤❡s❡ t❤r❡❡ r❡s♦♥❛♥t ♠♦❞❡s
❛♥❞ ❢♦r ✐♥❝r❡❛s✐♥❣ ❡①❝✐t❛t✐♦♥ ♣♦✇❡r ✭✲✹✺✱✲✸✵✱✲✷✵✱✲✶✵ ❛♥❞ ✵ ❞❇♠✮✳ ▼♦❞❡s ✇✐t❤ ❛ ❝✉rr❡♥t
♠❛①✐♠✉♠ ❛t t❤❡ ❝♦♥str✐❝t✐♦♥ ♣♦s✐t✐♦♥ ✭❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ s❡❝♦♥❞ ❤❛r♠♦♥✐❝✮ s❤♦✇
❛ ❧♦ss ♦❢ r❡s♦♥❛♥❝❡ ✇❤❡♥ t❤❡ ♣♦✇❡r ✐s ✐♥❝r❡❛s❡❞ ✇❤✐❧❡ ♠♦❞❡s ✇✐t❤ ♥♦ ❝✉rr❡♥t ❛t t❤❡
❝♦♥str✐❝t✐♦♥ ✭✜rst ❤❛r♠♦♥✐❝✮ s❤♦✇ ✈❡r② s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s♦♥❛♥❝❡✳
❲❡ ❝❛♥ ♠❛❦❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ ♥❛♥♦✇✐r❡
❜② ❛♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ◗✲❢❛❝t♦r ❛♥❞ t❤❡ ❢♦r♠✉❧❛s ✭✻✳✸✵✮ ❢♦r t❤❡
❡q✉✐✈❛❧❡♥t ❘▲❈ ❝✐r❝✉✐t ❢♦r t❤❡ r❡s♦♥❛t♦r✳
Q = ω
Estored
Pdiss
✭✻✳✹✷✮
❚❤❡ st♦r❡❞ ❡♥❡r❣② ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❝✐r❝✉❧❛t✐♥❣ ❝✉rr❡♥t ❝♦♥s✐❞❡r✐♥❣ t❤❡
✶✻✹ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
❧✉♠♣❡❞ ❘▲❈ ♠♦❞❡❧ ❢♦r t❤❡ r❡s♦♥❛t♦r ❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t t❤❡ ❡♥❡r❣② st♦r❡❞
✐♥ ❛♥ ❘▲❈ ❝✐r❝✉✐t ♦♥ r❡s♦♥❛♥❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝ ❡♥❡r❣②
st♦r❡❞ ✐♥ t❤❡ ✐♥❞✉❝t♦r✿
Estored =
1
2
LlI
2
c ✭✻✳✹✸✮
❙♦❧✈✐♥❣ ❢♦r Ic✱ s✉❜st✐t✉t✐♥❣ Ll ❢r♦♠ ❡q✉❛t✐♦♥ ✭✻✳✸✵✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
◗ ❢r♦♠ ✭✻✳✹✷✮ ✇❡ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ✐♥ t❤❡ ♥❛♥♦✇✐r❡✿
Ic =
√
πQPloss
Z0
, ✭✻✳✹✹✮
✇❤❡r❡ Ploss ✐s t❤❡ ♣♦✇❡r ❧♦ss ❢r♦♠ t❤❡ r❡s♦♥❛t♦r ✭❞✐ss✐♣❛t❡❞ ♦r ❧♦st t♦ t❤❡
❢❡❡❞❧✐♥❡s✮✳ ❙✐♥❝❡ ♦✉r ♠❡❛s✉r❡♠❡♥t ✐s st❛t✐♦♥❛r②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣♦✇❡r
❛rr✐✈✐♥❣ ❛t t❤❡ r❡s♦♥❛t♦r ✐s ❡q✉❛❧ t♦ t❤❡ ♣♦✇❡r ❜❡✐♥❣ ❞✐ss✐♣❛t❡❞✳ ❙✐♥❝❡✱ ♦♥
r❡s♦♥❛♥❝❡✱ ♠♦st ♦❢ t❤❡ ♣♦✇❡r ✐s ❞✐ss✐♣❛t❡❞ ✐♥ ✷ ❡q✉❛❧ ❧❡♥❣t❤ ✇✐r❡s ❝♦♥♥❡❝t✐♥❣
t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r t♦ t❤❡ r❡s♦♥❛t♦r s②st❡♠ ✭✐♥♣✉t ❛♥❞ ♦✉t♣✉t✮✱ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡ ❞✐ss♣❛t❡❞ ♣♦✇❡r ✐s ❤❛❧❢ ✭✐♥ ❞❇✮ t❤❛t ❛rr✐✈✐♥❣ ❛t t❤❡ ♦✉t♣✉t ♣♦rt ♦❢ t❤❡
♥❡t✇♦r❦ ❛♥❛❧②③❡r✳
❯s✐♥❣ t❤❡ ❞❛t❛ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✷✵✱ ✇❡ ✜♥❞ t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ❜r❡❛❦s
❞♦✇♥ ❛t ❛♥ ❡①❝✐t❛t✐♦♥ ♣♦✇❡r ♦❢ Pinput = −35 ❞❇♠ ❛♥❞ ❛♥ ♦♥ r❡s♦♥❛♥❝❡ tr❛♥s✲
♠✐ss✐♦♥ ♦❢ S21 = −8.71 ❞❇✳ ❚❤❡r❡❢♦r❡ Pdiss = S21/2 + Pinput = −38.4 ❞❇♠ =
0.11 ➭❲✳ ❚❛❦✐♥❣ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ✈❛❧✉❡ ♦❢ Q = 324 ❛♥❞ ❞❡s✐❣♥❡❞ ❝❤❛r❛❝✲
t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ♦❢ Z0 ∼ 50Ω ❛s ✇❡❧❧ ❛s t❤❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ♥❛♥♦✇✐r❡
✭❛♣♣r♦①✐♠❛t❡❧② 150 ♥♠ t❤✐❝❦ ❜② 100 ♥♠ ✇✐❞❡✮✱ ✇❡ ❣❡t ❛ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t②
♦❢ ❛♣♣r♦①✐♠❛t❡❧② jc ≃ 10× 106❆❝♠−2 ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ t❤❡ ♦r❞❡r ♦❢ ♠❛❣✲
♥✐t✉❞❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❢♦✉♥❞ ❢♦r ♥✐♦❜✐✉♠ t❤✐♥ ✜❧♠s ❬✶✾❪ ❛♥❞ ✐s s❧✐❣❤t❧②
❧❛r❣❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ❢♦✉♥❞ ✐♥ ♦✉r ♦✇♥ ♠❡❛s✉r❡♠❡♥ts ✭s❡❡ ✜❣✉r❡ ✻✳✾✮✳
❚❤❡ ✉s❡ ♦❢ ❋■❇ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥str✐❝t✐♦♥s ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧②
✐♠♣❧❛♥t ●❛ ✐♦♥s ✐♥ ❛ t❤✐♥ ❧❛②❡r ♥❡❛r t❤❡ ❝♦♥str✐❝t✐♦♥ ❡❞❣❡s✳ ❚❤✐s ❝♦✉❧❞ ♣♦✲
t❡♥t✐❛❧❧② ❛✛❡❝t t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ❝♦♥str✐❝t✐♦♥s ❜② ♠❛❦✐♥❣
t❤❡s❡ ❧❛②❡rs ♥♦♥✲s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❬✷✵❪✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝❛s❡ t❤❡ ✐♦♥✐❝ ❝✉rr❡♥ts
✉s❡❞ ✇❡r❡ ❦❡♣t ❧♦✇ ✭❛r♦✉♥❞ ✷✵ ♣❆✮ t♦ ❛❝❤✐❡✈❡ t❤❡ ♠❛①✐♠✉♠ r❡s♦❧✉t✐♦♥ ✐♥ ♦✉r
str✉❝t✉r❡s✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷✶❪✱ t❤❡ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ✐♠♣❧❛♥t❛t✐♦♥ ♦❢ ●❛ ✐♦♥s
t❛❦❡s ♣❧❛❝❡ ❛r❡ ❛❜♦✉t ✶✵✲✶✺ ♥♠ t❤✐❝❦ ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ❝♦✉❧❞ r❡✲
❞✉❝❡ t❤❡ ❡✛❡❝t✐✈❡ ✇✐❞t❤ ♦❢ ♦✉r ✇✐r❡s ❜② ❛t ♠♦st ✸✵ ♥♠ ✐♥ t❤❡ ❝❛s❡ t❤❛t t❤❡
●❛ ✐♦♥s ❛❝t✉❛❧❧② ♠❛❦❡ t❤❡ ◆❜ ❛ ♥♦r♠❛❧ ❝♦♥❞✉❝t♦r✳ ❍♦✇❡✈❡r✱ ✐♥ ✜❣✉r❡ ✻✳✷✶ ✇❡
s❤♦✇ ♣♦✇❡r s✇❡❡♣ ❞❛t❛ ❢♦r ❛ ✺✵ ♥♠ ❝♦♥str✐❝t✐♦♥ ❛♥❞ ✜♥❞ t❤❛t t❤❡ ❝❛❧❝✉❧❛t❡❞
❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤✐s ❝❛s❡ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ✶✵✵ ♥♠
❝❛s❡ ✭✇❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡ Pdiss = −44.34 ❞❇♠✱ Q = 236 ❛♥❞ ❛ ❝r♦ss s❡❝t✐♦♥
♦❢ 150 ♥♠ t❤✐❝❦ ❜② 50 ♥♠ ✇✐❞❡✮✱ ✇✐t❤ ❛ ✈❛❧✉❡ ♦❢ jc ≃ 9.8× 106❆❝♠−2✳ ❚❤✐s
♠❡❛♥s t❤❛t ❛♥② ✐♠♣❧❛♥t❡❞ ●❛ ✐♦♥s ❝❛♥ ♥♦t ❜❡ ❤❛✈✐♥❣ ♠✉❝❤ ♦❢ ❛♥ ❡✛❡❝t ♦♥
❝♦♥❞✉❝t✐♦♥ ♣r♦♣❡rt✐❡s s✐♥❝❡ t❤❡ ❡✛❡❝t✐✈❡ s❡❝t✐♦♥ s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ r❡❞✉❝❡❞ ❜②
✉♣ t♦ ✺✵✪ ❛♥❞ s❤♦✉❧❞ r❡❞✉❝❡❞ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❞❡♥s✐t②✳
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✻✺
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A
❋✐❣✉r❡ ✻✳✷✶✿ P♦✇❡r ❡✛❡❝ts ♦♥ ❞✐✛❡r❡♥t r❡s♦♥❛t♦r ♠♦❞❡s✳ ❉✐❛❣r❛♠ ❆ s❤♦✇s t❤❡ ✺✵ ♥♠
✇✐❞❡ ❝♦♥str✐❝t✐♦♥ ✉s❡❞ ✐♥ t❤✐s ❝❛s❡✳ ●r❛♣❤s ❇✱❈ ❛♥❞ ❉ ❣r❛♣❤s s❤♦✇ t❤❡ tr❛♥s♠✐ss✐♦♥
s♣❡❝tr❛ ✐♥ ❛ ❝♦♥str✐❝t❡❞ r❡s♦♥❛t♦r ❢♦r t❤❡s❡ t❤r❡❡ r❡s♦♥❛♥t ♠♦❞❡s ❛♥❞ ❢♦r ✐♥❝r❡❛s✐♥❣
❡①❝✐t❛t✐♦♥ ♣♦✇❡r ✭✲✹✺✱✲✸✵✱✲✷✵✱✲✶✵ ❛♥❞ ✵ ❞❇♠✮✳ ▼♦❞❡s ✇✐t❤ ❛ ❝✉rr❡♥t ♠❛①✐♠✉♠ ❛t t❤❡
❝♦♥str✐❝t✐♦♥ ♣♦s✐t✐♦♥ ✭❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ s❡❝♦♥❞ ❤❛r♠♦♥✐❝✮ s❤♦✇ ❛ ❧♦ss ♦❢ r❡s♦♥❛♥❝❡
✇❤❡♥ t❤❡ ♣♦✇❡r ✐s ✐♥❝r❡❛s❡❞ ✇❤✐❧❡ ♠♦❞❡s ✇✐t❤ ♥♦ ❝✉rr❡♥t ❛t t❤❡ ❝♦♥str✐❝t✐♦♥ ✭✜rst
❤❛r♠♦♥✐❝✮ s❤♦✇ ✈❡r② s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s♦♥❛♥❝❡✳
✻✳✹✳✹ P❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s
❆s ✇❡ ❞✐❞ ✐♥ s❡❝t✐♦♥ ✻✳✸✳✷ ❢♦r ♥♦r♠❛❧ r❡s♦♥❛t♦rs✱ ✇❡ ♥♦✇ ❝❤❡❝❦ t❤❡ ✜❡❧❞ ❞❡✲
♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♥❡✇ r❡s♦♥❛t♦rs ✇✐t❤ ❝♦♥str✐❝t✐♦♥s✳ ❆ 15 ➭♠ ❧♦♥❣ ❛♥❞ ✶✶✵ ♥♠
✇✐❞❡ ❝♦♥str✐❝t✐♦♥ ✇❛s ♠❛❞❡ ✐♥ t❤❡ ❝❡♥t❡r❧✐♥❡ ✭✜❣✉r❡ ✻✳✷✷❉✮ ♦❢ ❛ r❡s♦♥❛t♦r st✉❞✲
✐❡❞ ♣r❡✈✐♦✉s❧② ✭✜❣✉r❡ ✻✳✶✶✮✳ ❍②st❡r❡s✐s ❝②❝❧❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ t✇♦ ✐♥
♣❧❛♥❡ ❛①❡s ✉s✐♥❣ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✈❡❝t♦r ♠❛❣♥❡t ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳✹
t♦ ❝♦rr❡❝t❧② ❛❧✐❣♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ r❡s✉❧ts ♠❡❛s✉r❡❞ ❛t T = 4.2❑ ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✷✷✳
❲❡ s❡❡ t❤❛t t❤❡ ❝②❝❧❡s ✐♥ t❤✐s ❝❛s❡ ❛r❡ s♦♠❡✇❤❛t ♠♦r❡ ❡rr❛t✐❝ t❤❛♥ ✐♥ t❤❡
♥♦♥✲❝♦♥str✐❝t❡❞ ❝❛s❡✳ ❚❤❡ ❝✉r✈❡s ❛r❡ ♥♦✐s✐❡r✱ ❤❛✈❡ ❛s②♠♠❡tr✐❡s ✇❤❡♥ ✐♥✈❡rt✐♥❣
t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ✜❡❧❞ ❛♥❞✱ ✐♥ t❤❡ Bx ❝❛s❡✱ t❤❡ ❧♦✇ ✜❡❧❞ ♥♦✐s❡ ✐♥ st✐❧❧ ♣r❡s❡♥t✳
❆❧s♦ t❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦❢ t❤❡s❡ ❝✉r✈❡s ✐s ♣♦♦r ❛♥❞ t❤❡r❡ ❛r❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r✲
❡♥❝❡s ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ✜❡❧❞ s✇❡❡♣s✳
❲❡ ❜❡❧✐❡✈❡ t❤❡ r❡❛s♦♥ ❢♦r t❤❡s❡ ❡✛❡❝ts ✐s t❤❡ ✈♦rt✐❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r ♥❡❛r
✶✻✻ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
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❋✐❣✉r❡ ✻✳✷✷✿ ❈♦♥str✐❝t❡❞ r❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳
❚❤❡ ❝♦♥str✐❝t✐♦♥ ✐s 15 ➭♠ ❧♦♥❣ ❛♥❞ ✶✶✵ ♥♠ ✇✐❞❡✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✜❡❧❞✱ t❤❡ ♦r✐❣✐♥❛❧
r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ r❡s♦♥❛t♦r ✐s ✶✳✹✵✼ ●❍③ ✇✐t❤ ❛ ◗✲❢❛❝t♦r ♦❢ ❛❜♦✉t ✶✵✵✵✵ ❛♥❞
❛ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ♦❢ ✲✷✷ ❞❇✳ ●r❛♣❤s ❆✱❇ ❛♥❞ ❈ s❤♦✇ t❤❡ tr❛♥s♠✐ss✐♦♥✱ r❡s♦♥❛♥t
❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✐♥ ♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡
Bx ❛♥❞ Bz ❛①✐s ❞✐r❡❝t✐♦♥s ✭s❡❡ ✜❣✉r❡ ✻✳✶✶❆✮✳ ❆ ❢✉❧❧ ❤②st❡r❡s✐s ❝②❝❧❡ ✇❛s ♣❡r❢♦r♠❡❞
❢♦r ❡❛❝❤ ♦r✐❡♥t❛t✐♦♥ ✭✵ ❚✱ ✵✳✺ ❚✱ ✲✵✳✺ ❚✱ ✵✳✺ ❚✱ ✵ ❚✮✳ ●r❛♣❤ ❉ s❤♦✇s ❛♥ ❙❊▼ ✐♠❛❣❡
♦❢ t❤❡ ❝♦♥str✐❝t✐♦♥✳
t❤❡ ❝♦♥str✐❝t✐♦♥s ❤❛✈❡ ❧❛r❣❡ ❡✛❡❝ts ♦♥ t❤❡ ❝✐r❝✉❧❛t✐♥❣ ❝✉rr❡♥ts✳ ■❢ t❤❡② ❛r❡
❢♦✉♥❞ ✐♥ t❤✐s ♥❛rr♦✇ ❛r❡❛✱ t❤❡ ❝✉rr❡♥ts ❛r❡ ❢♦r❝❡❞ t♦ ♣❛ss t❤r♦✉❣❤ t❤❡♠ ❛♥❞
s✉✛❡r ❛❞❞✐t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥✳ ❆❧s♦✱ t❤❡ ❡①❛❝t ♥✉♠❜❡r ♦❢ ✈♦rt✐❝❡s✱ ❤♦✇ t❤❡②
❛r❡ ♣✐♥♥❡❞ ✐♥ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤❡✐r ♣♦ss✐❜❧❡ r❡❛rr❛♥❣❡♠❡♥t ✇❤❡♥ ❝❤❛♥❣✐♥❣
✜❡❧❞s ❝♦✉❧❞ ❤❛✈❡ ❧❛r❣❡ ❡✛❡❝ts ✐♥ t❤❡ ♦✈❡r❛❧❧ tr❛♥s♠✐ss✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ ❛s②♠✲
♠❡tr✐❡s ❛♥❞ ♥♦✐s❡ ♦❜s❡r✈❡❞ ✐♥ ♦✉r ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡s❡ ❡✛❡❝ts ♥❡❡❞ t♦ ❜❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ s❛♠♣❧❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ st❡♣s s❤♦✉❧❞
❜❡ t❛❦❡♥ t♦ ❛✈♦✐❞ t❤❡♠✳ ❚❤❡ ♠❛✐♥ ♣r❡❝❛✉t✐♦♥ ✐s t♦ ♠❡❛s✉r❡ ♣r❡❢❡r❛❜❧② st❛rt✐♥❣
❢r♦♠ ❛ ♥♦♥✲♠❛❣♥❡t✐③❡❞ st❛t❡ ❛♥❞ t♦ r❡s❡t t❤❡ s②st❡♠ ❜② ❤❡❛t✐♥❣ ✐t ❜❡②♦♥❞ Tc
❛❢t❡r ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t✳ ❆❧s♦✱ ♦s❝✐❧❧❛t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ③❡r♦ ❛❢t❡r ❡❛❝❤
♠❡❛s✉r❡♠❡♥t ✐s ❛❧s♦ ❤❡❧♣❢✉❧ ✐♥ r❡st♦r✐♥❣ t❤❡ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s✳ ❙✇❡❡♣✐♥❣
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t ❧♦✇❡r r❛t❡s ❛♥❞ ✐♥ ♥❛rr♦✇❡r r❛♥❣❡s ❞✉r✐♥❣ ♠❡❛s✉r❡♠❡♥ts
♠❛② ❛❧s♦ ❜❡ ❤❡❧♣❢✉❧ ✐♥ ❛✈♦✐❞✐♥❣ ✈♦rt❡① ♠♦✈❡♠❡♥t ❛♥❞ r❡❛rr❛♥❣❡♠❡♥t ❛♥❞ ♠❛❦❡
t❤❡ r❡s♣♦♥s❡ s♠♦♦t❤❡r✳
✻✳✹✳ ◆❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✶✻✼
✻✳✹✳✺ ▲♦❝❛❧ ▼❋▼ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❡♥❤❛♥❝❡✲
♠❡♥t ♥❡❛r ❛ ♥❛♥♦❝♦♥str✐❝t✐♦♥
❆s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❞✐❝❛t✐♦♥ t❤❛t t❤❡r❡ ✐s ❛♥ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱
❛♥❞ ❤❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❡ ❧♦❝❛❧❧② ♣r♦❜❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞
❜② ❛ ❝✉rr❡♥t ✢♦✇✐♥❣ t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡s❡ ❝♦♥str✐❝t✐♦♥s ✉s✐♥❣ ❛ ♠❛❣♥❡t✐❝ ❢♦r❝❡
♠✐❝r♦s❝♦♣❡ ✭▼❋▼✮ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✺✳✶✳ ▼❋▼ ✐s t②♣✐❝❛❧❧② ❞♦♥❡ ✇✐t❤ ❛
✈✐❜r❛t✐♥❣ ❆❋▼ t✐♣ ✇❤♦s❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♣ ❡①❝✐t❛✲
t✐♦♥ ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ♠♦♥✐t♦r❡❞✳ ❚❤❡ t✐♣ ✐s ❝♦❛t❡❞ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ❝♦♠♣♦✉♥❞
✉s✉❛❧❧② ❝♦♥t❛✐♥✐♥❣ ❝♦❜❛❧t t♦ ♠❛❦❡ ✐t s❡♥s✐t✐✈❡ t♦ str❛② ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢r♦♠ t❤❡
s❛♠♣❧❡✳ ❚❤❡ ❛❝t✉❛❧ ♠❡❛s✉r❡♠❡♥t ✐s ❞♦♥❡ ✐♥ t✇♦ ♣❛ss❡s✳ ❉✉r✐♥❣ t❤❡ ✜rst ♣❛ss✱
t❤❡ t✐♣ ✐s ❜r♦✉❣❤t ✐♥t♦ ❝❧♦s❡ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✉r❢❛❝❡ ❛♥❞ ✐s ♦♣❡r❛t❡❞ ✐♥ t❛♣♣✐♥❣
♠♦❞❡✳ ■♥ t❤✐s r❡❣✐♠❡✱ ✈❛♥ ❞❡r ❲❛❛❧s ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✐♣ ❛♥❞ t❤❡ s✉❜✲
str❛t❡ ❞♦♠✐♥❛t❡✳ ❚❤❡ t✐♣ ✇✐❧❧ t❤❡♥ ❜❡ ♦♥❧② s❡♥s✐t✐✈❡ t♦ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡
s❛♠♣❧❡✱ ✇❤✐❝❤ ✐s r❡❝♦r❞❡❞✳ ❚❤❡ s❡❝♦♥❞ ♣❛ss ✐s ❞♦♥❡ ❜② ❧✐❢t✐♥❣ t❤❡ t✐♣ ❛ ❝❡rt❛✐♥
❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ✭✉s✉❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ ✶✵✵ ♥♠✮ ❛♥❞ t❤❡♥ ❢♦❧❧♦✇✐♥❣
t❤❡ r❡❝♦r❞❡❞ t♦♣♦❣r❛♣❤② ♣r♦✜❧❡✳ ❖♥ ❛❝❝♦✉♥t ♦❢ t❤❡ str♦♥❣ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ✈❛♥
❞❡r ❲❛❛❧s ❢♦r❝❡s ♦♥ ❞✐st❛♥❝❡✱ t❤✐s s✉♣♣r❡ss❡s t❤❡ t♦♣♦❣r❛♣❤② s✐❣♥❛❧ ❢r♦♠ t❤❡
♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ♠❛❣♥❡t✐❝ s✐❣♥❛❧ ❝❛♥ ❜❡ s❡❡♥ ❛s ♣❤❛s❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡
s❡❝♦♥❞ ♣❛ss✳ ❚♦ ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡s❡ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ ❢♦r❝❡ ❣r❛❞✐❡♥t ❢❡❧t ❜② t❤❡ t✐♣ ✐♥ t❤❡ ✈✐❜r❛t✐♦♥ ❞✐r❡❝t✐♦♥ ✭✈❡rt✐❝❛❧✮✳ ❚❤❡
t✐♣✲s❛♠♣❧❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ✐s ❛♣♣r♦①✐♠❛t❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ t✐♣ ♠❛❣✲
♥❡t✐❝ ♠♦♠❡♥t t✐♠❡s t❤❡ str❛② ✜❡❧❞✳ ❚❤❡ ❢♦r❝❡ ❢❡❧t ❜② t❤❡ t✐♣ ❝❛♥ t❤❡♥ ❜❡
♦❜t❛✐♥❡❞ ❛s ♠✐♥✉s t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤✐s ❡♥❡r❣②✿
Eint = −~µtip ~B ⇒ ~F = ∇(~µtip ~B) ✭✻✳✹✺✮
❆ss✉♠✐♥❣ t❤❛t t❤❡ ✈✐❜r❛t✐♦♥ ❞✐r❡❝t✐♦♥ ✐s y✱ ✇❡ ❣❡t t❤❛t t❤❡ ♣❤❛s❡ s✐❣♥❛❧ ✐♥
▼❋▼ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✿
∆φ ∝= ∂Fz
∂y
=
∂2
∂y2
( ~µtip ~B) = µx
∂2Bx
∂y2
+ µy
∂2By
∂y2
+ µz
∂2Bz
∂y2
✭✻✳✹✻✮
❱❛❧✉❡s ❢♦r t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r s✐♠♣❧❡ ❣❡♦♠❡✲
tr✐❡s s♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts t♦ ❡①♣❡r✐♠❡♥t❛❧ ▼❋▼ s✐❣♥❛❧s✳ ❲❡ ❝❛❧❝✉❧❛t❡
s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❣❡♥❡r❛t❡❞ ❜② ✶✵✵ ♥♠ ❤✐❣❤
✇✐r❡s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t ✇✐r❡ ✇✐❞t❤s✿ 10 ➭♠✱ t②♣✐❝❛❧ ♦❢ ✏♥♦r♠❛❧✑ r❡s✲
♦♥❛t♦rs✱ ❛♥❞ ✶✵✵ ♥♠✱ t❤✉s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝♦♥str✐❝t✐♦♥s ♠❛❞❡ ❜② ✐♦♥✲❜❡❛♠
❧✐t❤♦❣r❛♣❤②✳ ❈r♦ss s❡❝t✐♦♥s ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♣r♦✜❧❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✷✸✳
■t s❤♦✇s t❤❡ ❣❡♥❡r❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ t✇♦ ♥♦♥✲③❡r♦ ❝♦♠♣♦✲
♥❡♥ts Bx ❛♥❞ By✳ ▼❋▼ t✐♣s ❛r❡ t✐♣✐❝❛❧❧② ♠❛❣♥❡t✐③❡❞ ✐♥ t❤❡ ② ❞✐r❡❝t✐♦♥✱ s♦
t❤❡ s✐❣♥❛❧s s❤♦✉❧❞ q✉❛❧✐t❛t✐✈❡❧② ❜❡ s✐♠✐❧❛r t♦ t❤❡ ∂
2By
∂y2
♣r♦✜❧❡s✱ ✇✐t❤ ❛ s✐❣♥❛❧
❢❡❛t✉r✐♥❣ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❡❞❣❡s✳ ❆❧s♦✱ ♥❛rr♦✇✐♥❣ t❤❡ ✇✐r❡s ✐♥❝r❡❛s❡s t❤❡
✶✻✽ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
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Proﬁle
❋✐❣✉r❡ ✻✳✷✸✿ Pr♦✜❧❡s ❢♦r s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ♣r♦①✐♠✐t② ♦❢
❛ r❡❝t❛♥❣✉❧❛r ✇✐r❡✳ ❚❤❡ ❣r❛♣❤s s❤♦✇ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ By ✭t♦♣✮ ❛♥❞ Bx ✭❜♦tt♦♠✮
✇❤✐❧❡ t❤❡ ❣r❛♣❤s ♦♥ t❤❡ ❧❡❢t ❛r❡ ❢♦r ❛ ✶✵✵ ♥♠ ✇✐❞t❤ ✇✐r❡ ❛♥❞ t❤❡ ❣r❛♣❤s ♦♥ t❤❡ r✐❣❤t
❛r❡ ❢♦r ❛ 10 ➭♠ ✇✐❞t❤ ✇✐r❡✳ ❚❤❡ ❧✐❢t s❡♣❛r❛t✐♦♥s s❤♦✇♥ ❛r❡ ❞✐st❛♥❝❡s ❢r♦♠ t❤❡ ♣r♦✜❧❡
❤❡✐❣❤t t♦ t❤❡ t♦♣ ♦❢ t❤❡ ✇✐r❡ s✉r❢❛❝❡ ✭✶✵✵ ♥♠ ❢✉rt❤❡r ❢r♦♠ t❤❡ s✉r❢❛❝❡✮✳
s✐♠✉❧❛t❡❞ s✐❣♥❛❧ ❜② ❛ ❢❛❝t♦r ♦❢ ❛❜♦✉t ✶✵✵ ❛s ❝❛♥ ❜❡ s❡❡♥ ♦❜s❡r✈✐♥❣ t❤❡ s❝❛❧❡s
✐♥ ✜❣✉r❡ ✻✳✷✸
❋♦r t❤❡ ▼❋▼ ♠❡❛s✉r❡♠❡♥ts ✇❡ ❢❛❜r✐❝❛t❡ ❛ 1 ➭♠ ❧♦♥❣ ❜② 100 ♥♠ ✇✐❞❡
❝♦♥str✐❝t✐♦♥ ♦✉t ♦❢ ❛ 100 ♥♠ t❤✐❝❦ ❣♦❧❞ ❧❛②❡r ♦♥ s❛♣♣❤✐r❡✳ ❚❤✐s ❝♦♥str✐❝t✐♦♥
✐s ♠❛❞❡ ♦♥ ❛ s✐♠♣❧❡ ❣♦❧❞ ❝✐r❝✉✐t ✇✐t❤ ✹ ♣❛❞s✱ ✷ t♦ ✐♥❥❡❝t t❤❡ ❝✉rr❡♥t ❛♥❞ ✷
t♦ ♠❡❛s✉r❡ t❤❡ ✈♦❧t❛❣❡ ❞r♦♣ ✐♥ t❤❡ ✇✐r❡✳ ❚❤❡ s❛♣♣❤✐r❡ ✐s ❣❧✉❡❞ t♦ ❛ s❛♠♣❧❡
❤♦❧❞❡r ✇✐t❤ ❧❛r❣❡r ❝♦♣♣❡r ♣❛❞s t❤❛t ❛r❡ ✇✐r❡ ❜♦♥❞❡❞ t♦ t❤❡ ❣♦❧❞ ❝✐r❝✉✐t✳ ❚❤✐s
✇❤♦❧❡ ❡♥s❡♠❜❧❡ ✐s t❤❡♥ ♣❧❛❝❡❞ ♦♥ t❤❡ ❆❋▼ st❛❣❡ ❛♥❞ ❝♦♥♥❡❝t❡❞ t♦ ❛ ❝✉rr❡♥t
s♦✉r❝❡ ❛♥❞ ❛ ✈♦❧t♠❡t❡r✳ ❆ 2.1♠❆ ❉❈ ❝✉rr❡♥t ✐s ♠❛❞❡ t♦ ❝✐r❝✉❧❛t❡ ✐♥ ❡✐t❤❡r
❞✐r❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ♥❛♥♦✇✐r❡ ✇❤✐❧❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛t r♦♦♠ t❡♠✲
♣❡r❛t✉r❡✳ ❚♦♣♦❣r❛♣❤② ❛♥❞ ♠❛❣♥❡t✐❝ ♣❤❛s❡ ✐♠❛❣❡s ❛r❡ s❤♦✇♥ ✐♥ ✻✳✷✺✳ ❚❤❡s❡
✐♠❛❣❡s q✉❛❧✐t❛t✐✈❡❧② s❤♦✇ ❛♥ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✐❣♥❛❧ ✭❛ ♠❛❣♥❡t✐❝
♣❤❛s❡ ❝♦♥tr❛st ♦❢ ∆φ = 0.26◦ ❢r♦♠ ♠❛①✐♠✉♠ t♦ ♠✐♥✐♠✉♠✮ ✐♥ t❤❡ ❝♦♥str✐❝t✐♦♥
✻✳✺✳ ❈♦♥❝❧✉s✐♦♥s ✶✻✾
2 cm
1 mm
1 μm
❋✐❣✉r❡ ✻✳✷✹✿ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r ▼❋▼ ♠❡❛s✉r❡♠❡♥t ♦❢ ❣♦❧❞ ♥❛♥♦✇✐r❡✳ ❚❤❡ ❝✐r❝✉✐t
✐s ♠♦✉♥t❡❞ ♦♥ ❛ ✜❜❡r❣❧❛ss s❛♠♣❧❡ ❤♦❧❞❡r ✇✐t❤ ❝♦♣♣❡r ❝♦♥t❛❝ts t❤❛t ❛r❡ ✇✐r❡ ❜♦♥❞❡❞
t♦ t❤❡ ❣♦❧❞ ❝✐r❝✉✐t✳ ❚❤❡ ❣♦❧❞ ❝✐r❝✉✐t ✭✶✵✵ ♥♠ ❧❛②❡r t❤✐❝❦♥❡ss✮ ✐s ❝♦♥str✐❝t❡❞ ❛t ✐ts
❝❡♥t❡r ✉s✐♥❣ ❋■❇ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ❈P❲ r❡s♦♥❛t♦r ❝❛s❡✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡
❝♦♥str✐❝t✐♦♥ ❛r❡ 1 ➭♠ ❧♦♥❣ ❜② ✶✵✵ ♥♠ ✇✐❞❡✳
❛r❡❛ ❛♥❞ ❛ ♥❡❣❧✐❣✐❜❧❡ s✐❣♥❛❧ ✭✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ ❜❛❝❦❣r♦✉♥❞✮ ✐♥ t❤❡ ✇✐❞❡r
❛r❡❛s ♦❢ t❤❡ ❝✐r❝✉✐t✳ ❚❤❡ ❝✉rr❡♥t ✇❛s r❡✈❡rs❡❞ t❤r❡❡ t✐♠❡s ❞✉r✐♥❣ t❤❡ ✐♠❛❣❡
❛q✉✐s✐t✐♦♥✳ ❚❤❡s❡ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥tr❛st ❝❤❛♥❣❡s ✐♥ t❤❡ ♣❤❛s❡ ✐♠❛❣❡✱ t❤✉s
s❤♦✇✐♥❣ t❤❛t t❤❡ s✐❣♥❛❧ ♠✉st ❜❡ ♠❛❣♥❡t✐❝ ✐♥ ♦r✐❣✐♥ ❛♥❞ ❞✉❡ t♦ t❤❡ ❝✐r❝✉❧❛t✐♥❣
❝✉rr❡♥t✳ ❲❡ ❛❧s♦ ♥♦t❡ ❛ ❝♦♥st❛♥t ❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧ ♣r♦❜❛❜❧② ❞✉❡ t♦ ❛♥ ❡❧❡❝✲
tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡t❛❧❧✐③❡❞ ❛♥❞ ♥♦♥✲♠❡t❛❧❧✐③❡❞ ❛r❡❛s✳
■❢ ❣r❡❛t❡r ♣r❡❝✐s✐♦♥ ✇❡r❡ ♥❡❡❞❡❞✱ t❤✐s ❜❛❝❦❣r♦✉♥❞ ❝♦✉❧❞ ♣♦ss✐❜❧② ❜❡ ✜❧t❡r❡❞ ♦✉t
✉s✐♥❣ s❝❤❡♠❡s s✐♠✐❧❛r t♦ t❤♦s❡ ❞❡t❛✐❧❡❞ ✐♥ ❬✷✷❪ ✇❤❡r❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ♥✉❧❧✐♥❣
✐s ✉s❡❞✳ ❍♦✇❡✈❡r✱ ♦✉r ♠❡❛s✉r❡♠❡♥ts ❤❡r❡ ❛r❡ s✉✣❝✐❡♥t t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡
✐s ❛ str♦♥❣ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♥❡❛r t❤❡ ♥❛♥♦✇✐r❡ ❛♥❞ t❤❛t t❤❡ ❜❡❤❛✈✐♦r ✐s q✉❛❧✲
✐t❛t✐✈❡❧② s✐♠✐❧❛r t❤❛t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✷✸ ❢♦r ❛ ✈❡rt✐❝❛❧❧② ♠❛❣♥❡t✐③❡❞ t✐♣✳
✻✳✺ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s✲
♦♥❛t♦rs ❛s ✐♥t❡r❡st✐♥❣ ❞❡✈✐❝❡s ❢♦r q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✳ ❲❡ ✜rst❧②
s✉♠♠❛r✐③❡❞ t❤❡ ❞✐str✐❜✉t❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ t❤❡✐r ❜❛s✐❝ ♣r♦♣❡rt✐❡s
r❡q✉✐r❡❞ ❢♦r t❤❡✐r ❞❡s✐❣♥✳ ❲❡ t❤❡♥ ❞❡s✐❣♥❡❞✱ ❢❛❜r✐❝❛t❡❞ ❛♥❞ t❡st❡❞ r❡s♦♥❛t♦rs
✇✐t❤ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ✶✳✹ ●❍③ r❛♥❣❡ ✇✐t❤ q✉❛❧✐t② ❢❛❝t♦rs r❛♥❣✐♥❣
❢r♦♠ ✶✵✵ t♦ ✹✵✵✵✵✳ ❲❡ ❛❧s♦ st✉❞✐❡❞ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ❛t ✹✳✷ ❑ ✇✐t❤ ❛♥❞ ✇✐t❤✲
♦✉t ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❲❡ ✜♥❞ t❤❛t ♠❛❣♥❡t✐❝ ✜❡❧❞s ❝❛♥ ❤❛✈❡ ❧❛r❣❡ ❡✛❡❝ts
♦♥ t❤❡ r❡s♦♥❛t♦rs ❜② ✐♥tr♦❞✉❝✐♥❣ ❡①tr❛ ❧♦ss❡s ✐♥ t❤❡ r❡s♦♥❛t♦rs ❛♥❞ ❣❡♥❡r❛t✐♥❣
✶✼✵ ❈❤❛♣t❡r ✻✳ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ❛♥❞ ❈♦♥str✐❝t✐♦♥s
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❋✐❣✉r❡ ✻✳✷✺✿ ▼❛❣♥❡t✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✐♠❛❣❡ ♦❢ ❛ 1 ➭♠ ❜② 100 ♥♠ ❝♦♥str✐❝t✐♦♥✳ ❚❤❡
❝✐r❝✉✐t ✐s ♠❛❞❡ ❢r♦♠ ❛ 100 ♥♠ t❤✐❝❦ ❣♦❧❞ ❧❛②❡r ♦♥ ❛ s❛♣♣❤✐r❡ s✉❜str❛t❡ ❛♥❞ ❤❛s ❛ 2.1♠❆
❉❈ ❝✉rr❡♥t✳ ❚❤❡ ❣r❛♣❤s ♦♥ t❤❡ ❧❡❢t s❤♦✇ t❤❡ ✇✐r❡ t♦♣♦❣r❛♣❤② ✇❤✐❧❡ t❤❡ ✐♠❛❣❡s ♦♥
t❤❡ r✐❣❤t s❤♦✇ t❤❡ ▼❋▼ s✐❣♥❛❧ ❛♥❞ ▼❋▼ ♣r♦✜❧❡s ❢♦r ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s✳ ❲❡ s❡❡
t❤❛t t❤❡r❡ ✐s ❛ ❝❧❡❛r ♠❛❣♥❡t✐❝ s✐❣♥❛❧ ✐♥ t❤❡ ✇✐r❡ t❤❛t ✐s ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤❡ ✇✐❞❡r ❛r❡❛✳
❆❧s♦✱ t❤❡ ❝❤❛♥❣❡s ✐♥ ❝♦♥tr❛st ✐♥ t❤❡ ✐♠❛❣❡ ❝♦rr❡s♣♦♥❞ t♦ ✢✐♣♣✐♥❣ t❤❡ ❝✉rr❡♥t ❞✐r❡❝t✐♦♥
❞✉r✐♥❣ t❤❡ ✐♠❛❣❡ ❛q✉✐s✐t✐♦♥✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ❛♣♣r❡❝✐❛❜❧❡ ❡❧❡❝tr♦st❛t✐❝
❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧✳
❤②st❡r❡s✐s ❡✛❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❆❜r✐❦♦s♦✈ ✈♦rt✐❝❡s✳ ❲❡ ❛❧s♦ s❡❡
t❤❡s❡ ❤②st❡r❡s✐s ❡✛❡❝ts ♠❡❛s✉r✐♥❣ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ✐♥ ◆❜ t❤✐♥ ✜❧♠s✳
❖♥❝❡ t❤✐s ❜❛s✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❞♦♥❡✱ ✇❡ ✉s❡ ❋■❇ t♦ ❝r❡❛t❡ ♥❛♥♦♠❡tr✐❝
❝♦♥str✐❝t✐♦♥s ✐♥ t❤❡ ❝❡♥t❡r❧✐♥❡ ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♥❣ t❤❡ ❝✉rr❡♥t
❛♥❞ ❡♥❤❛♥❝✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆❢t❡r t❡st✐♥❣ t❤❡s❡ ❞❡s✐❣♥s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
t❤❡② ❞♦ ✐♥ ❢❛❝t ❝♦♥❝❡♥tr❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ♥❛♥♦s❝❛❧❡ ❝♦♥str✐❝✲
t✐♦♥s ✐♥ t❤❡ ❝❡♥t❡r ❧✐♥❡✳ ❚❤❡s❡ ❞❡✈✐❝❡s ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❜❡ ✉s❡❞ t♦ ❛❝❤✐❡✈❡
str♦♥❣ ❝♦✉♣❧✐♥❣ t♦ ♠❛❣♥❡t✐❝ q✉❜✐ts ❛♥❞ ❢♦r ♥❛♥♦✲❊P❘ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ r❡s✲
♦♥❛♥❝❡ ❝❤❛r❛❝t❡r✐st✐❝s r❡♠❛✐♥ ❧❛r❣❡❧② ✉♥❝❤❛♥❣❡❞ ❛❧t❤♦✉❣❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥✲
t❡r♥❛❧ ❧♦ss❡s ❛r❡ ❛❞❞❡❞✳ ❆❧t❤♦✉❣❤ t❤❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝② ✐s r❡❧❛t✐✈❡❧② ❧♦✇
✭1.3 t♦ 1.4●❍③✮✱ ✇❡ s❡❡ ♥♦ r❡❛s♦♥ ✇❤② t❤❡s❡ ❞❡s✐❣♥s s❤♦✉❧❞ ♥♦t ❛❧s♦ ✇♦r❦ ✇❡❧❧
❛t ❤✐❣❤❡r ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s✳ ❉✉❡ t♦ t❤❡ r❡❞✉❝❡❞ ✇❛✈❡❧❡♥❣t❤ ❛t ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡r❡ ❛r❡ s♦♠❡✇❤❛t ❧❛r❣❡r ❝❤❛♥❣❡s ❢♦r ❧♦♥❣❡r
❝♦♥str✐❝t✐♦♥s s✐♥❝❡ t❤❡② ✇♦✉❧❞ ❜❡ ❧❛r❣❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤✳
❍♦✇❡✈❡r✱ t❤❡ ✇❛✈❡❧❡♥❣t❤ λ r❡♠❛✐♥s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ♦✉r t②♣✐❝❛❧ ❝♦♥str✐❝t✐♦♥
❧❡♥❣t❤ ❢♦r ❢r❡q✉❡♥❝✐❡s f < 50●❍③✳ ❉✐r❡❝t ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❝✉rr❡♥t ❝♦♥❝❡♥tr❛✲
t✐♦♥ ✐s s❡❡♥ ❜② t❤❡ ♣♦✇❡r ❡✛❡❝ts ✐♥ t❤❡ ❞✐✛❡r❡♥t ❤❛r♠♦♥✐❝s ♦❢ t❤❡ r❡s♦♥❛t♦r
✇❤❡r❡ ✇❡ s❡❡ t❤❛t ❢♦r ❤✐❣❤ ♣♦✇❡rs ❛♥❞ ♠♦❞❡s t❤❛t ❤❛✈❡ ❝✉rr❡♥t ♠❛①✐♠✉♠s
❘❊❋❊❘❊◆❈❊❙ ✶✼✶
❛t t❤❡ ❝♦♥str✐❝t✐♦♥ ♣♦s✐t✐♦♥✱ t❤❡r❡ ✐s ❛ s✉♣♣r❡ss✐♦♥ ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐✈✐t②✳
❆❧s♦✱ ❧♦❝❛❧ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❉❈ ❝✉rr❡♥ts ✐♥ ♥❛♥♦✇✐r❡s s❤♦✇ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞
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❊①♣❡r✐♠❡♥ts ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢
♠❛❣♥❡t✐❝ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r
❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
✼✳✶ ■♥tr♦❞✉❝t✐♦♥
■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❛t ❛ ♣♦ss✐❜❧❡ ♠❡t❤♦❞ ♦❢ ❜✉✐❧❞✲
✐♥❣ ❛ q✉❛♥t✉♠ ♣r♦❝❡ss♦r ✐s t♦ ✉s❡ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts ✭❙▼▼s✮ ❛♥❞✱ ✐♥
♣❛rt✐❝✉❧❛r✱ ❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ✭❙■▼s✮ ✭❝❤❛♣t❡r ✺✮ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❝✐r❝✉✐t
◗❊❉ s②st❡♠s✱ ♥❛♠❡❧② s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs✳ ❚❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣
❧✐♠✐t ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❛❝❤✐❡✈❛❜❧❡ ✉s✐♥❣ ❙■▼s ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ s❛♠♣❧❡s ♦r
✉s✐♥❣ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✭s❡❝t✐♦♥ ✹✳✸✮✳
❚❤❡ ♥❡①t ♦❜✈✐♦✉s st❡♣ ✇♦✉❧❞ t❤❡ ❜❡ t♦ ♠❡❛s✉r❡ t❤✐s str♦♥❣ ❝♦✉♣❧✐♥❣✳ ❍♦✇✲
❡✈❡r✱ t❡❝❤♥✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ❛t ♦✉r ❧❛❜♦r❛t♦r② ❝✉rr❡♥t❧② ♠❛❦❡ ✐t ❞✐✣❝✉❧t t♦ ♠❡❛✲
s✉r❡ s❛♠♣❧❡s ✐♥ r❡s♦♥❛t♦rs ❛t ❢r❡q✉❡♥❝✐❡s ❜❡②♦♥❞ ❛❜♦✉t 1.5●❍③✳ ❚❤❡r❡❢♦r❡✱ t❤❡
✐♥t❡r❡st✐♥❣ ❝❛s❡s ❧✐❦❡ ●❞❲✸✵ ✭s❡❝t✐♦♥ ✺✳✷✮ ❛♥❞ ❚❜❲✸✵ ✭s❡❝t✐♦♥ ✺✳✸✮ t❤❛t ❤❛✈❡
❤✐❣❤❡r ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ❛r❡ ♥♦t ❝✉rr❡♥t❧② ❛❝❝❡ss✐❜❧❡ ✇✐t❤ ♦✉r ❤❛r❞✇❛r❡
✭s♦♠❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❡①❝✐t❡❞ st❛t❡s ♦❢ ●❞❲✸✵ ❛r❡ ❛❝❝❡ss✐❜❧❡✮✱ ❛❧t❤♦✉❣❤
❡✛♦rts ❛r❡ ❜❡✐♥❣ ♠❛❞❡ t♦ ✐♠♣r♦✈❡ ♦✉r s②st❡♠s ❛♥❞ s✉❝❤ ❡①♣❡r✐♠❡♥ts ✇✐❧❧ ❜❡
♣♦ss✐❜❧❡ ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ t❡st t❤❡ s♣❡❝tr♦s❝♦♣✐❝ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡s❡ ❞❡✈✐❝❡s ✇✐t❤
♦t❤❡r s❛♠♣❧❡s ❛❧❧♦✇✐♥❣ ✉s t♦ ❛❧s♦ t❡st ✇❤❡t❤❡r t❤❡ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s
❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹ ✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r ✈❡r② s♠❛❧❧ s❛♠♣❧❡s✳ ❆❞❞✐✲
t✐♦♥❛❧❧②✱ ❜r♦❛❞❜❛♥❞ ♠❡❛s✉r❡♠❡♥ts ✉♣ t♦ 14●❍③ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ♦✉r
s②st❡♠s ✉s✐♥❣ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡ ✭❈P❲✮ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ✐♥st❡❛❞ ♦❢ r❡s✲
♦♥❛t♦rs✳ ❆❧t❤♦✉❣❤ t❤❡ ❝♦✉♣❧✐♥❣ ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ ✐♥ t❤❡ r❡s♦♥❛t♦r ❝❛s❡✱
✶✼✹ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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t❤❡ ❞✐r❡❝t ♠❛♣♣✐♥❣ ♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ❛s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s s✇❡♣t
❬✶❪✳
❲❡ ✇✐❧❧ ♣r❡s❡♥t r❡s✉❧ts ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t s❛♠♣❧❡s✿
• ❉PP❍ ✭✷✱✷✲❞✐♣❤❡♥②❧✲✶✲♣✐❝r②❧❤②❞r❛③②❧✮❬✷❪✱ ❛♥ ❊P❘ ❝❛❧✐❜r❛t✐♦♥ s❛♠♣❧❡ ♣r❡✲
✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✳
• ❆ ●❞ ✢✉♦r✐❞❡✱ ❈❛✶✲②●❞②❋✷✰②✳ ❘❛r❡ ❡❛rt❤ ✐♦♥s ❞♦♣❡❞ ✐♥t♦ ✢✉♦r✐❞❡ ❝r②s✲
t❛❧s ❛r❡ ♦♥❡ ♦❢ t❤❡ ❜❛s✐❝ s②st❡♠s ♦r✐❣✐♥❛❧❧② ✉s❡❞ ❢♦r st✉❞② ♦❢ r❛r❡ ❡❛rt❤
♣❛r❛♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❬✸❪ ✐♥ ❝r②st❛❧ ❡♥✈✐r♦♥♠❡♥ts✳ ❚❤❡② ❡①❤✐❜✐t ❛ ✇❡❧❧
❦♥♦✇♥ ❝r②st❛❧ str✉❝t✉r❡ ❛♥❞ ❤❛✈❡ ❣♦♦❞ st❛❜✐❧✐t②✳
• ❆ ●❞❲✸✵ ❝r②st❛❧ s✐♠✐❧❛r t♦ t❤♦s❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✷✳ ❆❧t❤♦✉❣❤
t❤❡ tr❛♥s✐t✐♦♥s t❤❛t ❛r❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥ ❛♣✲
♣❧✐❝❛t✐♦♥s ❧✐❡ ❜❡②♦♥❞ ♦✉r r❡s♦♥❛t♦r ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✱ s♦♠❡ tr❛♥s✐t✐♦♥s
❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❜❡ ✈✐s✐❜❧❡✳
❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✼✳✷ ✇❡ ✇✐❧❧ ♠❡❛s✉r❡ ❛❜s♦r♣✲
t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t s❛♠♣❧❡s ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳
◆❡①t✱ ✇❡ r❡✈✐❡✇ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❞❡s❝r✐❜✐♥❣ ❛ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ s♣✐♥s
t♦ ❛ r❡s♦♥❛t♦r s②st❡♠ ✐♥ s❡❝t✐♦♥ ✼✳✸✳ ■♥ s❡❝t✐♦♥ ✼✳✹ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦✉♣❧✐♥❣
t♦ st❛♥❞❛r❞ ❈P❲ r❡s♦♥❛t♦rs ♦❢ ❞✐✛❡r❡♥t s✐③❡s t♦ ❝r②st❛❧s ❛♥❞ ❞r♦♣❧❡ts✳ ▲❛t❡r✱
✐♥ s❡❝t✐♦♥ ✼✳✺ ✇❡ ✇✐❧❧ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥ ✐♥
✐♠♣r♦✈✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ t♦ ❛ s♠❛❧❧ s❛♠♣❧❡✳ ❋✐♥❛❧❧② ✐♥ s❡❝t✐♦♥ ✼✳✻ ✇❡ ❣✐✈❡ t❤❡
❝♦♥❝❧✉s✐♦♥s ❢♦r t❤✐s ❝❤❛♣t❡r✳
✼✳✷ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣
❈P❲
❖♥❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ st❛♥❞❛r❞ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ✐s t❤❛t t❤❡ ✉s❡ ♦❢ ❛ ❝❛✈✐t②
r❡str✐❝ts t❤❡ ✇♦r❦✐♥❣ ❢r❡q✉❡♥❝✐❡s✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✷✳✷✳✶✱ ❊P❘ s❡t✉♣s ❛r❡
❜✉✐❧t t♦ ✇♦r❦ ✐♥ ❛ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② ❜❛♥❞ ❣✐✈❡♥ ❜② t❤❡ ❝❛✈✐t② ❣❡♦♠❡tr② ❛♥❞ ✐ts
♠✐❝r♦✇❛✈❡ s♦✉r❝❡✳ ❚❤❡ ❝❛✈✐t② ❛❧❧♦✇s ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② t♦ ❜❡ ❛❝❝✉♠✉❧❛t❡❞
✇✐t❤✐♥ ❛♥❞ ❤✐❣❤❡r r❢ ✜❡❧❞s t♦ ❜❡ ❛tt❛✐♥❡❞ ❛❧❧♦✇✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ s♠❛❧❧❡r
s❛♠♣❧❡s ❛♥❞ s✐❣♥❛❧s✳
■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♠❡❛s✉r❡ ❛ s❛♠♣❧❡ ❞✐r❡❝t❧② ♦♥ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ s✉❝❤
❛s t❤♦s❡ ❜❛s❡❞ ♦♥ ❈P❲ ❞❡s✐❣♥s ✭❝❤❛♣t❡r ✻✮✳ ❆♥ ♦♣❡♥ ✇❛✈❡❣✉✐❞❡ ❛❧❧♦✇s tr❛♥s✲
♠✐ss✐♦♥ t❤r♦✉❣❤ ✐t ✇✐t❤✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ♥♦ ❢r❡q✉❡♥❝② ❧✐♠✐t❛t✐♦♥✶ ❛❧❧♦✇✐♥❣ ❜r♦❛❞✲
✶❆t ❤✐❣❤ ❡♥♦✉❣❤ ❢r❡q✉❡♥❝✐❡s✱ t❤❡ ❧♦ss❡s ✇♦✉❧❞ ❡✈❡♥t✉❛❧❧② ❜❡ t♦♦ ❤✐❣❤ t♦ ❛❧❧♦✇ s♠❛❧❧ s✐❣♥❛❧s
t♦ ❜❡ ❞❡t❡❝t❡❞✳
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✼✺
❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✐♥ ❛ s✐♥❣❧❡ ❞❡✈✐❝❡✳ ❚❤✐s ❤♦✇❡✈❡r ❝♦♠❡s ❛t t❤❡ ❝♦st ♦❢ ❛
♠✉❝❤ r❡❞✉❝❡❞ ❡♥❡r❣② ❞❡♥s✐t② ✐♥ t❤❡ s❛♠♣❧❡ ✈♦❧✉♠❡ ❛s t❤❡ ♣❤♦t♦♥s ♦♥❧② s❡❡
t❤❡ s❛♠♣❧❡ ♦♥❝❡ ❛s t❤❡② ♣❛ss t❤r♦✉❣❤ t❤❡ ❞❡✈✐❝❡✳ ■♥ t❤❡ ❝❛✈✐t② s❡t✉♣ t❤❡② ❛r❡
st♦r❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ✈♦❧✉♠❡ ✇❤❡r❡ t❤❡② ❤❛✈❡ ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤
t❤❡ s❛♠♣❧❡ ❜❡❢♦r❡ t❤❡② ❛r❡ ❞✐ss✐♣❛t❡❞✳ ❍❡♥❝❡✱ ❛❧❧ ❡❧s❡ ❜❡✐♥❣ ❡q✉❛❧✱ t❤❡ s✐❣♥❛❧
❝❤❛♥❣❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❜s♦r♣t✐♦♥ ♦❢ r❢ ♣❤♦t♦♥s ❜② ❛ ♠❛❣♥❡t✐❝ s❛♠♣❧❡ ❛r❡
♠✉❝❤ ✇❡❛❦❡r ✇❤❡♥ ✉s✐♥❣ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ t❤❛♥ ✇❤❡♥ ❛ ❝❛✈✐t② ✐s ✉s❡❞✳ ❍♦✇✲
❡✈❡r✱ ✐❢ t❤❡ ❝♦✉♣❧✐♥❣ ✐s str♦♥❣ ❡♥♦✉❣❤ ♦r t❤❡ s❛♠♣❧❡s ❧❛r❣❡ ❡♥♦✉❣❤✱ ♠♦♥✐t♦r✐♥❣
t❤❡ tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ s✉❝❤ ❛ s②st❡♠ ✇❤✐❧❡ s✇❡❡♣✐♥❣ t❤❡ s♦✉r❝❡ ❢r❡q✉❡♥❝②
✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ❞❡t❡❝t ❛♥ ❛❜s♦r♣t✐♦♥ ❧✐♥❡ ✇❤❡♥ t❤❡ ❢r❡q✉❡♥❝② ❝♦✐♥❝✐❞❡s ✇✐t❤
❛♥ ❡♥❡r❣② tr❛♥s✐t✐♦♥ ✐♥ t❤❡ s❛♠♣❧❡✳ ❆❧s♦✱ ✐❢ t❤❡ tr❛♥s✐t✐♦♥s ❞❡♣❡♥❞ ♦♥ ❛♥ ❛♣✲
♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢♦r ✐♥st❛♥❝❡✱ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ♠❛♣ t❤❡ ❝❤❛♥❣❡s ✐♥
t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s♣❡❝tr✉♠✳
❆s ❛♥ ✐♥✐t✐❛❧ t❡st ♦❢ ♦✉r s♣✐♥ s②st❡♠s ❛♥❞ ❛s ❛ t❡st ♦❢ ♦✉r s❡t✉♣✱ ♠❡❛s✉r❡✲
♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ❢❛❜r✐❝❛t❡❞ ❛♥❞ ♠♦✉♥t❡❞ ✉s✐♥❣
t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡s ❛s t❤♦s❡ ✉s❡❞ ❢♦r r❡s♦♥❛t♦rs ✐♥ ❝❤❛♣t❡r ✻✳ ❚❤❡s❡ ♠❡❛s✉r❡✲
♠❡♥ts ❛❧s♦ ❛❧❧♦✇ ✉s t♦ ✇♦r❦ ✇✐t❤ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s t❤❛♥ ♦✉r ❝✉rr❡♥t r❡s♦♥❛t♦rs
❝❛♥ ❛❝❤✐❡✈❡ ✭✉♣ t♦ 14●❍③ ♦♥ ❛ ✇❛✈❡❣✉✐❞❡ ✐♥st❡❛❞ ♦❢ ∼ 1.5●❍③ ❢♦r r❡s♦♥❛t♦rs✮✳
❆❧❧ ❡①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛t ❧✐q✉✐❞ ❤❡❧✐✉♠ t❡♠♣❡r❛t✉r❡s ✭4.2❑✮✳
✼✳✷✳✶ ❉PP❍ ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲
❆s ❛ ✜rst t❡st✱ ❛ ◆❜ ♦♥ s❛♣♣❤✐r❡ ❈P❲ ✇✐t❤ ❛ 200 ➭♠ ❣❛♣ ❛♥❞ 400 ➭♠ ❝❡♥t❡r❧✐♥❡
✇❛s ✉s❡❞✳ ❆ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❉PP❍ ♣♦✇❞❡r ♠✐①❡❞ ✇✐t❤ ❆♣✐❡③♦♥ ◆ ❣r❡❛s❡ ✇❛s
s♣r❡❛❞ ♦✈❡r t❤❡ s✉r❢❛❝❡ ✭✜❣✉r❡ ✼✳✶❆✮✳ ❚❤❡ ❉PP❍ s♣✐♥ ❞❡♥s✐t② ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✲
✐♥❣ ✐ts ❞❡♥s✐t② ✭ρ = 1.4 ❣ ❝♠−3✮ ❛♥❞ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ✭Mmol = 394.32 ❣♠♦❧−1✮
❬✹❪ t♦ ❜❡ 3.55× 10−3♠♦❧ ❝♠−3✳ ❚❤❡ ❞❡✈✐❝❡ ✇❛s t❤❡♥ ♠♦✉♥t❡❞ ♦♥ t❤❡ 4❑ ♣r♦❜❡
❛♥❞ ✐♥s❡rt❡❞ ✐♥t♦ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡t✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ✐s ♠❡❛s✉r❡❞
❢r♦♠ 10▼❍③ t♦ 14●❍③ ✇❤✐❧❡ t❤❡ ✜❡❧❞ ❇ ✐s s✇❡♣t ❢r♦♠ 0❚ t♦ 0.5❚ ❛♣♣❧✐❡❞
✐♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥ ♠❛r❦❡❞ ✐♥ ✜❣✉r❡ ✼✳✶❆✳ ❚❤❡ r❢ ✜❡❧❞ ✇✐❧❧ ❜❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ❉❈ ✜❡❧❞ ✇❤✐❝❤✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ ✐s t❤❡ ♦♣t✐♠❛❧ ❝♦♥✜❣✉r❛t✐♦♥
t♦ ✐♥❞✉❝❡ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ s❛♠♣❧❡✳ ❙✐♥❝❡ ❉PP❍ ✐s ❛♥ s♣✐♥ 1/2 s②st❡♠ ✇✐t❤
g ≃ 2✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛❜s♦r♣t✐♦♥ ❛t ❢r❡q✉❡♥❝②✿
f0 =
Ω
2π
=
gSµB
h
B = (28●❍③❚−1)B ✭✼✳✶✮
❚❤❡ tr❛♥s♠✐ss✐♦♥ S21(f,B) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈❡ ❢r❡q✉❡♥❝② ❛♥❞ ♦❢ t❤❡
❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s ❛t 0❚
✭❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡♠♣t② tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❝❛s❡✮ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶❇✳ ❲❤❡♥
❝♦♠♣❛r❡❞ t♦ t❤❡ r❡❞ ❧✐♥❡ r❡♣r❡s❡♥t✐♥❣ ❛♥ ✐❞❡❛❧ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ r❡s✐st✐✈❡ ❧♦ss❡s✱
✇❡ s❡❡ t❤❛t t❤❡ ♣r♦✜❧❡ ✐s ✈❡r② ✐rr❡❣✉❧❛r✳ ❍♦✇❡✈❡r✱ t❤✐s ♥♦✐s❡ ✐s st❛❜❧❡ ❛♥❞
✶✼✻ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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❋✐❣✉r❡ ✼✳✶✿ ❉PP❍ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ●r❛♣❤ ❆ s❤♦✇s ❛ ♠✐❝r♦✲
s❝♦♣❡ ✐♠❛❣❡ ♦❢ t❤❡ ❞❡✈✐❝❡ ❛♥❞ s❛♠♣❧❡✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞ tr❛♥s♠✐ss✐♦♥
s♣❡❝tr✉♠ ✐♥❝❧✉❞✐♥❣ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✳ ❚❤❡ r❡❞ ❧✐♥❡ s❤♦✇s t❤❡ ❡①♣❡❝t❡❞ tr❛♥s♠✐ss✐♦♥
❢r♦♠ ❛ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ ♦♥❧② r❡s✐st✐✈❡ ❧♦ss❡s ✭❢r♦♠ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✮✳ ●r❛♣❤ ❈ s❤♦✇s
❛ ❝❧♦s❡ ✉♣ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ S21 ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ tr❛♥s♠✐ss✐♦♥ ❛t ③❡r♦ ✜❡❧❞✳ ❊❛❝❤
❝♦❧♦r ✇❛s t❛❦❡♥ ❛t ✜❡❧❞s 0.125❚✱ 0.13❚✱ 0.135❚✱ 0.14❚✱ 0.145❚✱ 0.15❚✱ 0.155❚✱
0.16❚✱ 0.165❚ ❛♥❞ 0.17❚ r❡s♣❡❝t✐✈❡❧②✳ ●r❛♣❤ ❉ s❤♦✇s t❤❡ s❛♠❡ s♣❡❝tr❛ ❜✉t ❡❛❝❤ ♦❢
t❤❡♠ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ 5♠❚ ❤✐❣❤❡r ✜❡❧❞✳
r❡♣r♦❞✉❝✐❜❧❡ ❢r♦♠ ♦♥❡ ❢r❡q✉❡♥❝② s✇❡❡♣ t♦ t❤❡ ♥❡①t ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡s❡ ✐rr❡❣✲
✉❧❛r✐t✐❡s ♣r♦❜❛❜❧② ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ❝♦♥♥❡❝t✐♦♥s t♦ t❤❡ ❞❡✈✐❝❡ ✭✇✐r❡ ❜♦♥❞s✱
✐♥t❡r♠❡❞✐❛t❡ ❝♦♥♥❡❝t♦rs✱ P❈❇ ❞❡s✐❣♥ ❛♥❞ ♠❛t❡r✐❛❧s✱ ❡t❝✳✮✳ ❚❤❡ s❛♠♣❧❡ ❛❜s♦r♣✲
t✐♦♥ ✐s t♦♦ s♠❛❧❧ t♦ ❜❡ ❞✐r❡❝t❧② ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ t❤✐s ♥♦✐s❡ ❛t ❛ ✜①❡❞ ✜❡❧❞✳
❍♦✇❡✈❡r✱ ✐❢ t❤❡ ✜❡❧❞ ✐s ❝❤❛♥❣❡❞✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐rr❡❣✉❧❛r✐t✐❡s ✈❛r② s❧♦✇❧② ❛♥❞
❞♦ ♥♦t ✐♥ ❣❡♥❡r❛❧ ♠♦✈❡ ❢r♦♠ t❤❡✐r ♣♦s✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❛♠♣❧❡
❛❜s♦r♣t✐♦♥ ♣❡❛❦ ❞♦❡s ♠♦✈❡ ✇❤❡♥ t❤❡ ✜❡❧❞ ✐s ❝❤❛♥❣❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥
✭✼✳✶✮✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❞✐✈✐❞❡ ❡❛❝❤ s♣❡❝tr✉♠ ❜②✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ s✐❣♥❛❧ ❛t
0❚✱ ❛♥❞ r❡♣r❡s❡♥t S21(f,B)/S21(f, 0❚) ❢♦r ❞✐✛❡r❡♥t ✜❡❧❞s ✇❡ s❡❡ ❛♥ ❛❜s♦r♣✲
t✐♦♥ ♣❡❛❦ t❤❛t ❝❤❛♥❣❡s ✐ts ❢r❡q✉❡♥❝② ❢♦r ❡❛❝❤ ✜❡❧❞ ✭✜❣✉r❡ ✼✳✶❈✮✳ ❚❤❡ s❛♠♣❧❡
❛❜s♦r♣t✐♦♥ s✐❣♥❛❧ ✐s ✈✐s✐❜❧❡ ✐♥ t❤✐s ❝❛s❡ ❜✉t ❝❤❛♥❣❡s ✐♥ ❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧ ✇❤❡♥
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ✐♥❝r❡❛s❡❞ ♣r♦❞✉❝❡ ❛rt✐❢❛❝ts ❛♥❞ ❞✐st♦rs✐♦♥s ✐♥ ✇❤❛t s❤♦✉❧❞
❜❡ ❛ ✢❛t ❣r❛♣❤ ✇✐t❤ ❛ ❞✐♣ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r❡q✉❡♥❝②✳ ❇❡tt❡r r❡s✉❧ts ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ✐❢ ✇❡ ♥♦r♠❛❧✐③❡ ✐♥st❡❛❞ ❜② ❛ s♣❡❝tr✉♠ ✇✐t❤ ❛ ✜❡❧❞ ✈❛❧✉❡ ❝❧♦s❡ t♦
t❤❡ ❝✉rr❡♥t ✜❡❧❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✜❣✉r❡ ✼✳✶❉ s❤♦✇s S21(f,B)/S21(f,B + 5♠❚)✱
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✼✼
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❋✐❣✉r❡ ✼✳✷✿ ❚❤❡ ♠❛✐♥ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ S21 tr❛♥s♠✐ss✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢♦r ❉PP❍ ❛♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ tr❛♥s♠✐ss✐♦♥
❧✐♥❡✳ ❆♥ ✐♠❛❣❡ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛♥❞ t❤❡ s❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✳ ❚❤❡
s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 5♠❚ ❤✐❣❤❡r✳ ❚❤❡
♣❡❛❦✲❞✐♣ ❢r❡q✉❡♥❝② ✇❛s ❡①tr❛❝t❡❞ ❛♥❞ ✐s s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t✳ ❚❤❡ s❧♦♣❡ ❣✐✈❡s t❤❡ ❣✲
❢❛❝t♦r ❢♦r ❉PP❍✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s ❞♦♥❡ ✐♥ t✇♦ s❡♣❛r❛t❡ s✇❡❡♣s ❛♥❞ t❤❡ ❜❧❛♥❦
❛r❡❛s ✇❡r❡ ♥♦t ♠❡❛s✉r❡❞✳
✐✳❡✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s✐❣♥❛❧ ❛t ❛ ✜❡❧❞ 5♠❚ ❤✐❣❤❡r✳ ❲❡ s❡❡ ❛
♠✉❝❤ ✢❛tt❡r ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❜♦t❤ ❛ ♣❡❛❦ ❛♥❞ ❛ ❞✐♣✳ ❚❤❡ ❞✐♣ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❝✉rr❡♥t ✜❡❧❞✱ ✇❤✐❧❡ t❤❡ ♣❡❛❦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❡❝tr✉♠ ✉s❡❞ t♦ ♥♦r♠❛❧✐③❡✳
❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❧❛st ♠❡t❤♦❞ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ✐♥ ♠♦st ❝❛s❡s✳
❋✐❣✉r❡ ✼✳✷ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ❛t ❞✐✛❡r❡♥t ✜❡❧❞s✳
❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡t❛✐❧❡❞ ♥♦r♠❛❧✐③❛t✐♦♥✱ ❲❡ ❝❧❡❛r❧② s❡❡ ❛ ❞✐♣✲♣❡❛❦ ✐♥ t❤❡
tr❛♥s♠✐ss✐♦♥ ✐♥t❡♥s✐t② t❤❛t ❝❤❛♥❣❡s ♣♦s✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❛ gS ≃ 2 s❧♦♣❡✳ ❊❛❝❤
s♣❡❝tr✉♠ ✐s ✜tt❡❞ t♦ ❛ ❞✐♣✲♣❡❛❦ ❢✉♥❝t✐♦♥✿
S21 =
∣∣∣∣1− vΓ− i(f − f0) +
v
Γ− i(f − f0 − δ)
∣∣∣∣ ✭✼✳✷✮
❲❤❡r❡ v ✐s ❛ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✱ f0 ✐s t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ❛♥❞ δ ✐s t❤❡ s❡♣✲
❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❡❛❦ ❛♥❞ ❞✐♣✳ ❚❤❡ ✜tt❡❞ f0 ✐s s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t ♦❢ ✜❣✉r❡
✼✳✷✳ ❚❤❡ ✜t ❣✐✈❡s t❤❡ ❣✲❢❛❝t♦r ♦❢ t❤❡ ❉PP❍ s❛♠♣❧❡ ✭g = 2.002✮✳ ❲❡ ❛❧s♦ ✜♥❞
✶✼✽ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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Transmission line
❋✐❣✉r❡ ✼✳✸✿ ❚❤✐♥ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✭7 ➭♠ ❣❛♣s ❛♥❞ 14 ➭♠ ❝❡♥t❡r❧✐♥❡✮ ❛♥❞ ❛ ❞r♦♣ ♦❢
❉PP❍ ♣❧❛❝❡❞ ♦♥ t♦♣✳ ❖♥❧② t❤❡ ♣❛rts ♦❢ t❤❡ ❞r♦♣ ❝❧♦s❡ ✭✇✐t❤✐♥ ❛❜♦✉t ✶✵✲20 ➭♠✮
t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s✐❣♥❛❧✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞
tr❛♥s♠✐ss✐♦♥ ✭S21✮✳ ❚❤❡ r❡❞ ❧✐♥❡ ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ✐❞❡❛❧ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ ❞✐❡❧❡❝tr✐❝
❛♥❞ r❡s✐st✐✈❡ ❧♦ss❡s ✭❢r♦♠ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✮✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s
❝❛s❡ t♦ ❜❡tt❡r ❢♦❧❧♦✇ t❤❡ ♠❡❛s✉r❡❞ ❞❡♣❡♥❞❡♥❝❡✳
❋✐❣✉r❡ ✼✳✹✿ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ S21 tr❛♥s♠✐ss✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤
❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛♥❞ t❤❡ s❛♠♣❧❡ ❛r❡ s❤♦✇♥ ✐♥
✜❣✉r❡ ✼✳✸✳ ❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 5♠❚
❤✐❣❤❡r✳ ❚❤❡ ❛❜s♦♣t✐♦♥ ❢❡❛t✉r❡ ✐s ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♥♦✐s❡ ❛♥❞
❞✐st♦rs✐♦♥s ✭❤♦r✐③♦♥t❛❧ ❜❛♥❞s✮✳
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✼✾
t❤❛t t❤❡ ❛❝t✉❛❧ s✐❣♥❛❧ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐s . 0.05 ❞❇✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ♣♦✇❡r ❛❜s♦r♣t✐♦♥s ♦❢ ❧❡ss t❤❛♥ ❛❜♦✉t ✶✪ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❛❝❦❣r♦✉♥❞✳
❆♥♦t❤❡r ❡①♣❡r✐♠❡♥t ✉s✐♥❣ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✐s ❞♦♥❡ ✇✐t❤ ❛ ♠♦r❡
❝♦♥tr♦❧❧❡❞ s❛♠♣❧❡ s✐③❡ ❛♥❞ ❛ t❤✐♥♥❡r tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡ ❞❡✈✐❝❡ ✐s ❛ tr❛♥s✲
♠✐ss✐♦♥ ❧✐♥❡ ✇✐t❤ 7 ➭♠ ❣❛♣s ❛♥❞ ❛ 14 ➭♠ ✇✐❞❡ ❝❡♥t❡r ❧✐♥❡✳ ❚❤❡ ❉PP❍ ♣♦✇❞❡r
✐s ✉s❡❞ t♦ ♠❛❦❡ ❛ s❛t✉r❛t❡❞ s♦❧✉t✐♦♥ ✐♥ ❞✐♠❡t❤②❧❢♦r♠❛♠✐❞❡ ✭❉▼❋✮ ✇✐t❤ ✺✪
❣❧②❝❡r♦❧✳ ❆ ❞r♦♣ ✐s ♣❧❛❝❡❞ ♦♥t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✉s✐♥❣ ❛ ♠✐❝r♦♣✐♣❡tt❡
❛♥❞ ❧❡❢t t♦ ❞r② ✭✜❣✉r❡ ✼✳✸❆✮✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ✉s❡❞ t♦ ♠♦r❡ ❡✛❡❝t✐✈❡❧② ✜❧❧ t❤❡
tr❛♥s♠✐ss✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ ❣❡t t❤❡ s❛♠♣❧❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ❝✉rr❡♥ts✳ ❆s
❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ t❤❡ ✜❡❧❞s ❢r♦♠ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❞♦ ♥♦t r❡❛❝❤ ❢❛r
❜❡②♦♥❞ t❤❡ ❣❛♣ ❛♥❞ ❝❡♥t❡r ❧✐♥❡ ✇✐❞t❤ ❛♥❞ t❤❡ s❛♠♣❧❡ ♥❡❡❞s t♦ ❜❡ ♣❧❛❝❡❞ ✇❡❧❧
✇✐t❤✐♥ t❤✐s ✈♦❧✉♠❡✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸❇ ❛♥❞ ✐s ❛❣❛✐♥ ✈❡r②
✐rr❡❣✉❧❛r✳ ❚❤❡ r❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ✐❞❡❛❧ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ ♦♥❧②
r❡s✐st✐✈❡ ❛♥❞ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s✳ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❝❛s❡ ✐♥ ✜❣✉r❡ ✼✳✶❇ ✇❤❡r❡
♦♥❧② r❡s✐st✐✈❡ ❧♦ss❡s ✇❡r❡ ♥❡❝❡ss❛r②✱ ❤❡r❡ s♦♠❡ s♠❛❧❧ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s ♥❡❡❞ t♦
❜❡ ✐♥❝❧✉❞❡❞ s♦ t❤❛t t❤❡ ✐❞❡❛❧ ❜❡❤❛✈✐♦r ❢♦❧❧♦✇s t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr✉♠✳ ❚❤✐s ✐s
♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❈P❲ ✐s ♠✉❝❤ t❤✐♥♥❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡ ❛♥❞ ✇✐❧❧ t❤❡r❡❢♦r❡ ❤❛✈❡ ♠✉❝❤ str♦♥❣❡r ❡❧❡❝tr✐❝ ✜❡❧❞s ❝❛✉s✐♥❣ ❧❛r❣❡r
❞✐❡❧❡❝tr✐❝ ❧♦ss❡s✳
❋✐❣✉r❡ ✼✳✹ s❤♦✇s t❤❡ ✷ ❞✐♠❡♥s✐♦♥❛❧ ♥♦r♠❛❧✐③❡❞ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✜❡❧❞ ✐s ❛❣❛✐♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡
r❡s♦♥❛t♦r ♣❧❛♥❡✱ ♣❛r❛❧❧❡❧ t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ ❢❡❛t✉r❡ ❤❛s
t❤❡ s❛♠❡ ❞❡♣❡♥❞❡♥❝❡ ❛s ✐♥ ✜❣✉r❡ ✼✳✷ ❛♥❞ ❝❛♥ ❜❡ ✜tt❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉s✐♥❣
❡q✉❛t✐♦♥ ✭✼✳✷✮✳ ❚❤❡ ❡①tr❛❝t❡❞ g✲❢❛❝t♦r ✐s gS = 2.000✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❜❛♥❞s
❝♦rr❡s♣♦♥❞ t♦ ❜❛❝❦❣r♦✉♥❞ ❢❡❛t✉r❡s t❤❛t ❝❤❛♥❣❡ ✐♥ ✐♥t❡♥s✐t② ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ❜✉t ❞♦ ♥♦t s❤✐❢t t❤❡✐r ♣♦s✐t✐♦♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞
s✐❣♥❛❧ ✇❡r❡ s❧✐❣❤t❧② ❧❛r❣❡r ✐♥ ❣❡♥❡r❛❧ . 0.1 ❞❇✳ ❲❡ s❡❡ t❤❛t ❡✈❡♥ ✇✐t❤ t❤❡
s❛♠♣❧❡ ❜❡✐♥❣ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ✐♥ ✜❣✉r❡ ✼✳✶✱ ✇❡ ❝❛♥ ❣❡t s✐♠✐❧❛r s✐❣♥❛❧s ❜②
❝❤♦♦s✐♥❣ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✇❡❧❧ ❛❞❛♣t❡❞ t♦ t❤❡ s❛♠♣❧❡ s✐③❡ ❛♥❞ ❜② ✜❧❧✐♥❣ t❤❡
s❡♥s✐t✐✈❡ ❛r❡❛s ❡✛❡❝t✐✈❡❧②✳
✼✳✷✳✷ ❈❛●❞❋ ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲
❈❛❧❝✐✉♠ ❋❧✉♦r✐❞❡ ❈❛❋✷ ❝r②st❛❧s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r ❜❛s✐❝ st✉❞✐❡s
♦❢ r❛r❡ ❡❛rt❤ ✐♦♥s ✐♥ ❝r②st❛❧❧✐♥❡ ❡♥✈✐r♦♥♠❡♥ts ❬✸❪ ❞✉❡ t♦ t❤❡✐r ❣♦♦❞ ❝r②st❛❧
q✉❛❧✐t✐❡s ✭❝✉❜✐❝ s②♠♠❡tr②✮ ❛♥❞ st❛❜✐❧✐t② ❢♦r ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ t❡♠♣❡r❛t✉r❡s ❬✺❪✳
❚❤❡ ❝r②st❛❧ ✉♥✐t ❝❡❧❧ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✺✳ ❚❤❡s❡ ❝r②st❛❧s ❛r❡ ❞♦♣❡❞ ✇✐t❤ ❛
r❛r❡ ❡❛rt❤ ✐♦♥ ✇✐t❤ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❈❛✷✰ s✐t❡s ❜❡✐♥❣ r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡ ❞♦♣❛♥t✳
■♥ t❤❡ ❝❛s❡ ♦❢ ♦✉r ●❞ ✢✉♦r✐❞❡ ❝r②st❛❧s✱ ❚❤❡ ❈❛✷✰ ✐♦♥s ❛r❡ s✉❜st✐t✉t❡❞ ✇✐t❤
●❞✸✰ ❛t ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛❜♦✉t ✵✳✷✪ ♣❡r ❈❛❋✷ ✉♥✐t✳ ❖♥❧② ✶✸✪ ♦❢ t❤❡s❡ ❛r❡
✶✽✵ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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❋✐❣✉r❡ ✼✳✺✿ ▲❡❢t✿ ❯♥✐t ❝❡❧❧ ♦❢ ❛ ❈❛❋✷ ❝r②st❛❧✳ ❲❤❡♥ ❞♦♣❡❞ ✇✐t❤ ●❞✱ t❤❡ ●❞
✸✰ ✐♦♥
r❡♣❧❛❝❡s ❛ ❈❛✷✰ ✐♦♥✳ ❖♥❧② ●❞✸✰ ✐♦♥s ✐♥ ❝✉❜✐❝ s②♠♠❡tr② s✐t❡s ❝♦♥tr✐❜✉t❡ t♦ ❊P❘
s✐❣♥❛❧s ❬✻❪✳ ❘✐❣❤t✿ ❊♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ③❡r♦ ✜❡❧❞ st❛t❡s ❢♦r t❤❡ ●❞ s♣✐♥ ✐♥ ❛ ❈❛❋✷
❝r②st❛❧✳ ❍♦r✐③♦♥t❛❧ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ q✉❛♥t✉♠ ❡♥❡r❣② ❧❡✈❡❧s✳ ❚❤❡ ❞♦ts r❡♣r❡s❡♥t
t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ t❤❡ 〈SZ〉 ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ❢♦r ❡❛❝❤✳ ❚❤❡ ❧✐♥❡ ❛t t❤❡ ❝❡♥t❡r ❤❛s
❢♦✉r ❞❡❣❡♥❡r❛t❡ ❡♥❡r❣② ❧❡✈❡❧s ✇❤✐❧❡ t❤❡ ♦t❤❡r t✇♦ ❤❛✈❡ t✇♦ ❞❡❣❡♥❡r❛t❡ ❧❡✈❡❧s✳ ❚❤❡ r❡❞
❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ ❝❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐♥ ❡q✉❛t✐♦♥ ✭✼✳✸✮ ❢♦r t❤❡
♣♦❧❛r ❝♦♦r❞✐♥❛t❡s φ = π/4 ❛♥❞ θ ∈ [0, π] r❡♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ SZ ✳
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B along Z axis or [100] B along [110]
❋✐❣✉r❡ ✼✳✻✿ ❊♥❡r❣② ❧❡✈❡❧s ❢♦r ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t✇♦ ❞✐✛❡r❡♥t ❝r②st❛❧ ❛①❡s
♦❢ ❛ ●❞❈❛❋ ❝r②st❛❧ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✸✮✳ ❉✐r❡❝t✐♦♥ ❬✶✶✵❪ ✭r✐❣❤t✮ ❝♦rr❡✲
s♣♦♥❞s t♦ ❛ ❝r②st❛❧ ❡❞❣❡
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✽✶
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[110]
(111)
Frequency (GHz)
❋✐❣✉r❡ ✼✳✼✿ ❚❤❡ ♣❤♦t♦ s❤♦✇s ❛ ❈❛●❞❋ ❝r②st❛❧ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡
✭200 ➭♠ ❣❛♣s ❛♥❞ 400 ➭♠ ❝❡♥t❡r❧✐♥❡✮✳ ❚❤❡ ❛①❡s ❛♣♣r♦①✐♠❛t❡❧② s❤♦✇ t❤❡ ❧❛❜♦r❛t♦r②
✜❡❧❞ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ r❡❞ ❛rr♦✇ ✐s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❝r②st❛❧ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
[110] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ✉♣♣❡r ❢❛❝❡ ❝♦rr❡s♣♦♥❞❡s t♦ t❤❡ (111) ❝r②st❛❧ ♣❧❛♥❡✳ ❚❤❡
❣r❛♣❤ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞ tr❛♥s♠✐ss✐♦♥ ✭S21✮✳ ❚❤❡ r❡❞ ❧✐♥❡ ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥
✐❞❡❛❧ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ r❡s✐st✐✈❡ ❧♦ss❡s ✭❢r♦♠ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✮✳
❛❝t✉❛❧❧② ✐♥ ❝✉❜✐❝ s②♠♠❡tr② s✐t❡s ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ ❊P❘ s✐❣♥❛❧s ❬✻❪✳ ❯s✐♥❣ t❤❡
❞❡♥s✐t② ♦❢ ❈❛❋✷✱ ρ = 3.18 ❣ ❝♠
−3 ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ 0.026✪✱ t❤✐s ✇♦r❦s
♦✉t t♦ ❛ ●❞✸✰ ✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ 1.08× 10−5♠♦❧ ❝♠−3✳ ❲❡ ♥♦t❡ t❤❛t t❤✐s
❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❛❜♦✉t ❛ ❢❛❝t♦r ✸✵✵ s♠❛❧❧❡r t❤❛♥ t❤❡ s♣✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥
❉PP❍✳ ❚❤❡ ❝r②st❛❧s ❛r❡ ✉s✉❛❧❧② r❡❝t❛♥❣✉❧❛r ❛♥❞ t❤❡ ❧❛t❡r❛❧ s✐❞❡s ❝♦rr❡s♣♦♥❞
t♦ ✭✶✶✶✮ ❝r②st❛❧ ♣❧❛♥❡s ❛♥❞ t❤❡ ❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦ ❬✶✶✵❪ ❝r②st❛❧ ❞✐r❡❝t✐♦♥s
✭✜❣✉r❡ ✼✳✼✮✳
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ r❛r❡ ❡❛rt❤ ✐♦♥ s♣✐♥ ✐s ❣✐✈❡♥ ❜② ❛ ❝r②st❛❧ ✜❡❧❞
❍❛♠✐❧t♦♥✐❛♥ ✭❡q✉❛t✐♦♥ ✹✳✻✮ s✐♠✐❧❛r t♦ t❤♦s❡ ❞❡s❝r✐❜❡❞ ❢♦r ❙▼▼s ❛♥❞ ❙■▼s ✐♥
❝❤❛♣t❡rs ✹ ❛♥❞ ✺✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ❬✼✱ ✻❪✿
Hs = 160b4
(
O04 + 5O
4
4
)
+ 11260b6
(
O06 − 21O46
)− gSµB ~B · ~S ✭✼✳✸✮
S = 72 , gS = 1.992, b4 = −145.3●❍③, b6 = −0.3▼❍③,
✇❤❡r❡ Oji ❛r❡ ❡①t❡♥❞❡❞ ❙t❡✈❡♥s ♦♣❡r❛t♦rs ❬✽✱ ✾❪ ✭s❡❡ t❛❜❧❡ ✹✳✶✮✳ ❚❤✐s ❍❛♠✐❧t♦✲
♥✐❛♥ ❝❛♥ ❜❡ r❡❛❞✐❧② ❞✐❛❣♦♥❛❧✐③❡❞ ❢♦r ❛♥② ❣✐✈❡♥ ✜❡❧❞ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤❡ ③❡r♦
✜❡❧❞ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ❛❧❧ ✇✐t❤✐♥ ❛ 5●❍③ ❡♥❡r❣② ❜❛♥❞ ✭✜❣✉r❡ ✼✳✺✮✳ ❚❤❡
str♦♥❣ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② t❡r♠s ✐♥❞✉❝❡ ❧❛r❣❡ ♠✐①✐♥❣s ❜❡t✇❡❡♥ t❤❡ SZ st❛t❡s
t❤❛t ❢♦r♠ t❤❡ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t ✐s ❛
♠✐①t✉r❡ ♦❢ t❤❡ | ± 12〉 ❛♥❞ | ∓ 72〉 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ③❡r♦ ✜❡❧❞ ❧❡✈❡❧ ❞✐❛❣r❛♠ ✐s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✺ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧✳ ❋✐❣✉r❡ ✼✳✻ s❤♦✇s t❤❡
❡✛❡❝t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❢♦r t✇♦ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s✳
❆ ❝r②st❛❧ ✐s ♣❧❛❝❡❞ ♦♥ ❛ ✇✐❞❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✭200➭♠ ❣❛♣s ❛♥❞ 400 ➭♠
❝❡♥t❡r ❧✐♥❡✮ ❛♥❞ ✜①❡❞ ✉s✐♥❣ ❛ t❤✐♥ ❧❛②❡r ♦❢ ❆♣✐❡③♦♥✲◆ ❣r❡❛s❡ ✇✐t❤ ✐ts [110]
✶✽✷ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✽✿ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ S21 tr❛♥s♠✐ss✐♦♥ ♦❢ ❛ ❈❛●❞❋ ❝r②st❛❧
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❩
❧❛❜♦r❛t♦r② ❛①✐s ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ [110] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛♥❞ t❤❡ s❛♠♣❧❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✼✳ ❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞
✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 4♠❚ ❤✐❣❤❡r✳ ❙❡✈❡r❛❧ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❝❛♥ ❜❡
tr❛❝❦❡❞✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❜r❡❛❦s ❛♥❞ ❧✐♥❡s ❛r❡ ❞✉❡ t♦ ♣♦♦r ❛♥❞ ♥♦✐s② tr❛♥s♠✐ss✐♦♥ ✐♥
s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② r❡❣✐♦♥s ✭♠♦st❧② ✜❡❧❞ ✐♥❞❡♣❡♥❞❡♥t✮✳
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✽✸
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❋✐❣✉r❡ ✼✳✾✿ ❚r❛♥s♠✐ss✐♦♥ s✐❣♥❛❧s ❡①tr❛❝t❡❞ ❢r♦♠ ✜❣✉r❡ ✼✳✽✳ ❚❤❡ ♣♦✐♥ts ❛r❡ ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ❛❜s♦r♣t✐♦♥ ♣❡❛❦s ✭♥♦t ❛❧❧ ❛r❡ s❤♦✇♥ ❢♦r ✈✐s✐❜✐❧✐t②✮✳ ❙♦❧✐❞ ❧✐♥❡s ❛r❡ ❧❡❛st
sq✉❛r❡s ✜ts ♦❢ tr❛♥s✐t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✸✮✳ ❚❤✐s ❛❧❧♦✇s ❛♥
❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❝r②st❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✭✼✳✸✮✳
■♥ t❤✐s ❝❛s❡ ✐t ❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ [110] ♦r ❡q✉✐✈❛❧❡♥t ✭❝✉❜✐❝ s②♠♠❡tr②✮
❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛✐r
♦❢ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ❝♦♥♥❡❝t❡❞ ❜② t❤❡ tr❛♥s✐t✐♦♥✳ |0〉 ✐s t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ |n〉 ❛r❡
t❤❡ s✉❝❝❡ss✐✈❡ ❡①❝✐t❡❞ st❛t❡s✳ ❆t ❤✐❣❤ ✜❡❧❞s t❤❡② ❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞ t♦ s♣✐♥
❡✐❣❡♥st❛t❡s ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✱ ✐✳❡✳✱ |0〉 ∼ |m = −7/2〉✱ |1〉 ∼ |m =
−5/2〉✱ ✳✳✳✱ |7〉 ∼ |m = +7/2〉
✶✽✹ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✶✵✿ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ S21 tr❛♥s♠✐ss✐♦♥ ♦❢ ❛ ❈❛●❞❋ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ θ = 45◦✱
φ = arctan
√
2 ≃ 55◦ ❧❛❜♦r❛t♦r② ❞✐r❡❝t✐♦♥ ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡
[100] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛♥❞ t❤❡ s❛♠♣❧❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✼✳
❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 4♠❚ ❤✐❣❤❡r✳
❙❡✈❡r❛❧ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❝❛♥ ❜❡ tr❛❝❦❡❞✱ ✇❤✐❝❤ ❛r❡ ❝❧❡❛r❧② s❤✐❢t❡❞ ❢r♦♠ t❤♦s❡ s❡❡♥ ✐♥
✜❣✉r❡ ✼✳✽✳
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✽✺
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❋✐❣✉r❡ ✼✳✶✶✿ ❚r❛♥s♠✐ss✐♦♥ s✐❣♥❛❧s ❡①tr❛❝t❡❞ ❢r♦♠ ✜❣✉r❡ ✼✳✶✵✳ ❚❤❡ ♣♦✐♥ts ❛r❡ ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ❛❜s♦r♣t✐♦♥ ♣❡❛❦s ✭♥♦t ❛❧❧ ❛r❡ s❤♦✇♥ ❢♦r ✈✐s✐❜✐❧✐t②✮✳ ❙♦❧✐❞ ❧✐♥❡s ❛r❡ ❧❡❛st
sq✉❛r❡ ✜ts ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✸✮✳ ❚❤✐s ❛❧❧♦✇s
❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❝r②st❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡
✭✼✳✸✮✳ ■♥ t❤✐s ❝❛s❡ ✐t ❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ [100] ♦r ❡q✉✐✈❛❧❡♥t ✭❝✉❜✐❝
s②♠♠❡tr②✮ ❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❣r❡❡♥ ❛♥❞ r❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥ts ❛r❡ ❛ss✉♠❡❞ t♦
♦✈❡r❧❛♣ ❛♥❞ ♦♥❧② t❤❡ ❣r❡❡♥ ❛r❡ ✈✐s✐❜❧❡ ✐♥ t❤❡ ❣r❛♣❤✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s
❛r❡ ❧❛❜❡❧❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛✐r ♦❢ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ❝♦♥♥❡❝t❡❞ ❜② t❤❡ tr❛♥s✐t✐♦♥✳
|0〉 ✐s t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ |n〉 ❛r❡ t❤❡ s✉❝❝❡ss✐✈❡ ❡①❝✐t❡❞ st❛t❡s✳ ❆t ❤✐❣❤ ✜❡❧❞s t❤❡②
❛♣♣r♦①✐♠❛t❡❧② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♣✐♥ ❡✐❣❡♥st❛t❡s ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✱
✐✳❡✳✱ |0〉 ∼ |m = −7/2〉✱ |1〉 ∼ |m = −5/2〉✱ ✳✳✳✱ |7〉 ∼ |m = +7/2〉
✶✽✻ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❞✐r❡❝t✐♦♥ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ✈❡❝t♦r ♠❛❣♥❡t ✭❧❛❜♦r❛t♦r②✮ ❩ ❛①✐s ❛♥❞ ✐ts (111) ❢❛❝❡
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❨ ❛①✐s ✭✜❣✉r❡ ✼✳✼✮✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ✐s t❤❡♥ ♠❡❛s✉r❡❞
❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ ❢♦r ❉PP❍ ✐♥ s❡❝t✐♦♥ ✼✳✷✳✶✳ ❚❤❡ s❛♠❡ ♥♦r✲
♠❛❧✐③❛t✐♦♥ ❛s ✐♥ ✜❣✉r❡s ✼✳✷ ❛♥❞ ✼✳✹ ✐s ❛❣❛✐♥ ✉s❡❞✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ♥♦r♠❛❧✐③✐♥❣ s♣❡❝tr❛ ✐♥ t❤✐s ❝❛s❡ ✐s 4♠❚✳ ❲❡ ✜rst❧② ❛♣♣❧② ✜❡❧❞s ✐♥ t❤❡ ❩
❧❛❜♦r❛t♦r② ❛①✐s ✭[110] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✮ ❛♥❞ ♦❜t❛✐♥ t❤❡ tr❛♥s♠✐ss✐♦♥ s❤♦✇♥ ✐♥
✜❣✉r❡ ✼✳✽✳ ❲❡ s❡❡ ♠✉❧t✐♣❧❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s t❤❛t ❝❤❛♥❣❡ ♣♦s✐t✐♦♥ ❛s t❤❡ ✜❡❧❞
✐s ✐♥❝r❡❛s❡❞✳ ❚❤❡s❡ ♣♦s✐t✐♦♥s ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞
❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❢r♦♠ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✸✮✳ ❲✐t❤ t❤❡ ❣✐✈❡♥ ❍❛♠✐❧t♦♥✐❛♥ ♣❛✲
r❛♠❡t❡rs✱ t❤❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❝r②st❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❝❛♥ t❤❡♥ ❜❡ ❜❡ ✜tt❡❞
❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡①tr❛❝t❡❞ ❧✐♥❡s ❛♥❞ ✜ts ❛r❡ s❡❡♥
✐♥ ✜❣✉r❡ ✼✳✾✳ ❚❤❡ ✜t ✐♥ t❤✐s ❝❛s❡ ❣✐✈❡s θ = 42.8 ± 0.4 ❛♥❞ φ = 81.7 ± 0.6
✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✳ ❚❤✐s ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ [110] r❡s✉❧t
❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❝r②st❛❧ ✇❛s ❛❧✐❣♥❡❞ ❜② ❤❛♥❞✳
❯s✐♥❣ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r ♠❛❣♥❡t ✇❡ ❝❛♥ ❛❧s♦ ❛♣♣❧② t❤❡ ✜❡❧❞
✐♥ t❤❡ [100] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✱ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ SZ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
✭❝✉❜✐❝ s②♠♠❡tr②✮✳ ❯s✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ s❡❡♥ ✐♥ ✜❣✉r❡ ✼✳✼✱ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ♠✉st ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t❛r② ✈❡❝t♦r bˆ =
(1/
√
6, 1/
√
3, 1/
√
2)✱ ✐✳❡✳✱ θ = 45◦ ❛♥❞ φ = arctan
√
2 ≃ 55◦ ✐♥ t❤❡ ❧❛❜♦r❛t♦r②
❢r❛♠❡✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ✐♥ t❤✐s ❝❛s❡✱ s❡❡♥ ✐♥ ✜❣✉r❡ ✼✳✶✵✱ ❛r❡ ❝❧❡❛r❧② ❞✐✛❡r❡♥t
❢r♦♠ t❤♦s❡ ✐♥ ✜❣✉r❡ ✼✳✽✳ ❲❡ ❛❣❛✐♥ ❡①tr❛❝t t❤❡ ❝✉r✈❡s ❛♥❞ ✜t t❤❡♠ t♦ t❤❡
❡①♣❡❝t❡❞ tr❛♥s✐t✐♦♥s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✳✸✮ ✭✜❣✉r❡ ✼✳✶✶✮✳ ❚❤❡ ✜t ❣✐✈❡s ❛ ✜❡❧❞
❞✐r❡❝t✐♦♥ θ = 11.74◦ ± 0.08◦ ❛♥❞ φ = 45◦ ± 7◦ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡
❝r②st❛❧ ❢r❛♠❡✳ ❚❤✐s ✐s ❛❧s♦ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ [001] ≡ [100] ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡
❞❡✈✐❛t✐♦♥ ✐s ❛ttr✐❜✉t❛❜❧❡ ❛❣❛✐♥ t♦ ❛ s♠❛❧❧ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧✳
❋♦r t❤✐s s❛♠♣❧❡ ✇❡ ♦♥❧② ♣r❡s❡♥t r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ✇✐❞❡ tr❛♥s♠✐ss✐♦♥
❧✐♥❡✳ ❆ t❤✐♥ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✭7 ➭♠ ❣❛♣s ❛♥❞ 14 ➭♠ ❝❡♥t❡r❧✐♥❡✮ ✇❛s ❛❧s♦ t❡st❡❞
❜✉t t❤❡ s✐❣♥❛❧ ❢r♦♠ t❤❡ ●❞❈❛❋ ❝r②st❛❧ ✇❛s t♦♦ ✇❡❛❦ ❛♥❞ ❜❛r❡❧② ✈✐s✐❜❧❡✳ ❚❤✐s
✇❛s ❞✉❡ t♦ t❤❡ ✐♥❡✣❝✐❡♥t ✜❧❧✐♥❣ ♦❢ t❤❡ s❡♥s✐t✐✈❡ ❛r❡❛ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡
❛♥❞ ✐s ❛ ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ✐ss✉❡s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷ ❛❜♦✉t t❤❡ ✜❧❧✐♥❣
♦❢ ❛ ❈P❲ r❡s♦♥❛t♦r ❜② ❛ ❝r②st❛❧ s❛♠♣❧❡✳ ❚❤❡ s❛♠❡ ✐ss✉❡s ❛♣♣❧② ✐♥ t❤❡ ❝❛s❡ ♦❢
❛♥ ♦♣❡♥ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡ ❧❛②❡r ♦❢ ❣r❡❛s❡ ✉s❡❞ t♦ ✜① t❤❡ ❝r②st❛❧ ❛♥❞ t❤❡ s✉r❢❛❝❡
r♦✉❣❤♥❡ss ❜♦t❤ ❝♦♥tr✐❜✉t❡ t♦ ♣❧❛❝❡ t❤❡ s♣✐♥s t♦♦ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❝✉rr❡♥ts ❛s
t♦ ❤❛✈❡ ❛ s✐③❛❜❧❡ ✐♥t❡r❛❝t✐♦♥✳
✼✳✷✳✸ ●❞❲
✸✵
♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲
❚❤❡ ❧❛st s❛♠♣❧❡ t❡st❡❞ ✉s✐♥❣ ♦♣❡♥ ✇❛✈❡❣✉✐❞❡s ✇❛s ❛ ●❞❲✸✵ ❝r②st❛❧✳ ❚❤❡
❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤✐s s❛♠♣❧❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳ ❆ s❡✈❡r❛❧ ♠♠ ❧♦♥❣
❝r②st❛❧ ✇❛s ♣❧❛❝❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ✇✐❞❡ ✇❛✈❡❣✉✐❞❡ ✭200 ➭♠ ❣❛♣
✼✳✷✳ ❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ ✶✽✼
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❋✐❣✉r❡ ✼✳✶✷✿ ❚❤❡ ♣❤♦t♦ s❤♦✇s ❛ ●❞❲✸✵ ❝r②st❛❧ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ tr❛♥s♠✐ss✐♦♥
✭200 ➭♠ ❣❛♣s ❛♥❞ 400 ➭♠ ❝❡♥t❡r❧✐♥❡✮✳ ❚❤❡ ❛①❡s ❛♣♣r♦①✐♠❛t❡❧② s❤♦✇ t❤❡ ❧❛❜♦r❛t♦r②
✜❡❧❞ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ r❡❞ ❛rr♦✇ ✐s ❛❧✐❣♥❡❞ ❛❧♦♥❣ t❤❡ ❝r②st❛❧ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♣♣r♦①✲
✐♠❛t❡❧② t♦ t❤❡ [001] ❝r②st❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞ tr❛♥s♠✐ss✐♦♥
✭S21✮✳ ❚❤❡ r❡❞ ❧✐♥❡ ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ✐❞❡❛❧ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ r❡s✐st✐✈❡ ❧♦ss❡s✳
❛♥❞ 400 ➭♠ ❝❡♥t❡r❧✐♥❡✮ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✷✳ ❚❤❡ ❧♦♥❣ ❡❞❣❡ ♦❢ t❤❡ ❝r②st❛❧
✇❛s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❩ ✜❡❧❞ ❛♥❞ ✇✐t❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ❞✐r❡❝t✐♦♥✳ ❆s ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✺✳✷✳✷✱ t❤❡s❡ ❝r②st❛❧s ❛r❡ ♣r♦❞✉❝❡❞ ❢r♦♠ ❛♥ ♦✈❡rs❛t✉r❛t❡❞ s♦❧✉t✐♦♥
✐♥ ❞❡✐♦♥✐③❡❞ ✇❛t❡r✳ ❖♥❝❡ t❤❡ ❝r②st❛❧s ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥✱ t❤❡②
r❛♣✐❞❧② ❧♦s❡ ✐♥t❡rst✐t✐❛❧ ✇❛t❡r ♠♦❧❡❝✉❧❡s ❛♥❞ t❤❡ ❝r②st❛❧ ❧♦s❡s ✐ts ✐♥t❡❣r✐t② ✐♥ ❛
❢❡✇ ♠✐♥✉t❡s✳ ■♥ ❛♥ ❛tt❡♠♣t t♦ ❛✈♦✐❞ t❤✐s✱ t❤❡ ❝r②st❛❧ ✇❛s ❝♦✈❡r❡❞ ✐♥ ❆♣✐❡③♦♥
◆ ❣r❡❛s❡ t♦ ❜♦t❤ ❝♦♥s❡r✈❡ t❤❡ ❝r②st❛❧ ❛♥❞ t♦ ✜① ✐t t♦ t❤❡ r❡s♦♥❛t♦r✳ ❚❤❡ ❞❡✈✐❝❡
✇❛s t❤❡♥ ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ✈❡❝t♦r ♠❛❣♥❡t ❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡❞✱ ❛s
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡ ♥♦r♠❛❧✐③❡❞ s♣❡❝tr✉♠ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✸ ❛❣❛✐♥ ✉s✐♥❣ ❛ 5♠❚ ✜❡❧❞
s❡♣❛r❛t✐♦♥ ❢♦r t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥✳ ❯♥❧✐❦❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ●❞❈❛❋ ❝❛s❡ ✭✜❣✲
✉r❡s ✼✳✽ ❛♥❞ ✼✳✶✵✮✱ ❤❡r❡ ✇❡ s❡❡ ❛ ✈❡r② ✇✐❞❡ ❜❛♥❞ ✐♥st❡❛❞ ♦❢ ✇❡❧❧ ❞❡✜♥❡❞ ♣❡❛❦s✳
❲❡ ✐♥t❡r♣r❡t t❤✐s t♦ ♠❡❛♥ t❤❛t t❤❡ ❝r②st❛❧ ❧♦st ✐ts ✐♥t❡❣r✐t② ✐♥ t❤❡ ♠♦✉♥t✐♥❣
❛♥❞ ❝♦♦❧✐♥❣ ♣r♦❝❡ss ❛♥❞ t❤❛t✱ ❞✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t✱ ✐t ❜❡❤❛✈❡s ❝❧♦s❡ t♦ ❛
♣♦✇❞❡r✳ ❚♦ s✉♣♣♦rt t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ ✉s❡ ❊❛s②s♣✐♥ ❬✶✵❪ t♦ ❡♠✉❧❛t❡ ❛ s✐♠✐❧❛r
♠❡❛s✉r❡♠❡♥t✷✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ✉s❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ B02
❛♥❞ B22 str❛✐♥s ❢♦r ●❞❲✸✵ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✶ ❛♥❞ ❞♦ ❛ s❡r✐❡s ♦❢ ❝♦♥t✐♥✉♦✉s
✇❛✈❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✈❛r②✐♥❣ ❢r❡q✉❡♥❝✐❡s ✭❢r♦♠ 10▼❍③ t♦ 14●❍③✮✳ ❲❡ ❣❡♥✲
❡r❛t❡ s♣❡❝tr❛ ❢♦r ❜♦t❤ ❝r②st❛❧❧✐♥❡ ❛♥❞ ♣♦✇❞❡r s❛♠♣❧❡s ✇✐t❤ t❤❡ s❛♠❡ s❛♠♣❧❡
♣❛r❛♠❡t❡rs✳ ❚❤❡ ♦✉t♣✉t ✐s s❡t t♦ ❞✐r❡❝t ❛❜s♦r♣t✐♦♥ ✭✐♥st❡❛❞ ♦❢ ✜rst ❞❡r✐✈❛t✐✈❡✮
❛♥❞ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ r❡s✉❧ts ✉s✐♥❣ t❤❡ s❛♠❡ s❝❤❡♠❡ ❛s ✐♥ ♦✉r ♠❡❛s✉r❡♠❡♥t✳
❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✹ ❛♥❞ ✼✳✶✺✳ ❇♦t❤ ❣r❛♣❤s ❛r❡ q✉❛❧✐t❛t✐✈❡❧②
s✐♠✐❧❛r t♦ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ❛❧t❤♦✉❣❤ ♦✉r ♠❡❛s✉r❡♠❡♥t ♠❛② ❜❡ ✐♥
✷❊❛s②❙♣✐♥ ✐s ❛ ▼❛t❧❛❜ ❬✶✶❪ ♣❛❝❦❛❣❡ t❤❛t s✐♠✉❧❛t❡s ❊P❘ s♣❡❝tr❛ ❣✐✈❡♥ t❤❡ s❛♠♣❧❡ ♣r♦♣✲
❡rt✐❡s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✳
✶✽✽ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✶✸✿ ●❞❲✸✵ ❝r②st❛❧ ♦♥ ♥✐♦❜✐✉♠ ❈P❲ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s
t❤❡ ♥♦r♠❛❧✐③❡❞ S21 tr❛♥s♠✐ss✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❩ ❧❛❜♦r❛t♦r② ❞✐r❡❝t✐♦♥✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❛♥❞ t❤❡
s❛♠♣❧❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✷✳ ❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡
s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 5♠❚ ❤✐❣❤❡r✳ ❆ ✈❡r② ✇✐❞❡ ❛❜s♦r♣t✐♦♥ ❜❛♥❞ ✐s ✈✐s✐❜❧❡ ♣r♦❜❛❜❧② ❞✉❡
t♦ ❧♦ss ♦❢ s❛♠♣❧❡ ✐♥t❡❣r✐t②✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❜r❡❛❦s ❛♥❞ ❧✐♥❡s ❛r❡ ❞✉❡ t♦ ♣♦♦r ❛♥❞ ♥♦✐s②
❜❛❝❦❣r♦✉♥❞ tr❛♥s♠✐ss✐♦♥ ✐♥ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② r❡❣✐♦♥s ✭♠♦st❧② ✜❡❧❞ ✐♥❞❡♣❡♥❞❡♥t✮✳
✼✳✸✳ ❚r❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ r❡s♦♥❛t♦r ❝♦✉♣❧❡❞ t♦ s♣✐♥s ✭t❤❡♦r②✮ ✶✽✾
❜❡t✇❡❡♥ ❜♦t❤ s✐t✉❛t✐♦♥s✳ ❆❧s♦✱ s♦♠❡ ❢❡❛t✉r❡s ❛r❡ ❛❜s❡♥t ❢♦r♠ ♦✉r ♠❡❛s✉r❡♠❡♥t
♣♦ss✐❜❧② ❞✉❡ t♦ ❤❛✈✐♥❣ ❧♦✇❡r s❡♥s✐t✐✈✐t✐❡s ✇❤❡♥ ✉s✐♥❣ ❛ ✇❛✈❡❣✉✐❞❡ t❤❛♥ ✇❤❡♥
✉s✐♥❣ ❛ ❝❛✈✐t② ❛s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s t♦ ♦t❤❡r ❡✛❡❝ts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡
s❛♠♣❧❡ ❞❡❣r❛❞❛t✐♦♥ ✭❞✐✛❡r❡♥❝❡s ✐♥ str❛✐♥s ❛♥❞ ❜r♦❛❞❡♥✐♥❣✱ ❡t❝✳✮ ♥♦t t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳
❚❤✐s ♠❡❛s✉r❡♠❡♥t s❤♦✇s t❤❛t✱ ❛❧t❤♦✉❣❤ t❤❡ ❝♦✉♣❧✐♥❣ t♦ t❤✐s t②♣❡ ♦❢ ❙■▼
❝❛♥ ❜❡ str♦♥❣ ❡♥♦✉❣❤ t♦ ❞♦ s♣❡❝tr♦s❝♦♣② ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲✱ ♠♦r❡
♣r❡❝❛✉t✐♦♥s ♠✉st ❜❡ t❛❦❡♥ t♦ ❡♥s✉r❡ t❤❡ ✐♥t❡❣r✐t② ♦❢ t❤❡ s❛♠♣❧❡✳
✼✳✸ ❚r❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ r❡s♦♥❛t♦r ❝♦✉♣❧❡❞ t♦ s♣✐♥s
✭t❤❡♦r②✮
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❞❡s❝r✐❜✐♥❣ ❛ q✉❛♥t✉♠ t✇♦ ❧❡✈❡❧ s②st❡♠ ✭♦r q✉❜✐t✮ ❝♦✉♣❧❡❞ t♦ ❛
s✐♥❣❧❡ ♠♦❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ❛ ❝❛✈✐t② ✇❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶✳
❚❤❡ ❞❡t✉♥✐♥❣ ∆ = Ω − ωr✱ ✐✳❡✳✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❤♦t♦♥ ❢r❡q✉❡♥❝②
♦❢ t❤❡ ❝❛✈✐t② ♠♦❞❡ ωr ❛♥❞ t❤❡ ❡♥❡r❣② s♣❧✐tt✐♥❣ ♦❢ t❤❡ t✇♦ ❧❡✈❡❧ s②st❡♠ ~Ω✱
❞❡t❡r♠✐♥❡s ✇❤❡♥ t❤❡ t✇♦ s②st❡♠s ❛r❡ ✐♥ r❡s♦♥❛♥❝❡ ✭|∆| ≃ 0✮ ❛♥❞ ✇❤❡♥ t❤❡
s②st❡♠s ❛r❡ ❢❛r ❢r♦♠ r❡s♦♥❛♥❝❡ ✭|∆| ≫ g✱ ✇❤❡r❡ g ✐s t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✮✳
❋❛r ❢r♦♠ r❡s♦♥❛♥❝❡✱ t❤❡ s②st❡♠s ✭q✉❜✐t ❛♥❞ r❡s♦♥❛t♦r✮ ❤❛✈❡ t❤❡✐r ✐♥❞❡♣❡♥❞❡♥t
❜❡❤❛✈✐♦r ✇❤✐❧❡✱ ✐♥ r❡s♦♥❛♥❝❡✱ t❤❡ st❛t❡s ♦❢ t❤❡ r❡s♦♥❛t♦r ❛♥❞ t❤❡ q✉❜✐t ❛r❡
❤②❜r✐❞✐③❡❞ ❜❡✐♥❣ ♠✐①t✉r❡s ♦❢ ❜♦t❤ ♣❤♦t♦♥ ❛♥❞ q✉❜✐t st❛t❡s✳
❆s ❝❛♥ ❜❡ ✐♥t✉✐t✐✈❡❧② ❞❡❞✉❝❡❞ ❢r♦♠ ✜❣✉r❡ ✸✳✶✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ❢❛r ❢r♦♠
r❡s♦♥❛♥❝❡ ✇✐❧❧ ❝♦♥s✐st ♦❢ ❛ s✐♥❣❧❡ ♣❡❛❦ ❛t t❤❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝② ωr ✇✐t❤ ❛
✇✐❞t❤ ❣✐✈❡♥ ❜② t❤❡ ❝❛✈✐t② ❞❡❝❛② r❛t❡ κ✳ ❲❤❡♥ ✇❡ ❛♣♣r♦❛❝❤ t❤❡ r❡s♦♥❛♥❝❡
❝♦♥❞✐t✐♦♥ ✭∆ ≃ 0✮✱ t❤❡ ♣❡❛❦ ✇✐❧❧ s♣❧✐t ✐♥t♦ t✇♦ ♣❡❛❦s s❡♣❛r❛t❡❞ ❜② 2g ❛♥❞
r❡❞✉❝❡ ✐ts ✐♥t❡♥s✐t② s✐♥❝❡ ♣❛rt ♦❢ t❤❡ ❡♥❡r❣② ✐s ♥♦✇ tr❛♥s❢❡rr❡❞ t♦ t❤❡ q✉❜✐t ❛♥❞
✇✐❧❧ ❜❡ ❧♦st ❢r♦♠ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝❤❛♥♥❡❧ ✭♦♥❧② s❡♥s✐t✐✈❡ t♦ ♣❤♦t♦♥s✮✳ ❚❤❡s❡
♣❡❛❦s ❝❛♥ ❜❡ r❡s♦❧✈❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦✉♣❧✐♥❣ g ✐s str♦♥❣❡r t❤❛♥ ❜♦t❤ t❤❡ ❝❛✈✐t②
❞❡❝❛② r❛t❡ κ ❛♥❞ t❤❡ q✉❜✐t ❞❡♣❤❛s✐♥❣ r❛t❡ γ ∼ T−12 ✳ ■t ❛❧s♦ r❡q✉✐r❡s t❤❡ ❞r✐✈✐♥❣
t♦ ❜❡ ❧♦✇ ❡♥♦✉❣❤ s♦ ❛s t♦ ❤❛✈❡ ❛t ♠♦st ❛ s✐♥❣❧❡ ♣❤♦t♦♥ st♦r❡❞ ✐♥ t❤❡ ❝❛✈✐t②✱
s♦ t❤❛t t❤❡ tr❛♥s✐t✐♦♥s ✇✐❧❧ ❜❡ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ t♦ t❤❡ ✜rst ❞♦✉❜❧❡t ✐♥
✜❣✉r❡ ✸✳✶✳ ❆t ❤✐❣❤❡r ❞r✐✈✐♥❣s✱ ♠♦st❧② tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❡①❝✐t❡❞ st❛t❡s ✇✐❧❧
❜❡ ✐♥❞✉❝❡❞ ❛✈❡r❛❣✐♥❣ ♦✉t t♦ ❛ s✐♥❣❧❡ ♣❡❛❦ s♣❡❝tr✉♠✳
❚❤❡ s✐t✉❛t✐♦♥ ✐s ❢✉rt❤❡r ❝♦♠♣❧✐❝❛t❡❞ ✐❢✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ t❤✐s ✇♦r❦✱ t❤❡ ❝❛✈✐t②
✐s ✐♥st❡❛❞ ❝♦✉♣❧❡❞ t♦ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ q✉❜✐ts✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ t❤✐s
❜r♦❛❞❧② ❧❡❛❞s t♦ ❛
√
N ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣✱ ✇✐t❤ N ❜❡✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ q✉❜✐ts ❛♥❞ ❛ss✉♠✐♥❣ t❤❡② ❛❧❧ ❝♦✉♣❧❡ ✇✐t❤ t❤❡ s❛♠❡ str❡♥❣t❤ g✳ ❚❤❡
s♣❡❝tr✉♠ ✇✐❧❧ ❞✐s♣❧❛② t✇♦ ♣❡❛❦s s❡♣❛r❛t❡❞ ❜② 2g
√
N ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s ✐s
❧❛r❣❡r t❤❛♥ t❤❡ ❝❛✈✐t② ♣❤♦t♦♥ ♣♦♣✉❧❛t✐♦♥✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ q✉❜✐t✱ ✐❢
✶✾✵ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✶✹✿ ❊❛s②s♣✐♥ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ●❞❲✸✵ ❝r②st❛❧ ♦♥ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✐s ❡♠✉❧❛t❡❞ ❜② s✐♠✉❧❛t✐♥❣ ❊P❘ s♣❡❝tr❛ ❛t ♠❛♥② ❞✐✛❡r❡♥t ❝❛✈✐t②
❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❡r❡ s❡t t♦ T = 4.2❑✱ ❙❛♠♣❧❡ ❧✐♥❡ ✇✐❞t❤ =
16♠❚ ❛♥❞ t❤❡ ✜❡❧❞ ✇❛s s❡t ❛❧♦♥❣ t❤❡ x ♠♦❧❡❝✉❧❛r ❛①✐s✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✲
✐③❡❞ s✐❣♥❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤
✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞ 5♠❚ ❤✐❣❤❡r t♦ ♠❛t❝❤ ♦✉r ❡①♣❡r✐♠❡♥t❛❧
♣r♦t♦❝♦❧✳
✼✳✸✳ ❚r❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ r❡s♦♥❛t♦r ❝♦✉♣❧❡❞ t♦ s♣✐♥s ✭t❤❡♦r②✮ ✶✾✶
❋✐❣✉r❡ ✼✳✶✺✿ ❊❛s②s♣✐♥ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ●❞❲✸✵ ♣♦✇❞❡r ♦♥ ❛ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡
tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ✐s ❡♠✉❧❛t❡❞ ❜② s✐♠✉❧❛t✐♥❣ ❊P❘ s♣❡❝tr❛ ❛t ♠❛♥② ❞✐✛❡r❡♥t ❝❛✈✐t②
❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❡r❡ s❡t t♦ T = 4.2❑✱ ❙❛♠♣❧❡ ❧✐♥❡ ✇✐❞t❤ =
16♠❚✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ s✐❣♥❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❢r❡q✉❡♥❝② ❛♥❞
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ s♣❡❝tr✉♠ ❛t ❡❛❝❤ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ ❜② t❤❡ s♣❡❝tr✉♠ ❛t ❛ ✜❡❧❞
5♠❚ ❤✐❣❤❡r✳
✶✾✷ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
t❤❡ ❞r✐✈❡ ✐s ❤✐❣❤ ❡♥♦✉❣❤✱ t❤❡ s②st❡♠ ❡✈♦❧✈❡s ✐♥t♦ ❛ s✐♥❣❧❡ ♣❡❛❦ s♣❡❝tr✉♠✳
❚❤❡s❡ ❣❡♥❡r❛❧ r❡♠❛r❦s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦✉♣❧❡❞ s②st❡♠ tr❛♥s♠✐ss✐♦♥
❝❛♥ ❜❡ st✉❞✐❡❞ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ❬✶✷✱ ✶✸❪ ✉s✐♥❣ t❤❡ ❚❛✈✐s✲❈✉♠♠✐♥❣s ❍❛♠✐❧t♦✲
♥✐❛♥✱ ❛ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ♠♦❞❡❧✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧
❞r✐✈✐♥❣ ✜❡❧❞ ♦❢ ✐♥t❡♥s✐t② ξ ❬✶✹✱ ✶✺✱ ✶✻❪✿
H = H0 +Hξ ✭✼✳✹✮
H0 = ωra†a+Ω
(
N∑
i
SZi +N/2
)
− g
(
a†
N∑
i
S−i + a
N∑
i
S+i
)
✭✼✳✺✮
Hξ = ξ(a†e−iωdt + aeiωdt) ✭✼✳✻✮
❍❡r❡✱ ✇❡ ❤❛✈❡ s❡t ~ = 1 ❛♥❞ t❤❡ q✉❜✐t ♦r s♣✐♥ ❡♥s❡♠❜❧❡ ✐s ♠♦❞❡❧❧❡❞ ❜② N
s♣✐♥ 1/2 s②st❡♠s ✇✐t❤ s♣✐♥ ♦♣❡r❛t♦rs Si ❢♦r ❡❛❝❤ s♣✐♥✳ ❚♦ r❡❞✉❝❡ t❤❡ s♣✐♥
❍✐❧❜❡rt s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤❡r❡ ♦♥❧② t❤❡ t♦t❛❧
s♣✐♥ ❝♦✉♣❧❡s t♦ t❤❡ ❝❛✈✐t②✱ ✐✳❡✳✱ ✇❡ r❡♣❧❛❝❡✿
N∑
i
~Si = ~S ✭✼✳✼✮
✇❤❡r❡ t❤❡ t♦t❛❧ s♣✐♥ ✐s N/2✳ ❊q✉❛t✐♦♥ ✭✼✳✺✮ t❤❡♥ r❡❛❞s✿✸
H0 = ωra†a+Ω(SZ +N/2)− g(a†S− + aS+) ✭✼✳✽✮
❯♥❞❡r t❤✐s ❍❛♠✐❧t♦♥✐❛♥ t❤❡ s✉♠ ♦❢ t❤❡ t♦t❛❧ SZ ❛♥❞ t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r ✐s
❝♦♥s❡r✈❡❞✳ ❲❡ ❝❛❧❧ t❤✐s ♦♣❡r❛t♦r t❤❡ ❡①❝✐t❛t✐♦♥ ♥✉♠❜❡r✿
Nex = SZ + a
†a Nex|n,mz〉 = (n+mz)|n,mz〉 ✭✼✳✾✮
❚❤✐s ♠❛❦❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ✐❢ t❤❡ ❜❛s✐s |n,mz〉 ✭n ✐s t❤❡ ♥✉♠❜❡r
♦❢ ♣❤♦t♦♥s ❛♥❞ mz ✐s t❤❡ Sz q✉❛♥t✉♠ ♥✉♠❜❡r✮ ✐s ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❡①❝✐t❛t✐♦♥ ♥✉♠❜❡r✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ s②st❡♠❛t✐❝❛❧❧② ❞✐❛❣♦♥❛❧✐③❡❞ ❜❧♦❝❦ ❜② ❜❧♦❝❦✳
❊❛❝❤ ❜❧♦❝❦ ✐s ✶ ❞✐♠❡♥s✐♦♥ ❧❛r❣❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❜❧♦❝❦ ✉♣ t♦ ❛ ♠❛①✐♠✉♠
❞✐♠❡♥s✐♦♥ ♦❢ N +1✳ ❚❤❡ ❡♥❡r❣② ❡✐❣❡♥✈❛❧✉❡s ❝❛♥ ❜❡ ❧❛❜❡❧❧❡❞ En′k ❜② ❡①❝✐t❛t✐♦♥
♥✉♠❜❡r n′ ❛♥❞ ❛ s❡❝♦♥❞ ✐♥❞❡① k t❤❛t r✉♥s ❢r♦♠ ✶ ✉♣ t♦ ❡❛❝❤ ❜❧♦❝❦✬s ❞✐♠❡♥s✐♦♥
✭t❤❡ ♠✐♥✐♠✉♠ ♦❢ n′ + 1 ❛♥❞ N + 1✮✳ ❖♥❝❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❞✐❛❣♦♥❛❧✐③❡❞✱
✇❡ ♣❧♦t t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ✐♥❞✉❝❡❞ ✐♥❞✉❝❡❞ ❜② t❤❡ r❛❞✐❛t✐♦♥
✜❡❧❞ ♦♣❡r❛t♦rs a ♦r a† ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❛tr✐① ❡❧❡♠❡♥ts ✐♥ ✜❣✉r❡ ✼✳✶✻ ❢♦r
t❤❡ ❝❛s❡ ♦❢ ③❡r♦ ❞❡t✉♥✐♥❣ ✭∆ = 0✮✳ ◆♦t❡ t❤❛t a ❛♥❞ a† ❝♦♥♥❡❝t st❛t❡s ✇✐t❤
±1 ❡①❝✐t❛t✐♦♥✱ ✐✳❡✳✱ 〈n′1k|a†|n′2k′〉 = 〈n′1k|a|n′2k′〉 = 0 ✉♥❧❡ss n′1 = n′2 ± 1✳ ❲❡
t❤❡r❡❢♦r❡ ♦♥❧② s❤♦✇ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ st❛t❡s ❢✉❧✜❧❧✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥✳
✸❚❤❡ ❝♦✉♣❧✐♥❣ g ✐♥ ❡q✉❛t✐♦♥ ✭✼✳✽✮ ✐s ♥♦t t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❣✲❢❛❝t♦r gS ❛♣♣❡❛r✐♥❣ ✐♥
t❤❡ ❩❡♠♠❛♥ ❡♥❡r❣② ✐♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❡q✉❛t✐♦♥ ✭✼✳✶✮✳
✼✳✸✳ ❚r❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ r❡s♦♥❛t♦r ❝♦✉♣❧❡❞ t♦ s♣✐♥s ✭t❤❡♦r②✮ ✶✾✸
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❋✐❣✉r❡ ✼✳✶✻✿ ❚r❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✺✮ ❣✐✈❡♥ ❜②∆E = En′+1,k−
En′,k′ ✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ♠❛tr✐①
❡❧❡♠❡♥t |〈n′, k|a|n′ + 1, k′〉|2✳ ❚❤❡ ❧♦✇❡r ❣r❛♣❤ s❤♦✇s ❛ ③♦♦♠ ♦❢ t❤❡ ❝❡♥tr❛❧ ❜❛♥❞
❛r♦✉♥❞ t❤❡ ❜❛r❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝② ωr✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❝❤♦s❡♥ ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
✇❡r❡ ωr = 1✱ g = 0.01✱ ∆ = 0 ✭Ω = ωr✮ ❛♥❞ N = 10
❖❜s❡r✈✐♥❣ t❤✐s ✜❣✉r❡✱ ✇❡ ✜♥❞ t❤❛t ❞✐✛❡r❡♥t r❡❣✐♠❡s ✇✐❧❧ ❜❡ ✈✐s✐❜❧❡ ✐♥ t❤❡
tr❛♥s♠✐ss✐♦♥ ♦❢ ♠✐❝r♦✇❛✈❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝✐t❛t✐♦♥s ✐s✳
❋✐rst❧② ✇❡ ♥♦t❡ t❤❛t t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ❛r❡ ❧❛r❣❡st ✐♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❞ ❛r♦✉♥❞
ωr ✭s❤♦✇♥ ✐♥ t❤❡ ❧♦✇❡r ❣r❛♣❤✮✳ ■❢ t❤❡ ❡①❝✐t❛t✐♦♥ ♣♦✇❡rs ✭❛♥❞ t❡♠♣❡r❛t✉r❡✮ ❛r❡
❧♦✇ ❡♥♦✉❣❤✱ ♦♥❧② tr❛♥s✐t✐♦♥s ✇✐t❤ n′ = 0 ✇✐❧❧ ❜❡ ✈✐s✐❜❧❡ ❛♥❞ ✇✐❧❧ ❜❡ s❡♣❛r❛t❡❞
❜② ❛♥ ❡♥❡r❣② 2g
√
N ✳ ■❢ t❤❡ ❞r✐✈✐♥❣ ✐s str♦♥❣❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝✐t❛t✐♦♥s ✇✐❧❧
s❤✐❢t❡❞ t♦✇❛r❞s t❤❡ r✐❣❤t ♦❢ t❤❡ ❣r❛♣❤ ❛♥❞ t❤❡ t✇♦ ♣❡❛❦s s❧♦✇❧② ❛♣♣r♦❛❝❤ ❡❛❝❤
♦t❤❡r✳ ❖♥❝❡ t❤❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝✐t❛t✐♦♥s ✐s ❛❜♦✈❡ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s✱ t❤❡
❧❛r❣❡r ♠❛tr✐① ❡❧❡♠❡♥ts ❢✉rt❤❡r ❝♦♥❝❡♥tr❛t❡ ✐♥ t❤❡ ❝❡♥tr❛❧ ❜❛♥❞ ❛s t❤❡ t✇♦✲♣❡❛❦
str✉❝t✉r❡ ✐s ❧♦st ❛♥❞ ❛ ❝❧❛ss✐❝❛❧ ♦♥❡✲♣❡❛❦ s♣❡❝tr✉♠ ✐s r❡❝♦✈❡r❡❞✳
❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ❧✐♥❡s❤❛♣❡s ❛♥❞ ✇✐❞t❤s ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t
❞❡♣❤❛s✐♥❣ ♠❡❝❤❛♥✐s♠s ✭❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝❛✈✐t② ♦r t❤❡ q✉❜✐ts✮ r❡q✉✐r❡s s✐♠✉✲
❧❛t✐♥❣ t❤❡ ❞r✐✈✐♥❣ ✜❡❧❞ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝ts✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✜rst
❝♦♥✈❡rt✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✹✮ t♦ ❛ ❢r❛♠❡ r♦t❛t✐♥❣ ❛t t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝②
✶✾✹ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
ωd t❤r♦✉❣❤ t❤❡ ✉♥✐t❛r② tr❛♥s❢♦r♠❛t✐♦♥ U = exp
(
iωdt(a
†a+ Sz)
)
✳ ❚❤❡ ❞✐ss✐✲
♣❛t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ♠♦❞❡❧❧❡❞ t❤r♦✉❣❤ ❛ ▲✐♥❞❜❧❛❞ t②♣❡ ♠❛st❡r ❡q✉❛t✐♦♥ ❬✶✼❪ ❢♦r
t❤❡ ❞❡♥s✐t② ♠❛tr✐① ρ ♦❢ t❤❡ s②st❡♠✿
d
dt
ρ = −i[H, ρ]− κ(a†aρ+ ρa†a− 2aρa†)
−γ(S+S−ρ+ ρS+S− − 2S−ρS+)
−γz
(
(SZ)
2ρ+ ρ(SZ)
2 − 2SZρSZ
)
✭✼✳✶✵✮
❚❤❡ ✜rst t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✼✳✶✵✮ ✐s t❤❡ ✉s✉❛❧ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r t❤❡ ❍❛♠✐❧✲
t♦♥✐❛♥ ✭✼✳✹✮ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞r✐✈✐♥❣ t❡r♠ ✭✼✳✻✮✳ ❚❤❡ t❡r♠ ♣r♦♣♦rt✐♦♥❛❧ t♦ κ ❣✐✈❡s
t❤❡ ❝❛✈✐t② ❞❡❝❛② ✇❤✐❧❡ t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ γ ❛♥❞ γz ❞❡s❝r✐❜❡ t❤❡ q✉❜✐t
❞❡♣❤❛s✐♥❣ ❛♥❞ ❞❡❝❛②✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ t❤❡ ♠❛tr✐① ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
❜② t❛❦✐♥❣ ❛ ✈❡❝t♦r✐③❛t✐♦♥ ♦❢ ρ ❛♥❞ ❞❡✜♥✐♥❣ t❤❡ s✉♣❡r♦♣❡r❛t♦r L ❛s ❢♦❧❧♦✇s✿
d
dt
~ρ = L~ρ. ✭✼✳✶✶✮
❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st❡❛❞② st❛t❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ ❝❛✈✐t② ♣♦♣✉❧❛t✐♦♥ ✈❛❧✉❡s
s♦ ✇❡ ♥❡❡❞ t♦ s♦❧✈❡ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ❢♦r d~ρ/dt = L~ρ = 0 ♦r ❡q✉✐✈❛❧❡♥t❧②✿
−i[H, ρ]− κ(a†aρ+ ρa†a− 2aρa†)
−γ(S+S−ρ+ ρS+S− − 2S−ρS+)
−γz
(
(SZ)
2ρ+ ρ(SZ)
2 − 2SZρSZ
)
= 0. ✭✼✳✶✷✮
❙♦❧✈✐♥❣ ❢♦r ρ ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ♦❢ ❛♥② ♦❜s❡r✈❛❜❧❡✳ ■♥
♣❛rt✐❝✉❧❛r✿
Nphotons = 〈a†a〉 = Tr ρa†a ✭✼✳✶✸✮
Q = ■♠ 〈a〉 = Tr ρ(ia† − ia) ✭✼✳✶✹✮
✇❤❡r❡ Q ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❛✈✐t② tr❛♥s♠✐ss✐♦♥ s✐❣♥❛❧ ❬✶✸❪✳
■♥ r❡s♦♥❛♥❝❡ ✭∆ = 0✮✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ r❡❣✐♠❡s t❤❛t ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❜❡
s❡❡♥ ✐♥ ❡①♣❡r✐♠❡♥ts ✇❤❡r❡ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ωd ✐s s✇❡♣t ❛♥❞ t❤❡ ❝❛✈✐t②
s✐❣♥❛❧ ✐s ♠♦♥✐t♦r❡❞ ✭✜❣✉r❡ ✼✳✶✼✮✳ ❋♦r ❧♦✇ ❞r✐✈✐♥❣ ♣♦✇❡rs✱ s✉❝❤ t❤❛t t❤❡ ♣❤♦t♦♥
♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛✈✐t② ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s✱ t❤❡ ❝❛✈✐t② r❡s♦✲
♥❛♥❝❡ s♣❧✐ts ✐♥t♦ t✇♦ ♠✉❝❤ ❧♦✇❡r ✐♥t❡♥s✐t② ♣❡❛❦s ✇✐t❤ t❤❡✐r ❝❡♥t❡rs s❡♣❛r❛t❡❞
❜② 2g
√
N ✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ✜❣✉r❡ ✼✳✶✻ s✐♥❝❡ t❤❡ ❧♦✇ ❞r✐✈❡ ♦♥❧② ❛❧❧♦✇s
t❤❡ s②st❡♠ t♦ ❡①♣❧♦r❡ t❤❡ ❧♦✇ ♥✉♠❜❡r ♦❢ ❡①❝✐t❛t✐♦♥ st❛t❡s ✇❤❡r❡ t❤❡ ❞♦♠✐♥❛♥t
tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❛r❡ s❡♣❛r❛t❡❞ ❜② t❤✐s ❛♠♦✉♥t✳ ❚❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♥❡✇
♣❡❛❦s ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ γ ❛♥❞ κ s✐♥❝❡ t❤❡ st❛t❡s ❛r❡ ❤②❜r✐❞s ♦❢ ❜♦t❤ s♣✐♥ ❛♥❞
♣❤♦t♦♥ st❛t❡s✳ ❚❤❡② ✇✐❧❧ ❜❡ r❡s♦❧✈❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ♥❡✇ ✇✐❞t❤s ❛r❡ s♠❛❧❧❡r t❤❛♥
t❤❡ ♣❡❛❦ s❡♣❛r❛t✐♦♥ ✭❜❛s✐❝❛❧❧② g > γ, κ✮✳ ❆ ❝❧❡❛r❧② r❡s♦❧✈❡❞ t✇♦✲♣❡❛❦ tr❛♥s✲
♠✐ss✐♦♥ s♣❡❝tr✉♠ ✐s ❛ s✐❣♥❛t✉r❡ ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣✳ ■❢ ✇❡ ✐♥❝r❡❛s❡ t❤❡ q✉❜✐t
✼✳✸✳ ❚r❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ r❡s♦♥❛t♦r ❝♦✉♣❧❡❞ t♦ s♣✐♥s ✭t❤❡♦r②✮ ✶✾✺
0.0001
0.001
0.01
0.1
1
0.85 0.9 0.95 1 1.05 1.1 1.15
B
0.0001
0.01
1
0.9 0.95 1 1.05 1.1
0.001
0.01
0.1
0.99 1 1.01
0.0001
0.001
0.01
0.1
1
0.94 0.96 0.98 1 1.02 1.04 1.06
A
C D
●r❛♣❤ ❆ ●r❛♣❤ ❇ ●r❛♣❤ ❈ ●r❛♣❤ ❉
g/ωr ✲ ✵✳✵✶ ✵✳✵✶ ✵✳✵✶
γ/ωr ✵✳✵✵✶ ✲ ✵✳✵✵✶ ✵✳✵✵✶
κ/ωr 1× 10−4 1× 10−4 ✲ 1× 10−4
ξ/ωr 1× 10−5 1× 10−5 1× 10−5 ✲
Ns♣✐♥s ✺ ✺ ✺ ✶
❋✐❣✉r❡ ✼✳✶✼✿ ❚r❛♥s♠✐ss✐♦♥ s✐❣♥❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ωd ❣✐✈❡♥ ❜②
t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♠♦❞❡❧ ✭✼✳✶✷✮ ❢♦r ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ❝♦♠❜✐♥❛t✐♦♥s✳ ❊❛❝❤ ❣r❛♣❤
s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r ❛♥❞ ✜①❡❞ ✈❛❧✉❡s ❢♦r
t❤❡ r❡st✳ ❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r ❡❛❝❤ ❣r❛♣❤ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ t❛❜❧❡✳ ●r❛♣❤ ❆ s❤♦✇s
t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡ s♣✐♥ ❞❡♣❤❛s✐♥❣ γ✱ ❣r❛♣❤ ❇ ✈❛r✐❡s t❤❡ ❝♦✉♣❧✐♥❣
g✱ ❣r❛♣❤ ❈ ✈❛r✐❡s t❤❡ ❝❛✈✐t② ❞✐ss✐♣❛t✐♦♥ κ ❛♥❞ ❣r❛♣❤ ❉ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❢♦r
❞✐✛❡r❡♥t ❞r✐✈✐♥❣s ξ✳ ●r❛♣❤ ❉ ♦♥❧② ✉s❡s ❛ s✐♥❣❧❡ s♣✐♥ ❜❡❝❛✉s❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r
❧✐♠✐t❛t✐♦♥s✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✉s❡❞ ✐♥ ❛❧❧ ❝❛s❡s ✐s s✉❝❤ t❤❛t t❤❡ ❝❛✈✐t② tr❛♥s♠✐ss✐♦♥
✈❛❧✉❡ ✇❤❡♥ g = 0 ✐s ✶ ✇❤❡♥ ωd = ωr✳
✶✾✻ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
-0.05 0.00 0.05
0.0
0.2
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0.0
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0.310-3
10-2
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1
A B
C
❋✐❣✉r❡ ✼✳✶✽✿ ❙✐♠✉❧❛t❡❞ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛ ✇❡❛❦❧② ❝♦✉♣❧❡❞ r❡s♦♥❛t♦r✲
q✉❜✐t s②st❡♠ ✉s✐♥❣ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✼✳✶✵✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ✇❡r❡ Ns♣✐♥s = 5✱
γ/ωr = 0.001✱ κ/ωr = 1× 10−4✱ g/ωr = 0.001✱ ξ/ωr = 1× 10−5✳ ●r❛♣❤ ❆ s❤♦✇s
t❤❡ tr❛♥s♠✐ss✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❞❡t✉♥✐♥❣ ✭∆ = Ω − ωr✮ ❛♥❞ t❤❡ ❞r✐✈✐♥❣
❢r❡q✉❡♥❝② ✭ωr✮✳ ❚❤❡ t✇♦ ❞❛s❤❡❞ ❧✐♥❡s tr❛❝❦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst t✇♦ tr❛♥s✐t✐♦♥s
❢♦r ❡❛❝❤ ❞❡t✉♥✐♥❣ ✈❛❧✉❡ s❤♦✇✐♥❣ ❛♥ ❛♥t✐✲❝r♦ss✐♥❣ ♥❡❛r ∆ = 0✳ ❚❤❡ ❞♦ts ♠❛r❦ t❤❡
♣❡❛❦ ♣♦s✐t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❢♦r ❡❛❝❤ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ✭∆ = ❝♦♥st❛♥t✮✳ ●r❛♣❤ ❇ s❤♦✇s
t❤❡ ❞♦ts ❢r♦♠ ❣r❛♣❤ ❆ ❛s ❞❛t❛ ♣♦✐♥ts ✇❤✐❧❡ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐♠♣❧❡ ♠♦❞❡❧
✭✼✳✶✺✮ ✇✐t❤ v = g
√
N ❛♥❞ Γ = Nγ✳ ●r❛♣❤ ❈ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❝❛✈✐t② ❞❡❝❛② r❛t❡
κ′ ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ r❡s♦♥❛♥❝❡ ✇✐❞t❤ ❛t ❤❛❧❢ ❤❡✐❣❤t✮ ❢♦r ❡❛❝❤ ❞❡t✉♥✐♥❣ ✈❛❧✉❡ ❛s
❞❛t❛♣♦✐♥ts✳ ❚❤❡ ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ ▲♦r❡♥t③✐❛♥ ❧✐♥❡s❤❛♣❡ ✭✼✳✶✻✮ ✇✐t❤ v = g
√
N ❛♥❞
Γ = Nγ✳
❞❡♣❤❛s✐♥❣ r❛t❡ γ ✭✜❣✉r❡ ✼✳✶✼❆✮✱ ✇❡ s❡❡ t❤❛t t❤❡ t✇♦ ♣❡❛❦ str✉❝t✉r❡ ❣r❛❞✉❛❧❧②
❞❡❣r❛❞❡s ✉♥t✐❧ ✇❡ r❡❛❝❤ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❧✐♠✐t ✇❤❡r❡ ❜♦t❤ ♣❡❛❦s ♦✈❡r❧❛♣ ❛♥❞
❝❛♥♥♦t ❜❡ r❡s♦❧✈❡❞✳ ❚❤❡ t✇♦✲♣❡❛❦ str✉❝t✉r❡ ❛❧s♦ ❝❤❛♥❣❡s ✇❤❡♥ ❞❡❝r❡❛s✐♥❣ g
✭✜❣✉r❡ ✼✳✶✼❇✮✱ ✐♥❝r❡❛s✐♥❣ κ ✭✜❣✉r❡ ✼✳✶✼❈✮ ❛♥❞ ❛❧s♦ ❢♦r ❤✐❣❤❡r ❞r✐✈✐♥❣ ✐♥t❡♥s✐✲
t✐❡s ✇❤❡r❡ t❤❡ s②st❡♠ ✐s ❢♦r❝❡❞ t♦ s❛♠♣❧❡ st❛t❡s ✇✐t❤ nex ≫ N ✭✜❣✉r❡ ✼✳✶✼❉✮✳
❚❤✐s ❧❛st ❝❛s❡ ✐s ♥♦t ✉s✉❛❧❧② ❛❝❝❡ss✐❜❧❡ ❢♦r ♠❛❝r♦s❝♦♣✐❝ s❛♠♣❧❡s ❛♥❞ ♠♦❞❡r❛t❡
❞r✐✈✐♥❣✱ ❜✉t ❢♦r s②st❡♠s ✇✐t❤ ❧♦✇ ♥✉♠❜❡rs ♦❢ s♣✐♥s t❤✐s ❡✛❡❝t ♠❛② ♣♦t❡♥t✐❛❧❧②
❜❡ ♦❜s❡r✈❡❞ ❬✶✻❪✳
❲❡ ♥♦t❡ t❤❛t ✐♥ ❝❛s❡s ✇❤❡r❡ g ≪ γ✱ ♠✉❝❤ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ♦❜s❡r✈❡❞
✇❤❡♥ ♠♦✈✐♥❣ ✐♥ ❛♥❞ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ❛♣♣r♦①✐✲
♠❛t✐♦♥s ❢♦r t❤❡ ✜❡❧❞ ❛♥❞ s❛♠♣❧❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡ ♣❡❛❦ s❤✐❢ts
❛s t❤❡ ❞❡t✉♥✐♥❣ ∆ ✐s s✇❡♣t t❤r♦✉❣❤ ✵ ❛♥❞ t❤❡ ♣❡❛❦ ✇✐❞t❤ ❞✐♣s ❛r♦✉♥❞ ∆ = 0✳
■t ❝❛♥ ❜❡ s❤♦✇♥ ❬✶✽❪✱ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡s❡ ♠❛❣♥✐t✉❞❡s ✐s
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✶✾✼
r❡❛s♦♥❛❜❧② ❞❡s❝r✐❜❡❞ ❜②✿
ω′ = 2πf ′ = ωr +
v2(ωr − Ω)
(ωr − Ω)2 + Γ2 , ✭✼✳✶✺✮
κ′ = κ+
v2Γ
(ωr − Ω)2 + Γ2 , ✭✼✳✶✻✮
✇❤❡r❡ ω′ ❛♥❞ κ′ ❛r❡ t❤❡ ♠♦❞✐✜❡❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ ❞❡❝❛② r❛t❡s ❛♥❞ Γ
❛♥❞ v ❛r❡ ❡q✉✐✈❛❧❡♥t ✭t❤♦✉❣❤ ♥♦t ❡①❛❝t❧② ❡q✉❛❧✮ t♦ t❤❡ q✉❜✐t ❞❡❝❛② r❛t❡ γ ❛♥❞
q✉❜✐t✲❝❛✈✐t② ❝♦✉♣❧✐♥❣ g✳ ❚❤❡ ❡①❛❝t ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ v ❛♥❞ Γ t♦ t❤❡ ❍❛♠✐❧t♦✲
♥✐❛♥ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❛ss❡ss❡❞ ❜② s✐♠✉❧❛t✐♥❣ ❛ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ✐♥ t❤❡
✇❡❛❦ ❝♦✉♣❧✐♥❣ ❝❛s❡ ❛♥❞ ✜tt✐♥❣ t❤❡ r❡s✉❧ts t♦ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❢♦r♠✉❧❛ ❛s
s❡❡♥ ✐♥ ✜❣✉r❡ ✼✳✶✽✳ ■❢ t❤❡ ✭♥♦✇ s✐♥❣❧❡✮ r❡s♦♥❛♥❝❡ ♣❡❛❦ ✐s ✜tt❡❞ t♦ ❛ ▲♦r❡♥t③✐❛♥
❧✐♥❡ s❤❛♣❡ ❢♦r ❡❛❝❤ ❞❡t✉♥✐♥❣ ✈❛❧✉❡ ∆✱ ❛♥❞ t❤❡ ✜tt❡❞ ✈❛❧✉❡s ❛r❡ ❝♦♠♣❛r❡❞ t♦
t❤♦s❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ✭✼✳✶✺✮✱✭✼✳✶✻✮✱ t❤❡ s✉❜st✐✲
t✉t✐♦♥ v = g
√
N ❛♥❞ Γ = γN ❡①❛❝t❧② r❡♣r♦❞✉❝❡s t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛✳ ❚❤❡
s❝❛❧✐♥❣ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ✇✐t❤
√
N ✐s t❤❡ ❡①♣❡❝t❡❞ ❡♥❤❛♥❝❡♠❡♥t ♦❜✲
t❛✐♥❡❞ ❜② ✉s✐♥❣ ❛ s♣✐♥ ❡♥s❡♠❜❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❝r❡❛s❡ ♦❢ Γ r❡❧❛t✐✈❡ t♦ t❤❡
♠♦❞❡❧✬s ❞❡♣❤❛s✐♥❣ r❛t❡ γ ✐s ❛♥ ❛rt✐❢❛❝t ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡
♠♦❞❡❧✳ ❚❤✐s s❝❛❧✐♥❣ ♦❢ t❤❡ ❞❡❝❛② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t ✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ t❤❡ s♣✐♥
❡♥s❡♠❜❧❡ ✇✐t❤ ❛ ❣✐❛♥t s♣✐♥ S = N/2 ❛♥❞✱ ❛s s✉❝❤✱ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✼✳✶✷
✐♥❝❧✉❞❡s s✉♣❡rr❛❞✐❛♥❝❡ ♦❢ t❤❡ s❛♠♣❧❡ ❬✶✾✱ ✷✵❪✳ ❚❤✐s ❡✛❡❝t ❞♦❡s ♥♦t ❝♦♠♠♦♥❧②
❛♣♣❧② t♦ r❡❛❧ ❝r②st❛❧ s❛♠♣❧❡s ✇❤❡r❡ ❡❛❝❤ s♣✐♥ ❞❡❝❛②s ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ ♥♦t
❛s ❛ ❝♦❧❧❡❝t✐✈❡ ♠♦❞❡✳ ❋r♦♠ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❢♦r ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❝❛s❡s ✐t ✐s
r❡❛s♦♥❛❜❧❡ t♦ ♠❛❦❡ t❤❡ ❛ss✐❣♥♠❡♥t v = g ❛♥❞ Γ = γ✳
❋✐❣✉r❡ ✼✳✶✾ ❛❧s♦ s❤♦✇s t❤❡ ❡①♣❡❝t❡❞ ♠❡❛s✉r❡♠❡♥t s♣❡❝tr✉♠ ✇❤❡♥ t❤❡ str♦♥❣
❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ♠❡t✳ ❲❤❡♥ t❤❡ ❞❡t✉♥✐♥❣ ❛♣♣r♦❛❝❤❡s ∆ = 0✱ t❤❡ s✐♥✲
❣❧❡ ❝❛✈✐t② ♣❡❛❦ ♠♦✈❡s ❛✇❛② ❢r♦♠ ωr ❛♥❞ r❡❞✉❝❡s ✐♥ ✐♥t❡♥s✐t② ✇❤✐❧❡ ❛ s❡❝♦♥❞
♣❡❛❦ ❛♣♣❡❛rs✳ ❇♦t❤ ♣❡❛❦s r❡❛❝❤ t❤❡ s❛♠❡ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ ❛t ∆ = 0✳ ❆s
∆ ❝♦♥t✐♥✉❡s t♦ ✐♥❝r❡❛s❡✱ t❤❡ ✜rst ♣❡❛❦ ❣r❛❞✉❛❧❧② ❞✐s❛♣♣❡❛rs ❛♥❞ t❤❡ s❡❝♦♥❞
♣❡❛❦ ❜❡❝♦♠❡s t❤❡ ♦r✐❣✐♥❛❧ ❝❛✈✐t② ♠♦❞❡✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ♣❡❛❦s
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ t✇♦ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ t♦ t❤❡ ✜rst
t✇♦ ❡①❝✐t❡❞ st❛t❡s ❣✐✈❡♥ ❜② t❤❡ ❤❛♠✐❧t♦♥✐♥❛♥ ✭✼✳✺✮ ❛s ❧♦♥❣ ❛s t❤❡ ❡①❝✐t❛t✐♦♥
♣♦✇❡r ✐s ❧♦✇ ❡♥♦✉❣❤ s♦ t❤❛t N❡① < Ns♣✐♥s✳
✼✳✹ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲
r❡s♦♥❛t♦rs
❚❤✐s s❡❝t✐♦♥ ❞✐s❝✉ss❡s t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❜t❛✐♥❡❞ ✇❤❡♥ r❡♣❧❛❝✐♥❣ t❤❡ ❈P❲
✇❛✈❡❣✉✐❞❡s ✉s❡❞ s❡❝t✐♦♥ ✼✳✷ ✇✐t❤ ❈P❲ r❡s♦♥❛t♦rs ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✻✳ ❚❤❡
s❛♠♣❧❡s ✉s❡❞ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✼✳✷✿ ❉PP❍✱ ❈❛●❞❋✱ ❛♥❞ ●❞❲✸✵✳ ❉✐✛❡r❡♥t
✶✾✽ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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❋✐❣✉r❡ ✼✳✶✾✿ ❙✐♠✉❧❛t❡❞ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛ str♦♥❣❧② ❝♦✉♣❧❡❞ r❡s♦♥❛t♦r✲
q✉❜✐t s②st❡♠ ✉s✐♥❣ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭✼✳✶✵✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ✇❡r❡ Ns♣✐♥s = 5✱
γ/ωr = 2× 10−4✱ κ/ωr = 0.001✱ g/ωr = 0.005✱ ξ/ωr = 1× 10−5✳ ❚❤❡ ❧✐♥❡s tr❛❝❦ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst t✇♦ tr❛♥s✐t✐♦♥s ❢♦r ❡❛❝❤ ❞❡t✉♥✐♥❣ ✈❛❧✉❡ ❣✐✈❡♥ ❜② t❤❡ t❤❡♦r②✳ ❚❤❡
✐♥s❡t s❤♦✇s t✇♦ ♣❡❛❦ str✉❝t✉r❡ ❢r♦♠ t❤❡ ♣r♦✜❧❡ t❛❦❡♥ ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❞♦tt❡❞ ❧✐♥❡✳
s✐③❡s ♦❢ ❈P❲ r❡s♦♥❛t♦rs ✇❡r❡ ✉s❡❞ ❢♦r ❞✐✛❡r❡♥t s❛♠♣❧❡s s✐③❡s✳ ❆❧❧ ❡①♣❡r✐♠❡♥ts
❛r❡ ♣❡r❢♦r♠❡❞ ❛t ❧✐q✉✐❞ ❤❡❧✐✉♠ t❡♠♣❡r❛t✉r❡s ✭4.2❑✮✳
✼✳✹✳✶ ❉PP❍ ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦r
❉r♦♣❧❡t ♦❢ ❉PP❍ ✐♥ ❉▼❋ s♦❧✉t✐♦♥
❆s ✐♥ s❡❝t✐♦♥ ✼✳✷✳✶✱ ❛ s❛t✉r❛t❡❞ s♦❧✉t✐♦♥ ♦❢ ❉PP❍ ♣♦✇❞❡r ✐♥ ❞✐♠❡t❤②❧ s✉❧❢♦①✐❞❡
✭❉▼❋✮ ✇✐t❤ ❛♥❞ ✺✪ ❣❧②❝❡r♦❧ ✐s ♣r❡♣❛r❡❞ ❛♥❞ ❛ ❞r♦♣ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ♣❧❛❝❡❞
♦♥ ❛ r❡s♦♥❛t♦r ✉s✐♥❣ ❛ ♠✐❝r♦✲♣✐♣❡tt❡✳ ❚❤❡ r❡s♦♥❛t♦r ❤❛s 7 ➭♠ ❣❛♣s ❛♥❞ ❛
14 ➭♠ ❝❡♥t❡r ❧✐♥❡ ❛♥❞ ❤❛s ❛ 1.409●❍③ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r
Q ∼ 10000✱ ❛❧t❤♦✉❣❤ t❤❡s❡ ✈❛❧✉❡s ✈❛r② ✇❤❡♥ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s s✇❡♣t✳
❚❤❡ r❡s♦♥❛t♦r ❛♥❞ s❛♠♣❧❡ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞ r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡ s❡❡♥
✐♥ ✜❣✉r❡ ✼✳✷✵✳
❚❤❡ ❢✉❧❧ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t ✇✐t❤ ✈❛r②✐♥❣ ✜❡❧❞ ❛♥❞ ❡①❝✐t❛t✐♦♥ ❢r❡✲
q✉❡♥❝② ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✷✶✳ ❚❤❡ ✐♥❝✐❞❡♥t ♣♦✇❡r ❛♣♣❧✐❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦
❛♥❛❧②③❡r ✇❛s −40 ❞❇♠✳ ❲❡ s❡❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ♣❡❛❦ ♦❢ t❤❡ r❡s♦♥❛t♦r ♠♦✈❡
❛❝r♦ss t❤❡ s♣❡❝tr✉♠ ❛s t❤❡ ✜❡❧❞ ✐s ✐♥❝r❡❛s❡❞ ❞✉❡ t♦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤✐s ❛♣✲
♣❧✐❡❞ ✜❡❧❞✳ ❲❤❡♥ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s ♠❡t✱ t❤❡ ♣❡❛❦ ✐s s✉♣♣r❡ss❡❞ ❛♥❞
❜❡❝♦♠❡s ♠✉❝❤ ✇✐❞❡r ✭✜❣✉r❡ ✼✳✷✷❉✮✳ ❚❤❡ ♣r♦❣r❡ss✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❝❤❛r❛❝✲
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✶✾✾
1.408 1.4085 1.409 1.4095 1.41
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A B
❋✐❣✉r❡ ✼✳✷✵✿ ●r❛♣❤ ❆ s❤♦✇s ❛ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ ❛ ❉PP❍ s❛♠♣❧❡ ♦♥ ❛ ♥✐♦❜✐✉♠
❈P❲ r❡s♦♥❛t♦r ❛♥❞ t❤❡ ❧❛❜♦r❛t♦r② r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞
tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✐♥❝❧✉❞✐♥❣ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✳ ❚❤❡ r❡❞ ❧✐♥❡ s❤♦✇s
❛ ✜t ♦❢ ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡ t♦ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr✉♠ ❛♥❞ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs✳
t❡r✐st✐❝s ✭♣❡❛❦ ✐♥t❡♥s✐t②✱ r❡s♦♥❛♥t ❢r❡q✉❡♥❝②✱ ♣❡❛❦ ✇✐❞t❤✮ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❜②
✜tt✐♥❣ ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡ t♦ t❤❡ s♣❡❝tr✉♠ ❛❝q✉✐r❡❞ ❛t ❡❛❝❤ ✜❡❧❞✳ ❚❤❡
r❡s✉❧ts ♦❢ t❤❡s❡ ✜ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✷✷✳ ❆❣❛✐♥ t❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ❝❛♥
❜❡ ❝❧❡❛r❧② s❡❡♥ ✐♥ ❣r❛♣❤s ❆✱❇ ❛♥❞ ❈✳
❖♥❧② ❛ s✐♥❣❧❡ ♣❡❛❦ ✇❛s ❞❡t❡❝t❡❞ ✐♥ t❤✐s ♠❡❛s✉r❡♠❡♥t✳ ❲❡ ❡st✐♠❛t❡ t❤❛t✱
❢♦r t❤❡ ♣♦✇❡rs ✉s❡❞ ❛♥❞ ❧♦ss❡s ❞❡t❡❝t❡❞ ❛t t❤❡ ♦✉t♣✉t✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s
st♦r❡❞ ✐♥ t❤❡ ❝❛✈✐t② ✐s ❛♣♣r♦①✐♠❛t❡❧② 1010✳ ❋♦r ❛ r♦✉❣❤ ❡st✐♠❛t❡ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥t❡r❛❝t✐♥❣ s♣✐♥s ✇❡ ✉s❡ t❤❡ ❞✐♠❡♥s✐♦♥s ❢r♦♠ t❤❡ ♣❤♦t♦❣r❛♣❤ ✐♥ ✜❣✉r❡ ✼✳✷✵❆
✭❛❜♦✉t 1.5♠♠ ❜② 20 ➭♠ ❜② 20 ➭♠ s✐♥❝❡ ❢r♦♠ s❡❝t✐♦♥ ✹✳✸✳✷ ✇❡ s❡❡ t❤❛t ♦♥❧②
s♣✐♥s ✇✐t❤✐♥ ❛❜♦✉t 10 ➭♠ ♦❢ t❤❡ ❝❡♥t❡r ❧✐♥❡ ❝♦♥tr✐❜✉t❡✮ ❛♥❞ ❛ss✉♠❡ ❛ s❛♠♣❧❡
❞❡♥s✐t② s✐♠✐❧❛r t♦ t❤❡ ❜✉❧❦ s❛♠♣❧❡ ✭♠❛② ❜❡ ♦✈❡r❡st✐♠❛t❡❞✮✳ ❖♥❧② t❤❡ ❡①❝❡ss
♦❢ s♣✐♥s ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s✐❣♥❛❧ s♦ t❤✐s ♥✉♠❜❡r ♠✉st ❜❡
r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r ✵✳✵✵✽ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✼✳✶✽✮ ❜❡❧♦✇✮✳ ❚❤✐s ❣✐✈❡s ✉s ❛❜♦✉t
∼ 1013 ❝♦♥tr✐❜✉t✐♥❣ s♣✐♥s t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ 1010 ♣❤♦t♦♥s✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❤②❜r✐❞ s②st❡♠ ✐s ♣r♦❜❛❜❧② ♥♦t s❛t✉r❛t❡❞ ✭✐✳❡✳✱ t❤❛t nex < N✮ ❜✉t t❤❛t
t❤❡ ❝♦✉♣❧✐♥❣ ✇❛s t♦♦ ✇❡❛❦ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❞❡♣❤❛s✐♥❣ r❛t❡s ♦❢ t❤❡ s②st❡♠✳
❚❛❦✐♥❣ t❤❡ ❣r❛♣❤s ✐♥ ✜❣✉r❡ ✼✳✷✷❇ ❛♥❞ ✼✳✷✷❈ ❛♥❞ ✜tt✐♥❣ t❤❡♠ t♦ ❝❧❛ss✐✲
❝❛❧ ❡q✉❛t✐♦♥s ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✻✮✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❞❡t❡r♠✐♥❡ t❤❡ ❡✛❡❝t✐✈❡
❝♦✉♣❧✐♥❣ str❡♥❣t❤ ✭g❡✛ = v✮ t♦ t❤❡ s❛♠♣❧❡ ❛♥❞ t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤✳ ❚❤❡ r❡s✉❧t
♦❢ t❤✐s ✜t ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✷✸ ✇✐t❤ g❡✛ ∼ 3▼❍③ ❛♥❞ Γ ∼ 8▼❍③ ❝♦♥✜r♠✲
✐♥❣ t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡ ✭g < Γ✮✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
❢r❡❝✉❡♥❝② ❝❤❛♥❣❡ ✐♥ ✜❣✉r❡ ✼✳✷✸❆ ✐s ❡q✉❛❧ t♦ v2/Γ ✇❤✐❧❡ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡
✉♣✇❛r❞ ❛♥❞ ❞♦✇♥✇❛r❞ ♣❡❛❦s ✐s ❡q✉❛❧ t♦ Γ✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r
❤❡r❡ ✐s t❤❡ s♣✐♥ ❞❡♣❤❛s✐♥❣ s✐♥❝❡ t❤❡ ❢r❡❡ ❝❛✈✐t② ❧✐♥❡✇✐❞t❤ κ ∼ 200 ❦❍③ ✐s s♠❛❧❧❡r
t❤❛♥ ❜♦t❤ Γ ❛♥❞ g❡✛✳ ❆❧s♦✱ t❤❡ ✜tt❡❞ ✈❛❧✉❡s ♦❢ Γ ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤♦s❡
✷✵✵ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✷✶✿ ❚r❛♥s♠✐ss✐♦♥ ✐♥t❡♥s✐t② ♦❢ ❉PP❍ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s♦♥❛t♦r ✭❣r❡②s❝❛❧❡✮
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❧❛❜✲
♦r❛t♦r② ❩ ❛①✐s ✭♣❛r❛❧❧❡❧ t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✮✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡ s❤♦✇s t❤❡ ❡①♣❡❝t❡❞
tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ❢♦r t❤❡ ❉PP❍ s❛♠♣❧❡ ✭fs = gSµ❇B/h✮✳
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❋✐❣✉r❡ ✼✳✷✷✿ ❘❡s♦♥❛♥❝❡ ♣r♦♣❡rt✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✜❡❧❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ✐♥ ✜❣✉r❡
✼✳✷✶✳ ●r❛♣❤s ❆✱❇ ❛♥❞ ❈ s❤♦✇ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ♦❢ ♣❡❛❦ S21✱ ♣❡❛❦ ❢r❡q✉❡♥❝② ✭f
′✮
❛♥❞ ♣❡❛❦ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ✭❋❲❍▼ ♦r κ′✮✳ ❆❧❧ t❤r❡❡ s❤♦✇ t❤❡ ❛❜s♦r♣t✐♦♥
❢❡❛t✉r❡ ❛t ❛ ✜❡❧❞ ✈❛❧✉❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ s❛♠♣❧❡ g✲❢❛❝t♦r gS ≃ 2✳ ●r❛♣❤ ❉ s❤♦✇s t❤❡
tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ❛t t✇♦ ✈❛❧✉❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦♥❡ ♦✉t ♦❢ r❡s♦♥❛♥❝❡ ❛♥❞
❛♥♦t❤❡r ✐♥ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ s❛♠♣❧❡✳ ❚❤❡ t✇♦ ❝❤♦s❡♥ ✜❡❧❞s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❛rr♦✇s
✐♥ ❣r❛♣❤ ❆✳
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✵✶
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❋r❡q✉❡♥❝② ✜t ✭●r❛♣❤ ❆✮ ▲✐♥❡✇✐❞t❤ ✜t ✭●r❛♣❤ ❇✮
g❡✛ = 2.505± 0.024▼❍③ g❡✛ = 3.34± 0.04▼❍③
Γ = 8.20± 0.17▼❍③ Γ = 7.9± 0.3▼❍③
gS = 1.9818± 0.0003 gS = 1.9822± 0.0003
❋✐❣✉r❡ ✼✳✷✸✿ ❋✐t ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✻✮ t♦
t❤❡ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② f ′ ❛♥❞ ♠❡❛s✉r❡❞ ❧✐♥❡✇✐❞t❤ κ′ ❡①tr❛❝t❡❞ ❢r♦♠ ✜❣✉r❡ ✼✳✷✷✳ ❚❤❡
❜❛❝❦❣r♦✉♥❞s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ t♦ ❝❛✈✐t② ❜❛❝❦❣r♦✉♥❞ ✐s s❤♦✇♥✳
●r❛♣❤ ❆ s❤♦✇s t❤❡ ❢r❡q✉❡♥❝② ✜t ❛♥❞ ❣r❛♣❤ ❇ s❤♦✇s t❤❡ ❧✐♥❡✇✐❞t❤ ✜t ✭❜♦t❤ ✐♥ r❡❞✮✳
❚❤❡ ❡rr♦r ❜❛rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ κ′ ❢♦r ❡❛❝❤ ✜❡❧❞✳
✷✵✷ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ❉PP❍ ❬✷✶✱ ✷✷✱ ✷✸❪✳ ❋♦r ❝♦♠♣❛rs✐♦♥✱ t❤❡ ❜❧✉❡ ❧✐♥❡s ✐♥
✜❣✉r❡ ✼✳✷✸❆ s❤♦✇ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✐❞❡❛❧ tr❛♥s✐t✐♦♥s ❢♦r ❛ str♦♥❣❧② ❝♦✉♣❧❡❞
s②st❡♠ ✇✐t❤ t❤❡ s❛♠❡ g❡✛ ❢r♦♠ t❤❡ ✜t✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜② (E±,0 − E↑,0) ❢r♦♠
❡q✉❛t✐♦♥s ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮✿
~ω± = (E+,0 − E↑,0) =
~(ωr +Ω)
2
± ~
2
√
4g2 + (Ω− ωr)2 ✭✼✳✶✼✮
✇❤❡r❡ Ω = gSµB/~B ✐s t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝②✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ❢♦r g❡✛ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ✜❣✉r❡ ✹✳✽
❛♥❞ ❡q✉❛t✐♦♥ ✭✹✳✷✸✮✳ ❚❤❡ ❝♦✉♣❧✐♥❣ s❝❛❧❡s ❛❝❝♦r❞✐♥❣ t♦
√
nl ❛♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ✭t❤r♦✉❣❤ t❤❡ r❢ ✜❡❧❞ ✈❛❧✉❡s✮✳ ❋r♦♠ ✜❣✉r❡ ✹✳✽ ✇❡
❤❛✈❡ g❡✛ ∼ 100▼❍③ ❢♦r ❛ 40 ➭♠ ❧♦♥❣ s❛♠♣❧❡ t❤❛t ✜❧❧s t❤❡ ❡✛❡❝t✐✈❡ ❤❡✐❣❤t ❛t ❛
6●❍③ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ 0❑ t❡♠♣❡r❛t✉r❡✳ ❙❝❛❧✐♥❣ t❤✐s ✈❛❧✉❡ ✉s✐♥❣ t❤❡
♠❡❛s✉r❡♠❡♥t ❝♦♥❞✐t✐♦♥s ✇❡ ❣❡t ❛♥ ❡st✐♠❛t❡ ♦❢✿
B =
1− e−1.5●❍③/4❑
1 + e−1.5●❍③/4❑
≃ 0.008 ✭❇♦❧t③♠❛♥♥ ❢❛❝t♦r✮ ✭✼✳✶✽✮
g❡✛ ∼ 100▼❍③×
√
B ×
√
1000 ➭♠
40 ➭♠
1.5●❍③
6●❍③
≃ 10▼❍③, ✭✼✳✶✾✮
✇❤✐❝❤ ✐s r❡❛s♦♥❛❜❧② ❝❧♦s❡ t♦ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡ ♦❢ 3▼❍③ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥✲
❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ ❛♥❞ s♣✐♥ ❞❡♥s✐t② ✐♥s✐❞❡ t❤❡
❝❛✈✐t②✳
❉PP❍ ♣❡❧❧❡ts✿ ❡①♣❡r✐♠❡♥ts ✐♥ t❤❡ ✈❡❝✐♥✐t② ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣
❚♦ ❛❝❤✐❡✈❡ ❤✐❣❤❡r ❝♦✉♣❧✐♥❣s✱ ✇❡ ♣❡r❢♦r♠ ❛♥♦t❤❡r ❡①♣❡r✐♠❡♥t ✉s✐♥❣ ❛ ❧❛r❣❡r
s❛♠♣❧❡ ❝♦♥s✐st✐♥❣ ♦❢ ❝♦♠♣r❡ss❡❞ ♣❡❧❧❡ts ♠❛❞❡ ♦❢ ❉PP❍ ♣♦✇❞❡r✳ ❚❤❡s❡ ♣❡❧❧❡ts
❛r❡ ❛♣♣r♦①✐♠❛t❡❧② 3♠♠ ✐♥ ❞✐❛♠❡t❡r ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✼✳✷✹❆ ♦♥ ❛ ✇✐❞❡
❝❡♥t❡r ❧✐♥❡ r❡s♦♥❛t♦r ✭400 ➭♠ ❧✐♥❡ ❛♥❞ 200 ➭♠ ❣❛♣s✮✳ ❆s ❜❡❢♦r❡✱ ✇❡ s❤♦✇ t❤❡
❜❛❝❦❣r♦✉♥❞ r❡s♦♥❛♥❝❡ ❛♥❞ r❡s♦♥❛t♦r ♣r♦♣❡rt✐❡s ✐♥ ✜❣✉r❡ ✼✳✷✹❇✳ ❚❤❡ ✐♥❝✐❞❡♥t
♣♦✇❡r ❛♣♣❧✐❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✐s ❝❤♦s❡♥ t♦ ❜❡ −45 ❞❇♠✳ ❚❤❡
♠❡❛♥❞❡r✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ r❡s♦♥❛t♦r ❛♥❞ t❤❡ s❛♠♣❧❡ ♣❧❛❝❡♠❡♥t ♠❛❦❡s ✐t
♣r❡❢❡r❛❜❧❡ t♦ ❛♣♣❧② t❤❡ t✉♥✐♥❣ ✜❡❧❞ ✐♥ t❤❡ ❳ ❞✐r❡❝t✐♦♥ s✐♥❝❡ ❛♥ ✐♠♣♦rt❛♥t
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐❧❧ ❝♦♠❡ ❢r♦♠ t❤❡ r❢ ✜❡❧❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ r❡s♦♥❛t♦r
♣❧❛♥❡✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢r♦♠ s❡❝t✐♦♥ ✹✳✸✳✷✱ ✇❡ s❡❡ ✐♥ ✜❣✉r❡ ✼✳✷✺✱ t❤❛t
t❤❡ ♠♦st ✐♥t❡♥s❡ r❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ t❤❡ ❡❞❣❡s ♦❢ t❤❡
❝❡♥t❡r❧✐♥❡ ❛♥❞ ❣r♦✉♥❞ ♣❧❛♥❡s ✇❤❡r❡ t❤❡r❡ ❛r❡ ❜♦t❤ Z ❛♥❞ Y r❢ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts✳
❚❤❡s❡ ❛r❡ t❤❡ ❞♦♠✐♥❛♥t r❡❣✐♦♥s t❤❛t ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡
∫
B2X,Y,ZdS ✐♥t❡❣r❛❧s
❛♣♣❡❛r✐♥❣ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✸✮✳ ❙✐♥❝❡ t❤❡ ✜❡❧❞ ❤❛s ❝♦♠♣♦♥❡♥ts ✐♥ ❜♦t❤ t❤❡
Z ❛♥❞ Y ❞✐r❡❝t✐♦♥s✱ ❜♦t❤ ❝♦♥tr✐❜✉t❡ ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧❧② t♦ t❤❡ ❝♦✉♣❧✐♥❣
✭✐✳❡✳
∫
B2ZdS ∼
∫
B2Y dS✮ ❡✈❡♥ ❢♦r ✈❡r② ✢❛t s❛♠♣❧❡s ✇❤✐❧❡ t❤❡ X ❞✐r❡❝t✐♦♥ ❤❛s
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✵✸
1.5 1.51 1.52 1.53 1.54 1.55
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Frequency (GHz)
A B
❋✐❣✉r❡ ✼✳✷✹✿ ●r❛♣❤ ❆ s❤♦✇s ❛ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ ❉PP❍ ♣❡❧❧❡ts ♦♥ ❛ ♥✐♦❜✐✉♠
❈P❲ r❡s♦♥❛t♦r ❛♥❞ t❤❡ ❧❛❜♦r❛t♦r② r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ●r❛♣❤ ❇ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞
tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✐♥❝❧✉❞✐♥❣ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s✳ ❚❤❡ r❡❞ ❧✐♥❡ s❤♦✇s
❛ ✜t ♦❢ ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡ t♦ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr✉♠ ❛♥❞ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs✳
Sample
Center lineGround
❋✐❣✉r❡ ✼✳✷✺✿ ❈r♦ss✲s❡❝t✐♦♥ ❛♥❞ s✐♠✉❧❛t❡❞ ✜❡❧❞ ♣r♦✜❧❡ ❢♦r ❛ ❈P❲✳ ❚❤❡ ❧❛❜♦r❛t♦r②
✭♠❛❣♥❡t✮ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①♣❡r✐♠❡♥t ✐s s❤♦✇♥ ❛❧♦♥❣ ✇✐t❤ t❤❡
s❛♠♣❧❡
∫
B2XdS = 0✳ ❚❤❡ t✉♥✐♥❣ ✜❡❧❞s ❢♦r t❤❡ s❛♠♣❧❡ ♠✉st ❜❡ ❛♣♣❧✐❡❞ ❡✐t❤❡r ✐♥ t❤❡
Z ♦r X ❞✐r❡❝t✐♦♥ s✐♥❝❡ ✜❡❧❞s ✐♥ Y r❛♣✐❞❧② ❞❡❣r❛❞❡ t❤❡ r❡s♦♥❛t♦r ♣❡r❢♦r♠❛♥❝❡✳
❍♦✇❡✈❡r✱ ❛♥② s♣✐♥ ♠❛tr✐① ❡❧❡♠❡♥t ❢♦r ❝♦♠♣♦♥❡♥ts ♣❛r❛❧❧❡❧ t♦ t❤❡ t✉♥✐♥❣ ✜❡❧❞
❛r❡ s✉♣♣r❡ss❡❞ ❢♦r ❛ s♣✐♥ 1/2 s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✹✳✷✸✮ ✇❡ ❡①♣❡❝t ❛
∼ √2 ❧❛r❣❡r ❝♦✉♣❧✐♥❣ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❉❈ ✜❡❧❞ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② X ❞✐r❡❝t✐♦♥
✭✇❤✐❝❤ s✉♣♣r❡ss❡s ♥♦ ❝♦♥tr✐❜✉t✐♦♥✮ t❤❛♥ ✐♥ t❤❡ Z ❞✐r❡❝t✐♦♥ ✭✇❤✐❝❤ s✉♣♣r❡ss❡s
t❤❡
∫
B2ZdS ❝♦♥tr✐❜✉t✐♦♥✮✳
❙✐♠✐❧❛r ❡①♣❡r✐♠❡♥ts t♦ t❤♦s❡ ❞♦♥❡ ♦♥ t❤❡ ❞r♦♣❧❡t s❛♠♣❧❡ ✭✜❣✉r❡ ✼✳✷✵✮ ❣✐✈❡
t❤❡ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ s❡❡♥ ✐♥ ✜❣✉r❡ ✼✳✷✻ ✇❤❡r❡ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡s ❝❛♥ ❜❡
s❡❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭Z ♦r X✮✳ ■♥ ✼✳✷✻❆✱
t❤❡ r❡s✉❧t ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ✜❣✉r❡ ✼✳✷✶ ❛❧t❤♦✉❣❤ ❤❛r❞❡r t♦ ❛♣♣r❡❝✐❛t❡ ✇✐t❤ t❤❡
s❝❛❧❡s ✉s❡❞✳ ❍♦✇❡✈❡r✱ ✐♥ ✼✳✷✻❇✱ ✇❡ ❛r❡ ♠✉❝❤ ❝❧♦s❡r t♦ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳
❚❤❡ s♣✐♥ ❛❜s♦r♣t✐♦♥ ❧✐♥❡ ❝❛♥ ❜❡ s❡❡♥ t♦ ❛♣♣r♦❛❝❤ t❤❡ r❡s♦♥❛t♦r ❢r❡q✉❡♥❝② ✇❤❡r❡
t❤❡ ❧❡✈❡❧s ❜❡❝♦♠❡ ❤②❜r✐❞s ♦❢ ♣❤♦t♦♥ ❛♥❞ s♣✐♥ st❛t❡s ❛♥❞ ❛r❡ s♣❧✐t ❜② 2g❡✛✳ ■❢
✇❡ t❛❦❡ t❤❡ ♣r♦✜❧❡ ❛t t❤❡ r❡s♦♥❛♥❝❡ ♣♦✐♥t ✭✜❣✉r❡ ✼✳✷✼❇✮✱ ❛ t✇♦ ♣❡❛❦ str✉❝t✉r❡
✷✵✹ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❋✐❣✉r❡ ✼✳✷✻✿ ❚r❛♥s♠✐ss✐♦♥ ✐♥t❡♥s✐t② ♦❢ ❉PP❍ ♣❡❧❧❡ts ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s♦♥❛t♦r
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡
❧❛❜♦r❛t♦r② ❩ ❛①✐s ✭❣r❛♣❤ ❆✮ ❛♥❞ ❳ ❛①✐s ✭❣r❛♣❤ ❇✮✳
✐s ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤❛❜❧❡ ✇❤✐❧❡ ✐♥ t❤❡ Z ❝❛s❡ ✭✜❣✉r❡ ✼✳✷✼❆✮ ✇❡ s❡❡ ♦♥❧② ❛ s✐♥❣❧❡
♣❡❛❦ str✉❝t✉r❡✳ ❚❤❡ ♣r♦✜❧❡s ❝❛♥ ❜❡ ✜tt❡❞ t♦ s✐♥❣❧❡ ❛♥❞ ❛♥❞ t✇♦ ▲♦r❡♥t③✐❛♥ ❧✐♥❡s
❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❣❡t ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✭t❛❜❧❡ ✐♥ ✜❣✉r❡ ✼✳✷✼✮✳ ❲❡
♥♦t❡ ❛❧s♦ t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ✐♥ t❤❡ ❳ ❞✐r❡❝t✐♦♥ ✐s ❞✐s♣❧❛❝❡❞ ❢r♦♠ t❤❡ gS ≃ 2 ❛♥❞
❛♣♣❡❛rs t♦ ❜❡ ❛t gS ≃ 1.8✳ ❙✐♥❝❡ t❤❡ r❡s♦♥❛♥❝❡ ❛♣♣❡❛rs t♦ ❜❡ ❛t t❤❡ ❡①♣❡❝t❡❞
✜❡❧❞ ✇❤❡♥ t❤❡ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤✐s ✐s ❞✉❡ t♦ ❛♥
❡rr♦r ✐♥ t❤❡ ♠❛❣♥❡t ❝❛❧✐❜r❛t✐♦♥✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ s❛♠♣❧❡ ❞♦❡s ✐♥ ❢❛❝t
❤❛✈❡ gS = 2 ❛♥❞ ❝♦rr❡❝t t❤✐s ❡rr♦r ✇✐t❤ ❛ ✜❡❧❞ s❤✐❢t ❛s t❤✐s ❡rr♦r ✐s ♠♦st ❧✐❦❡❧②
♥♦t ❛♥ ✐ss✉❡ ✇✐t❤ t❤❡ s❛♠♣❧❡ ✭❉PP❍ ❤❛s ❜❡❡♥ ❝♦♠♠♦♥❧② ✉s❡❞ ❛s ❛ ♠❛r❦❡r
❛♥❞ ❢♦r ❝❛❧✐❜r❛t✐♦♥ ✐♥ st❛♥❞❛r❞ ❊P❘ ❡①♣❡r✐♠❡♥ts✮✳
❆s ✇❡ ❞✐❞ ✐♥ t❤❡ ❞r♦♣❧❡t ❝❛s❡✱ ✇❡ tr❛❝❦ t❤❡ r❡s♦♥❛♥❝❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛s t❤❡
✜❡❧❞ ✐s s✇❡♣t ✐♥ ❜♦t❤ ❝❛s❡s ❛♥❞ ♣❧♦t t❤❡ ♠❡❛s✉r❡❞ ♣❡❛❦ ♣♦s✐t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ✜❡❧❞✳ ■♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥ ❝❛s❡ ✇❡ ✜t t❤❡ ❜❡❤❛✈✐♦r t♦ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣
❢♦r♠✉❧❛ ✭✼✳✶✺✮ ✇❤✐❧❡ ✐♥ t❤❡ ❳ ❞✐r❡❝t✐♦♥ ❝❛s❡ ✇❡ ✉s❡ t❤❡ ❧❡✈❡❧ s❡♣❛r❛t✐♦♥s ✭✼✳✶✼✮✳
❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✷✽❆ ❛♥❞ ✼✳✷✽❇ r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ t❤❡ ✜t
r❡s✉❧ts ✇❡ ✜♥❞ ❛ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ gZ ≃ 6▼❍③ ❢♦r t❤❡ ❩ ❞✐r❡❝t✐♦♥ ❛♥❞
gX ≃ 8.2 ❢♦r t❤❡ ❳ ❞✐r❡❝t✐♦♥ t❤❛t ❛♣♣r♦①✐♠❛t❡❧② ❢✉❧✜❧❧ t❤❡ ❡①♣❡❝t❡❞ r❡❧❛t✐♦♥
gX/gZ ∼
√
2✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡s♦♥❛t♦r
✐s ♥♦t ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ✜❡❧❞s ❛♥❞ t❤❛t ✐ts ♠❡❛♥❞❡r✐♥❣ str✉❝t✉r❡ ❤❛s
❛r❡❛s t❤❛t ❛r❡ ♥♦t ♦r✐❡♥t❡❞ ❡①❛❝t❧② ❛s ✐♥ ✜❣✉r❡ ✼✳✷✺✳
❚❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ✭✼✳✶✺✮ ♣r♦✈✐❞❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤
❢♦r t❤❡ ❩ ✜❡❧❞ ❝❛s❡ ✇❤✐❧❡ t❤❡ ✜t ❢♦r t❤❡ ❳ ❝❛s❡ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ t❤❡ s♣✐♥
❧✐♥❡✇✐❞t❤ ❞✐r❡❝t❧②✳ ❚♦ ❡st✐♠❛t❡ t❤✐s ❧✐♥❡✇✐❞t❤ ✈❛❧✉❡ ✇❡ r❡t✉r♥ t♦ t❤❡ t❤❡♦r❡t✐✲
❝❛❧ ♠♦❞❡❧ ❢r♦♠ s❡❝t✐♦♥ ✼✳✸✳ ■❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ♦❢ g✱ κ✱ ωr ❛♥❞
tr② ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ γ✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ♣r♦✜❧❡s s✐♠✐❧❛r t♦ t❤♦s❡ s❡❡♥ ✐♥ ✜❣✉r❡
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✵✺
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●r❛♣❤ ❆ ●r❛♣❤ ❇
f0 = 1.52359907(9) ●❍③ f0 = 1.52361722(8) ●❍③
κ = 2.30974(28) ▼❍③ κ = 2.21833(26) ▼❍③
f1 = 1.523508(6) ●❍③ f1 = 1.515178(18) ●❍③
Γ1 = 5.819(17) ▼❍③ Γ1 = 11.86(6) ▼❍③
f2 = 1.530887(16) ●❍③
Γ2 = 7.95(5) ▼❍③
g ∼ (f2 − f1)/2 = 7.855(12) ▼❍③
❋✐❣✉r❡ ✼✳✷✼✿ ❚r❛♥s♠✐ss✐♦♥ ♣r♦✜❧❡ ❛t BZ = 0.0542❚ ✭❣r❛♣❤ ❆✮ ❛♥❞ BZ = 0.060 55❚
✭❣r❛♣❤ ❇ ✲ ❛✈❡r❛❣❡ ♦❢ ♣r♦✜❧❡s ❛t BX = 0.0605❚ ❛♥❞ BX = 0.0606❚✮✳ ■♥ ❣r❛♣❤ ❆✱ t❤❡
r❡❞ ❧✐♥❡ ✐s ❛ ▲♦r❡♥t③✐❛♥ ✜t t♦ t❤❡ ❞❛t❛✳ ■♥ ❣r❛♣❤ ❇✱ ❛ ❞♦✉❜❧❡ ▲♦r❡♥t③✐❛♥ ♣❡❛❦ str✉❝t✉r❡
✐s ✉s❡❞ t♦ ✜t t❤❡ ❞❛t❛✳ ❚❤❡ r❡❞ ❧✐♥❡s ❛r❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❡❛❦s ✇❤✐❧❡ t❤❡ ❜❧✉❡ ❧✐♥❡ ✐s
t❤❡ s✉♠ ♦❢ t❤❡ t✇♦ ♣❡❛❦s✳ f1,2 ❛♥❞ Γ1,2 ❛r❡ t❤❡ ❝❡♥t❡r ❢r❡q✉❡♥❝② ❛♥❞ ♣❡❛❦ ✇✐❞t❤s ♦❢
❡❛❝❤ ♣❡❛❦ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❡❛s✉r❡❞ ❝♦✉♣❧✐♥❣ ✐s g❡✛ ≃ 7.9▼❍③✳ ❚❤❡ ❣r❡❡♥ ❧✐♥❡ ✐♥
❜♦t❤ ❆ ❛♥❞ ❇ r❡♣r❡s❡♥ts t❤❡ ❝❛✈✐t② tr❛♥s♠✐ss✐♦♥ ✇❤❡♥ t❤❡ s❛♠♣❧❡ ✐s ♦✉t ♦❢ r❡s♦♥❛♥❝❡✳
✼✳✷✼❇✳ ❋r♦♠ ❤❡r❡ ✇❡ ✜♥❞ t❤❛t t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤ ✐s ❛❜♦✉t γ ∼ 5− 7▼❍③✳ ❲❡
♥♦t❡ ❛❧s♦ t❤❛t✱ ✐❢ ✇❡ ✜t t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛ t♦ ❛ ❞♦✉❜❧❡ ▲♦r❡♥t③✐❛♥ ❧✐♥❡s❤❛♣❡✱
t❤✐s ✜t ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ❝♦✉♣❧✐♥❣ ✈❛❧✉❡✳ ❚❤✐s ✐s t❤❡ s❛♠❡ ❛s ✇❤❛t ✇❡ s❡❡
✐♥ ♦✉r ✜ts ❢r♦♠ ✜❣✉r❡ ✼✳✷✼❇ ❛♥❞ ✼✳✷✽❇✳ ❲❡ ❛❧s♦ s❡❡ ❢r♦♠ t❤❡ t✇♦ ❧✐♥❡✇✐❞t❤
✈❛❧✉❡s✱ γZ ∼ 27▼❍③ > γX ∼ 5− 7▼❍③✳ ❚❤✐s ✐s ✉♥❡①♣❡❝t❡❞ ❛s t❤❡ ❧✐♥❡✇✐❞t❤
s❤♦✉❧❞ ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ♣r♦❜❛❜❧② ✐♥❞✐❝❛t❡s s♦♠❡ ✜❡❧❞ ❤♦♠♦❣❡♥❡✐t②
✐ss✉❡ ♣r❡s❡♥t ✐♥ t❤❡ ❩ ❛①✐s ❜✉t ♥♦t ✐♥ t❤❡ ❳ ❛①✐s✳ ❚❤✐s ❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ❧❛r❣❡r
✐♥❤♦♠♦❣❡♥❡♦✉s ❜r♦❛❞❡♥✐♥❣ ✇❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ ❩✱ ♣♦ss✐❜❧②
❧✐♥❦❡❞ t♦ t❤❡ ❧❛r❣❡ s❛♠♣❧❡ s✐③❡✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ ❛❝❤✐❡✈❡❞ ❝♦♥❞✐t✐♦♥s ❝❧♦s❡ t♦
str♦♥❣ ❝♦✉♣❧✐♥❣ ❢♦r ❉❈ ✜❡❧❞s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❳ ❛①✐s✱ ✇❤❡r❡❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
❛ ❧❛r❣❡r ❧✐♥❡✇✐❞t❤ ❛♥❞ ❛ ✇❡❛❦❡r ❝♦✉♣❧✐♥❣ ❧❡❛❞ t♦ ❛ ❝❧❛ss✐❝❛❧ ❜❡❤❛✈✐♦r ❢♦r ✜❡❧❞s
♣❛r❛❧❧❡❧ t♦ t❤❡ ❩ ❛①✐s✳
✷✵✻ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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A B
●r❛♣❤ ❆ ✜t ●r❛♣❤ ❇ ✜t
g❡✛ = 5.99± 0.05▼❍③ g❡✛ = 8.172± 0.021▼❍③
gS = 2.00802(26) gS = 2 ✭✜①❡❞✮
fr = ωr/2π = 1.523 45(3)●❍③ fr = ωr/2π = 1.523 446(7)●❍③
Γ = 27.193(27)▼❍③ Γ ∼ 5− 7▼❍③ ✭✜❣✉r❡ ✼✳✷✾✮
❋✐❣✉r❡ ✼✳✷✽✿ P❡❛❦ ♣♦s✐t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡t✉♥✐♥❣ ∆ = gSµB/hBX,Z − fr✳
❚❤❡ ♣♦s✐t✐♦♥s ❛r❡ ✜tt❡❞ t♦ ❡q✉❛t✐♦♥ ✭✼✳✶✺✮ ✐♥ ❣r❛♣❤ ❆ ❛♥❞ t♦ ❡q✉❛t✐♦♥ ✭✼✳✶✼✮ ✐♥ ❣r❛♣❤
❇✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡s ✐♥ ❣r❛♣❤ ❆ r❡♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦r ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✳✶✼✮ ✇✐t❤ t❤❡
❝♦✉♣❧✐♥❣ g ❢r♦♠ t❤❡ ✜t ✭✐♥ r❡❞✮✳ ■♥ ❜♦t❤ ❣r❛♣❤s✱ t❤❡ ❞♦tt❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ s♣✐♥
tr❛♥s✐t✐♦♥ ❡♥❡r❣② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡t✉♥✐♥❣✳ ❚❤❡ ❡rr♦r ❜❛rs ❤❛✈❡ ❧❡♥❣t❤ κ′✱ ✐✳❡✳
t❤❡ ♣❡❛❦ ✇✐❞t❤ ❛t ❡❛❝❤ ❞❡t✉♥✐♥❣ ✈❛❧✉❡✳
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✵✼
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❙✐♠✉❧❛t✐♦♥ ❉♦✉❜❧❡ ▲♦r❡♥t③✐❛♥ ✜t
ωr/2π = 1.5●❍③ ωr/2π = 1.5●❍③
g = 8▼❍③ g = 7.2▼❍③
κ = 2▼❍③ Γ = 7.2▼❍③
γ = 5▼❍③
❋✐❣✉r❡ ✼✳✷✾✿ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ♣❛r❛♠❡t❡rs s✐♠✐❧❛r t♦ t❤♦s❡ ♠❡❛s✉r❡❞ ✭s❡❡ s❡❝t✐♦♥ ✼✳✸✮✳
❆ s✐♥❣❧❡ s♣✐♥ ❛♥❞ ❧♦✇ ❡①❝✐t❛t✐♦♥ ♣♦✇❡r ✇❛s ✉s❡❞✳ ❋r♦♠ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❞❛t❛
♠❡❛s✉r❡❞ ✐♥ ✜❣✉r❡ ✼✳✷✽❇✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❛t t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t
✇❛s ❛r♦✉♥❞ ✺✲7▼❍③✳ ❆❧s♦✱ t❤❡ ❞♦✉❜❧❡ ▲♦r❡♥t③✐❛♥ ✜t t♦ t❤❡ s✐♠✉❧❛t✐♦♥ ✉♥❞❡r❡st✐♠❛t❡s
t❤❡ ✈❛❧✉❡ ♦❢ g✱ ✇❤✐❝❤ ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ❝♦♠♣❛r✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ✜ts ✐♥ ✜❣✉r❡
✼✳✷✼❇ ❛♥❞ ✼✳✷✽❇✳
✷✵✽ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
✼✳✹✳✷ ❈❛●❞❋ ♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦r
❲❡ ♥♦✇ t❡st t❤❡ s❛♠❡ ❤✐❣❤ q✉❛❧✐t② ❈❛●❞❋ ❝r②st❛❧ ✉s❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✷✳✷ ♦♥ ❛
✇✐❞❡ r❡s♦♥❛t♦r ✭200 ➭♠ ❣❛♣s ❛♥❞ 400 ➭♠ ❝❡♥t❡r ❧✐♥❡✮ ❧✐❦❡ t❤❡ ♦♥❡ ❢r♦♠ ✜❣✉r❡
✼✳✷✹✳ ❚❤❡ s❛♠♣❧❡ ❛♥❞ r❡s♦♥❛t♦r ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✵✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ✐s
s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ♦♥ ❉PP❍ ♣❡❧❧❡ts ✭✼✳✹✳✶✮ ✉s✐♥❣ ❛♣♣r♦♣r✐❛t❡ ✜❡❧❞ ❛♥❞
❢r❡q✉❡♥❝② r❛♥❣❡s ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❩ ❧❛❜♦r❛t♦r② ❛①✐s✳
❚❤❡ ✐♥❝✐❞❡♥t ♣♦✇❡r ❛♣♣❧✐❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✇❛s −30 ❞❇♠✳ ❚❤❡ ❢✉❧❧
tr❛♥s♠✐ss✐♦♥ s♣❡❝tr✉♠ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✶✳
❙✐♥❝❡ t❤❡ s❛♠♣❧❡ ❤❛s ❛♥ ❛♥✐s♦tr♦♣✐❝ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ s♣✐♥ 7/2 ✭s❡❡ ❡q✉❛t✐♦♥
✭✼✳✸✮✮✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ ✜♥❞ ♠✉❧t✐♣❧❡ ❢❡❛t✉r❡s ❛t ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s✳
❲❡ ✜t t❤❡ ❧✐♥❡s❤❛♣❡ ❛t ❡❛❝❤ ✜❡❧❞ t♦ ❡①tr❛❝t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ tr❛♥s✲
♠✐ss✐♦♥ ✈❛❧✉❡✱ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❛♥❞ ❧✐♥❡✇✐❞t❤ ❢♦r ❡❛❝❤ ❛♣♣❧✐❡❞ ✜❡❧❞ ✭✜❣✉r❡
✼✳✸✷✮✳ ❚❤✐s ❡①♣❡r✐♠❡♥t ✐s ❛♥❛❧♦❣♦✉s t♦ ❛ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ ❊P❘ ❡①♣❡r✐♠❡♥t
❛♥❞✱ ❛s s✉❝❤✱ t❤❡ ❡①♣❡❝t❡❞ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❊❛s②s♣✐♥
▼❛t❧❛❜ ♣❛❝❦❛❣❡ ❬✶✵❪✳ ❯s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs s❤♦✇♥ ✐♥ ❡q✉❛t✐♦♥ ✭✼✳✸✮ ❛♥❞ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✸✱ ✇❤✐❝❤ ✐s ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr✉♠✳
❈♦♠♣❛r✐♥❣ t♦ t❤❡ ❉PP❍ ❝❛s❡ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡ ❝♦✉♣❧✐♥❣s ❛r❡ r❛t❤❡r ✇❡❛❦ ✐♥ t❤✐s ❝❛s❡✳ ■❢ ✇❡ ♦❜s❡r✈❡ t❤❡ s❝❛❧❡ ♦❢ t❤❡ ❢r❡✲
q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✭✜❣✉r❡ ✼✳✷✼❇✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ♦s❝✐❧❧❛t✐♦♥s
❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ tr❛♥s✐t✐♦♥ ✭❡q✉❛❧ t♦ v2/γ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✶✺✮✮ ❛r❡ ✈❡r② s♠❛❧❧
❝♦♠♣❛r❡❞ t♦ t❤❡ ❉PP❍ ❝❛s❡ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡✱ ✜❣✉r❡ ✼✳✷✷ ♦r ✼✳✷✽✮ ✇❤❡r❡ t❤❡
❝❛✈✐t② ❞r✐❢t ❞✉❡ t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ✇❛s ♥♦t r❡❛❞✐❧② ❛♣♣r❡❝✐❛❜❧❡ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❛❜s♦r♣t✐♦♥ ❢❡❛t✉r❡✳ ❚❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣ ❛r❡ ❛❧s♦ ❤❛r❞ t♦ ❡①tr❛❝t
❢r♦♠ t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ s✐♥❝❡ ♠❛♥② ♦❢ t❤❡ ❧✐♥❡s ♦✈❡r❧❛♣ ♦r ❤❛✈❡ ❧❛r❣❡
❜❛❝❦❣r♦✉♥❞ ❞r✐❢ts ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐❣♥❛❧✳ ■♥ ❛♥② ❝❛s❡✱ t❤❡ ❝♦✉♣❧✐♥❣ ✈❛❧✉❡ ♦❢
♦♥❡ ♦❢ t❤❡ ♠♦r❡ ✐s♦❧❛t❡❞ ❧✐♥❡s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡✳
❚❛❦✐♥❣ t❤❡ ♣❡❛❦ ❛t t❤❡ ❤✐❣❤❡st ✜❡❧❞✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✜t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✹✱
✇✐t❤ ❛ ❝♦✉♣❧✐♥❣ ♦❢ g ∼ 0.9●❍③✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ s♠❛❧❧ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛r❣❡
s❛♠♣❧❡ s✐③❡✳
❚❤❡ ❝❛✉s❡ ❢♦r t❤✐s r❡❧❛t✐✈❡❧② ❧♦✇ ❝♦✉♣❧✐♥❣ ✐s ❧✐❦❡❧② t❤❡ ❢❛❝t t❤❛t t❤❡ ✜❡❧❞
✐s ♥♦t ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ♦♣t✐♠❛❧ ❞✐r❡❝t✐♦♥ t♦ ✐♥❞✉❝❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡ s❛♠♣❧❡✳
❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✭s❡❝t✐♦♥ ✼✳✹✳✶✱ ❉PP❍ ♣❡❧❧❡ts✮✱ ❞✉❡ t♦ t❤❡
❣❡♦♠❡tr② ♦❢ t❤❡ ✇✐❞❡ r❡s♦♥❛t♦r ✉s❡❞✱ ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ ❛♣♣❧② t❤❡ t✉♥✐♥❣ ✜❡❧❞ ✐♥
t❤❡ ❳ ❧❛❜♦r❛t♦r② ❞✐r❡❝t✐♦♥ s✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✐♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥
s✉♣♣r❡ss❡s ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ✭r❢
✜❡❧❞s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❉❈ ✜❡❧❞ ❞♦ ♥♦t ❣❡♥❡r❛❧❧② ❝♦♥tr✐❜✉t❡ t♦ tr❛♥s✐t✐♦♥s✮✳ ❆√
2 ❢❛❝t♦r ❡♥❤❛♥❝❡♠❡♥t ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❛tt❛✐♥❛❜❧❡ ✐❢ t❤❡ ❉❈ ✜❡❧❞ ❤❛❞ ❜❡❡♥
❛♣♣❧✐❡❞ t❤❡ ❳ ❞✐r❡❝t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ s♣✐♥ ❞❡♥s✐t② ♦❢ t❤❡ s❛♠♣❧❡ ✐s ❛❧s♦
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✵✾
z
x
y
❋✐❣✉r❡ ✼✳✸✵✿ ▼✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ ❈❛●❞❋ ❝r②st❛❧ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s♦♥❛t♦r✳ ❚❤❡
❝r②st❛❧ ❤❛s t❤❡ ❬✶✶✵❪ ❛①✐s ♣❛r❛❧❡❧❧ t♦ t❤❡ ❧♦♥❣ ❝r②st❛❧ ❡❞❣❡s✱ ✇❤✐❧❡ t❤❡ t♦♣ ❢❛❝❡ ✐s t❤❡
(111) ♣❧❛♥❡✳ ❚❤❡ ❧❛❜♦r❛t♦r② ✭♠❛❣♥❡t✮ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✐s ❛❧s♦ s❤♦✇♥✳
❋✐❣✉r❡ ✼✳✸✶✿ ❚r❛♥s♠✐ss✐♦♥ ✐♥t❡♥s✐t② ♦❢ ❛ ❈❛●❞❋ ❝r②st❛❧ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s♦♥❛t♦r
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡
❧❛❜♦r❛t♦r② ❩ ❛①✐s ✭♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ♣❛r❛❧❡❧❧ t♦ t❤❡
s✉r❢❛❝❡✮✳
✷✶✵ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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❋✐❣✉r❡ ✼✳✸✷✿ P❡❛❦ tr❛♥s♠✐ss✐♦♥ ✭❆✮✱ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✭f ′✱ ❇✮ ❛♥❞ ♣❡❛❦ ✇✐❞t❤ ✭κ′✱
❈✮ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t ✐♥ ✜❣✉r❡ ✼✳✸✶✳ ❯♣ t♦ ✼ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✳
❧♦✇ ✭s♣✐♥ ❞❡♥s✐t② ♦❢ ❛❜♦✉t ρs ≃ 6.5× 1018 ❝♠−3 ❝♦♠♣❛r❡❞ t♦ 2× 1021 ❝♠−3 ❢♦r
❉PP❍✮ ✇❤✐❧❡ t❤❡ ❞❡♣❤❛s✐♥❣ r❛t❡ ✐s s♦♠❡✇❤❛t ❤✐❣❤ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢
●❞✸✰ ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ✇✐t❤ ♥❡✐❣❤❜♦r✐♥❣ ✢✉♦r✐♥❡ ♥✉❝❧❡❛r s♣✐♥s ❬✼❪✳ ❆❧❧ t❤❡s❡
❡✛❡❝ts ❝♦♥tr✐❜✉t❡ t♦ ♠❛❦❡ ✐t ❡✈❡♥ ❤❛r❞❡r t♦ ❛❝❤✐❡✈❡ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡s
✇✐t❤ t❤✐s t②♣❡ ♦❢ s❛♠♣❧❡✳ ❖✉r ♠❡❛s✉r❡❞ ❧✐♥❡✇✐❞t❤ ♠❛② ❜❡ ♦✈❡r❡st✐♠❛t❡❞ s✐♥❝❡
t❤✐s s❛♠♣❧❡ ❝❛♥ ❛❧s♦ ❜❡ s✉s❝❡♣t✐❜❧❡ t♦ t❤❡ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ✇❡ s❛✇ ❢♦r
t❤❡ ❉PP❍ ♣❡❧❧❡ts✳
✼✳✹✳✸ ●❞❲
✸✵
♦♥ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦r
❊✈❡♥ t❤♦✉❣❤ ♦r r❡s♦♥❛t♦rs ❛r❡ ♥♦t ❛t t❤❡ ✐❞❡❛❧ ❢r❡q✉❡♥❝② t♦ ❛❝❝❡ss ●❞❲✸✵
s❛♠♣❧❡s✱ ✇❡ ❛tt❡♠♣t ❛ ♠❡❛s✉r❡♠❡♥t ✇✐t❤ ❛ ❞✐❧✉t❡❞ ❝r②st❛❧ ✭❨✵✳✾✾●❞✵✳✵✶❲✸✵✮
♣❧❛❝❡❞ ♦♥ t❤❡ s❛♠❡ r❡s♦♥❛t♦r ✉s❡❞ ❢♦r t❤❡ ❉PP❍ ♣❡❧❧❡ts ❛♥❞ t❤❡ ●❞❈❛❋ ❝r②st❛❧
✭✜❣✉r❡ ✼✳✸✺✮✳ ❆ s✐♠✐❧❛r ❡①♣❡r✐♠❡♥t t♦ t❤❛t ❞♦♥❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ●❞❈❛❋ ✐s
♣❡r❢♦r♠❡❞✳ ❚❤❡ ✐♥❝✐❞❡♥t ♣♦✇❡r ❛♣♣❧✐❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✇❛s −20
❞❇♠✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ♣❡❛❦ ♣r♦♣❡rt✐❡s ❛r❡ ❡①tr❛❝t❡❞ ❢♦r ❡❛❝❤ ✜❡❧❞ ❜② ✜tt✐♥❣
t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ t♦ ❛ ❧♦r❡♥t✐③❛♥ ❧✐♥❡s❤❛♣❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s
♦❢ t❤❡ ♣❡❛❦ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡✱ ♣❡❛❦ ❢r❡q✉❡♥❝② ❛♥❞ ♣❡❛❦ ✇✐❞t❤ ❛r❡ s❤♦✇♥
✐♥ ✜❣✉r❡ ✼✳✸✻✳ ◆♦ ❢❡❛t✉r❡s ✇❡r❡ ✈✐s✐❜❧❡ ♦♥ t❤❡ s♣❡❝tr✉♠ ❡①❝❡♣t ❢♦r ❛ s♠❛❧❧
❛❜s♦r♣t✐♦♥ ❛t ❛❜♦✉t 25♠❚✳
✼✳✹✳ ❙❛♠♣❧❡ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✷✶✶
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f0 = 1.495 GHz
Easyspin simulation
❋✐❣✉r❡ ✼✳✸✸✿ ❈❛✈✐t② tr❛♥s♠✐ss✐♦♥ ❢r♦♠ ✜❣✉r❡ ✼✳✸✷❆ ❝♦♠♣❛r❡❞ t♦ ❛♥ ❊❛s②❙♣✐♥ s✐♠✉✲
❧❛t❡❞ ❊P❘ ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ❢♦r ❍❛♠✐❧t♦♥✐❛♥ ✭✼✳✸✮✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❤❛s ❛ ❝❛✈✐t②
❢r❡q✉❡♥❝② ♦❢ 1.4956●❍③ ❛♥❞ ❛ ❣❛✉ss✐❛♥ ❜r♦❛❞❡♥✐♥❣ ♦❢ 2.3♠❚ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥✳ ❚❤❡
❛♥❣✉❧❛r ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✐s θ = 42.25◦ ❛♥❞ φ = 0 ✐♥ t❤❡ ❝r②st❛❧ ❢r❛♠❡✱ ❛♣♣r♦①✐✲
♠❛t❡❧② t❤❡ ❡①♣❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✭s❡❡ ✜❣✉r❡ ✼✳✸✵✮✳
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❋✐❣✉r❡ ✼✳✸✹✿ ❋✐t t♦ ❛❜s♦r♣t✐♦♥ ♣❡❛❦ ❛t BZ ∼ 0.085❚ ❢r♦♠ ✜❣✉r❡ ✼✳✸✷❇✳ ❚❤❡ ❤♦r✐③♦♥t❛❧
s❝❛❧❡ ❤❛s ❜❡❡♥ r❡s❝❛❧❡❞ t♦ s❤♦✇ ❞❡t✉♥✐♥❣ ∆ ✐♥st❡❛❞ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭∆ = gSµB/hB−
fr✳ ❚❤❡ ❝✉r✈❡ ✐s ✜tt❡❞ t❤❡ ❡q✉❛t✐♦♥ ✭✼✳✶✺✮ ❛♥❞ t❤❡ ✜t r❡s✉❧ts ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ❣r❛♣❤
✭r❡❞✮✳
✷✶✷ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
Z
X
Y
❋✐❣✉r❡ ✼✳✸✺✿ ❉✐❧✉t❡❞ ●❞❲✸✵ ❝r②st❛❧ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s♦♥❛t♦r✳
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1.234
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❋✐❣✉r❡ ✼✳✸✻✿ P❡❛❦ tr❛♥s♠✐ss✐♦♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t ♣❡r❢♦r♠❡❞ ♦♥ ❛ ●❞❲✸✵
❝r②st❛❧✳ ❚❤❡ ❣r❛♣❤s ❆✱❇ ❛♥❞ ❈ s❤♦✇ t❤❡ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡✱ ♣❡❛❦ ❢r❡q✉❡♥❝② ❛♥❞
✇✐❞t❤ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❧② ❛ s♠❛❧❧ ❛❜s♦r♣t✐♦♥ ❢❡❛t✉r❡ ✐s ✈✐s✐❜❧❡ ❛t ❛❜♦✉t 25♠❚✳
✼✳✺✳ ▼❡❛s✉r❡♠❡♥t ♦❢ t❤❡ s✐❣♥❛❧ ❡♥❤❛♥❝❡♠❡♥t ♦♥ ❛ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥ ✷✶✸
❚❤❡ s✐❣♥❛❧ ✐s ❢❛r t♦♦ ✇❡❛❦ t♦ ❜❡ ♣r♦♣❡r❧② ✜t✱ ❜✉t ❛ r♦✉❣❤ ❡st✐♠❛t❡ ❝❛♥
❜❡ ♠❛❞❡ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✉♣✇❛r❞ ❛♥❞ ❞♦✇♥✇❛r❞ ♣❡❛❦ ✐♥
t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ✭✜❣✉r❡ ✼✳✸✻❇✱ ❛❜♦✉t Γ ∼ 2♠❚ ∼ 120▼❍③✮ ❛♥❞ t❤❡
❤❡✐❣❤t ♦❢ t❤❡ ♣❡❛❦ ✐♥ t❤❡ ✇✐❞t❤ ❞❡♣❡♥❞❡♥❝❡ ✭✜❣✉r❡ ✼✳✸✻❈✱ κ′ − κ ∼ 2 ❦❍③✳ ❆t
r❡s♦♥❛♥❝❡ ✭∆ = Ω−ωr = 0✮ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✳✶✻✮ ✇❡ s❤♦✉❧❞ ❤❛✈❡ κ′−κ = v2/Γ✳
❚❤✐s ❣✐✈❡s ✉s ❛ ❝♦✉♣❧✐♥❣ ♦❢ ❛t ❜❡st v ∼ g ∼ 490 ❦❍③✱ ♠✉❝❤ ❧♦✇❡r t❤❛♥ ✐♥
t❤❡ ♦t❤❡r ❝❛s❡s✳ ❚❤✐s ❛❜s♦r♣t✐♦♥ ✐s ♠♦st ❧✐❦❡❧② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s♣✐♥ ±1/2
tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ●❞✸✰ ✐♦♥ t❤❛t ✐s ♣r♦❜❛❜❧② t❤❡ ♦♥❧② tr❛♥s✐t✐♦♥ ❛❝❝❡ss✐❜❧❡ ❛t
t❤❡s❡ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ✈❛❧✉❡ s❡❡♠s t♦ ❜❡ ✐♥ ❧✐♥❡ ✇✐t❤ ✇❤❛t ♠❛② ❜❡ ❡①♣❡❝t❡❞
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧♦✇ s♣✐♥ ❞❡♥s✐t② ✭ρs ≃ 3.07× 1018 ❝♠−3 s✐♥❝❡ t❤❡ ❝r②st❛❧ ✐s
❞✐❧✉t❡❞ t♦ ✶✪✮✱ ❡✈❡♥ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ❈❛●❞❋ ❛❧t❤♦✉❣❤ ❞✐✛❡r❡♥❝❡s ✐♥ s❛♠♣❧❡
s✐③❡ ❛♥❞ ♣❧❛❝❡♠❡♥t ♠❛❦❡s ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❈❛●❞❋ ❡①♣❡r✐♠❡♥t
❞✐✣❝✉❧t✳ ❚❤❡ ❤✐❣❤ ❧✐♥❡✇✐❞t❤ ✭Γ ∼ 120▼❍③✮ ✐♥❞✐❝❛t❡s ❛ ❧♦✇ T2 ∼ Γ−1 ∼ 10 ♥s
✇❤✐❝❤✱ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ s❡❝t✐♦♥ ✺✳✷✳✺ ✭T2 ∼
300 ♥s✮✱ s❡❡♠s t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛❞❞✐t✐♦♥❛❧ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts
♠✉st ❜❡ ♣r❡s❡♥t✳ ❚❤❡ ❝r②st❛❧ ✐s ❧✐❦❡❧② s✉❜❥❡❝t t♦ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ B02 ❛♥❞ B
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str❛✐♥ ❡✛❡❝ts ✭s❡❝t✐♦♥ ✺✳✷✳✶✮ ❛s t❤❡ s❛♠♣❧❡ ♠❡❛s✉r❡❞ ♦♥ ❛♥ ♦♣❡♥ ✇❛✈❡❣✉✐❞❡
✭s❡❝t✐♦♥ ✼✳✷✳✸✮ ❛s ✇❡❧❧ ❛s t♦ s♦♠❡ ❞❡❣r❛❞❛t✐♦♥ ❡✛❡❝ts t❤❛t ♠❛❦❡ t❤❡ s❛♠♣❧❡
♠♦r❡ ♣♦✇❞❡r✲❧✐❦❡ t❤❛♥ ❝r②st❛❧❧✐♥❡✳
✼✳✺ ▼❡❛s✉r❡♠❡♥t ♦❢ t❤❡ s✐❣♥❛❧ ❡♥❤❛♥❝❡♠❡♥t ♦♥ ❛
♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡t✉r♥ t♦ t❤❡ ❉PP❍ s❛♠♣❧❡✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ ✇❡ ♠❡❛s✉r❡ ❛
s♠❛❧❧ ❞r♦♣❧❡t ❞❡♣♦s✐t❡❞ ✉s✐♥❣ ❛ ❞✐♣✲♣❡♥ t✐♣ ✭s❡❡ s❡❝t✐♦♥ ✷✳✺✳✷✮ ♦♥ ❛ t❤✐♥ ❈P❲
r❡s♦♥❛t♦r ✭14 ➭♠ ❝❡♥t❡r ❧✐♥❡ ❛♥❞ 7 ➭♠ ❣❛♣s✮ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ♥❛♥♦♠❡tr✐❝
❝♦♥str✐❝t✐♦♥ ✐♥ ✐ts ❝❡♥t❡r tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✳ ❚❤❡ ❞✐✛❡r❡♥t ❞r♦♣❧❡ts ♠❡❛s✉r❡❞
❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✼ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦♥str✐❝t✐♦♥ ✉s❡❞ ❛♥❞ t❤❡ ❜❛❝❦❣r♦✉♥❞
tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛✳ ❇♦t❤ ❞r♦♣❧❡ts ✇❡r❡ ♣r❡♣❛r❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡
❛♥❞ t❛❦❡♥ ❢r♦♠ ❛ s♦❧✉t✐♦♥ ♦❢ ❉PP❍ ✐♥ ❉▼❋ ❛♥❞ ✺✪ ❣❧②❝❡r♦❧ ✇✐t❤ ❛ ❝♦♥❝❡♥✲
tr❛t✐♦♥ ♦❢ 10♠❣♠❧−1✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞❡♣♦s✐ts ❤❛✈❡ ❛❜♦✉t 60 ➭♠ ❞✐❛♠❡t❡r ❛♥❞
❛ t❤✐❝❦♥❡ss ♦❢ ❜❡t✇❡❡♥ ✺✵ ❛♥❞ 100 ♥♠ ❛s ❞❡t❡r♠✐♥❡❞ ❜② ❆❋▼ ♠✐❝r♦s❝♦♣②✳
❚❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐♥ s❡❝t✐♦♥ ✼✳✹✳✶ ✇✐t❤
♦✉r ♠✐♥✐♠✉♠ ❡①❝✐t❛t✐♦♥ ♣♦✇❡r ♦❢ ✲✺✶ ❞❇♠ ♦✉t♣✉t ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ❛♥❛❧②③❡r✳
❚❤❡ ✜❡❧❞✱ ✐♥ t❤❡ ❩ ❞✐r❡❝t✐♦♥✱ ✐s s✇❡♣t ♦✈❡r t❤❡ r❛♥❣❡ ✵✲0.1❚ ❛t t❤❡ ❝❡♥t❡r
♦❢ ✇❤✐❝❤ t❤❡ ❉PP❍ r❡s♦♥❛♥❝❡ s❤♦✉❧❞ ❜❡ ❞❡t❡❝t❡❞✳ ❚❤❡ ❢✉❧❧ ♠❡❛s✉r❡♠❡♥t
r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✸✽ ❢♦r ❜♦t❤ ❝❛s❡s✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ ❞r♦♣❧❡t
✐s ✐♥✈✐s✐❜❧❡ ❢♦r t❤❡ r❡s♦♥❛t♦r ❤❛✈✐♥❣ ♥♦ ❝♦♥str✐❝t✐♦♥✳ ■♥ ❝♦♥tr❛st✱ ✇❤❡♥ t❤❡
❞r♦♣❧❡t ✐s ❞❡♣♦s✐t❡❞ ♦♥t♦ t❤❡ ❝♦♥str✐❝t✐♦♥ ✇❡ s❡❡ ❛♥ ❛❜s♦r♣t✐♦♥ s✐❣♥❛❧ ❛t t❤❡
❡①♣❡❝t❡❞ ✜❡❧❞✳ ■♥ ✜❣✉r❡ ✼✳✸✾ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s♦♥❛♥❝❡ ♣r♦♣❡rt✐❡s ❢♦r ❡❛❝❤
✷✶✹ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
1.401 1.4015 1.402 1.4025 1.403
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❋✐❣✉r❡ ✼✳✸✼✿ ❉PP❍ ❞r♦♣❧❡ts ❞❡♣♦s✐t❡❞ ✉s✐♥❣ ❛ ❞✐♣✲♣❡♥ ❆❋▼ t✐♣ ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲
r❡s♦♥❛t♦r ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❝♦♥str✐❝t✐♦♥✳ ●r❛♣❤ ❆ s❤♦✇s ❛ ❝♦♥str✐❝t✐♦♥ t❤❛t ❤❛s
❛ ❧❡♥❣t❤ ♦❢ 15 ➭♠✱ ❛ ✇✐❞t❤ ♦❢ 100 ♥♠ ❛♥❞ 150 ♥♠ t❤✐❝❦♥❡ss✳ ●r❛♣❤s ❇ ❛♥❞ ❈ s❤♦✇
♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡s ♦❢ t✇♦ ❞r♦♣❧❡ts ❞❡♣♦s✐t❡❞ ♦♥t♦ ❛ r❡s♦♥❛t♦r ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ ❛ ❝♦♥✲
str✐❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ✇❡r❡ ♣r❡♣❛r❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛♥❞ s❤♦✉❧❞ ✐♥
♣r✐♥❝✐♣❧❡ ❝♦♥t❛✐♥ s✐♠✐❧❛r s❛♠♣❧❡ q✉❛♥t✐t✐❡s✳ ●r❛♣❤ ❉ s❤♦✇s t❤❡ ❜❛❝❦❣r♦✉♥❞ tr❛♥s♠✐s✲
s✐♦♥ s♣❡❝tr❛ ❢♦r ❜♦t❤ r❡s♦♥❛t♦rs✳ ❲❡ s❡❡ t❤❛t ❜♦t❤ ❤❛✈❡ ✈❡r② s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐st✐❝s✳
✜❡❧❞ ✈❛❧✉❡ ❛♥❞ ❝❧❡❛r❧② s❡❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❛❜s♦r♣t✐♦♥ ❡✛❡❝t ✐♥ t❤❡ ❝♦♥str✐❝t✐♦♥
❝❛s❡ t❤❛t ✐s ❛❜s❡♥t ✇❤❡♥ ❛ ♥♦r♠❛❧ r❡s♦♥❛t♦r ✐s ✉s❡❞✳
❆s ✉s✉❛❧✱ ✇❡ ✜t t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ❢r♦♠ ✜❣✉r❡ ✼✳✸✾❇ t♦ t❤❡ ♠♦❞❡❧
❡q✉❛t✐♦♥ ✭✼✳✶✺✮ t♦ ♦❜t❛✐♥ t❤❡ ♠❡❛s✉r❡❞ ❝♦✉♣❧✐♥❣ ✈❛❧✉❡ ❛♥❞ s♣✐♥ ❧✐♥❡✇✐❞t❤✳ ❚❤✐s
✜t ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✹✵ ✇❤❡r❡ ✇❡ ✜♥❞ t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ✐s ❛❜♦✉t g ≃ 370 ❦❍③✱
❛❜♦✉t ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♠✐❝r♦♣✐♣♣❡t❡ ❞r♦♣
✭s❡❝t✐♦♥ ✼✳✹✳✶✮✳ ❚❤❡ ❧✐♥❡✇✐❞t❤ ✐s ❢♦✉♥❞ t♦ ❜❡ ❛❜♦✉t Γ ≃ 6▼❍③✱ s✐♠✐❧❛r t♦ t❤❡
♣r❡✈✐♦✉s ❉PP❍ ♠❡❛s✉r❡♠❡♥ts✳
❚❤❡ ❧♦✇ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❧❛r❣❡ ❧✐♥❡✇✐❞t❤ ❞♦ ♥♦t
❛❧❧♦✇ ✉s t♦ s❡❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ✐♥ t❤✐s ❝❛s❡✳ ❲❡ ❞♦ ❤♦✇❡✈❡r ❣❡t ❛ s✐❣♥✐✜❝❛♥t
❡♥❤❛♥❝❡♠❡♥t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦♥✲❝♦♥str✐❝t❡❞ r❡s♦♥❛t♦r✳ ❚❤❡ ✈❛❧✉❡s ♦❢
t❤❡ ❝♦✉♣❧✐♥❣ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥ts ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ s✐♠✉❧❛t❡❞ ♣r❡✲
❞✐❝t✐♦♥s ❢♦r t❤✐s ❣❡♦♠❡tr②✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r ❝r♦ss s❡❝t✐♦♥s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❡s ❛♥❞
s❛♠♣❧❡ s✐③❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❲❡ t❤❡♥ ✜♥❞ t❤❛t✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
♦♥❧② t❤❡ ❝r♦ss s❡❝t✐♦♥✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❝♦♥str✐❝t✐♦♥ ❝❛s❡ ❛♥❞ t❤❡ s❛♠♣❧❡
❝♦♥s✐❞❡r❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✹✳✶ s❤♦✉❧❞ ❜❡ ❛❜♦✉t ❡q✉❛❧ t♦ ✶✳ ■❢ ✇❡ t❤❡♥ ❛❧s♦ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ s❝❛❧❡s ✇✐t❤ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ s❛♠♣❧❡ ❧❡♥❣t❤
✭1.5♠♠ ❢♦r t❤❡ ❧❛r❣❡ ❞r♦♣ ❛♥❞ 15 ➭♠ ❢♦r t❤❡ ❝✉rr❡♥t s❛♠♣❧❡✮ ✇❡ ✜♥❞ ❛♣♣r♦①✲
✐♠❛t❡❧② t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ r❡❞✉❝t✐♦♥ ❢♦r t❤❡ ❝♦♥str✐❝t✐♦♥ s❛♠♣❧❡✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ❞♦ ♥♦t ✐♥❝❧✉❞❡ t❤❡ ❝♦♥str✐❝t✐♦♥ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❡ ✜♥❞
✼✳✺✳ ▼❡❛s✉r❡♠❡♥t ♦❢ t❤❡ s✐❣♥❛❧ ❡♥❤❛♥❝❡♠❡♥t ♦♥ ❛ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥ ✷✶✺
Without Constriction With Constriction
❋✐❣✉r❡ ✼✳✸✽✿ ❚r❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t ♦❢ ❉PP❍ ❞r♦♣❧❡ts ♦♥ ❛ ♥✐♦❜✐✉♠ ❈P❲ r❡s✲
♦♥❛t♦r ✇✐t❤♦✉t ✭❆✮ ❛♥❞ ✇✐t❤ ✭❇✮ ❛ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥✳ ❚❤❡ ❣r❡②s❝❛❧❡ s❤♦✇s t❤❡
♠❡❛s✉r❡❞ tr❛♥s♠✐ss✐♦♥ ✐♥t❡♥s✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞r✐✈✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❉❈
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❧❛❜♦r❛t♦r② ❩ ❛①✐s✳
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❋✐❣✉r❡ ✼✳✸✾✿ P❡❛❦ tr❛♥s♠✐ss✐♦♥ ✭❆✮✱ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✭f ′✱ ❇✮ ❛♥❞ ♣❡❛❦ ✇✐❞t❤ ✭κ′✱ ❈✮
❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ✐♥ ✜❣✉r❡ ✼✳✸✽✳ ❆♥ ❛❜s♦r♣t✐♦♥ ❢❡❛t✉r❡ ✐s ✈✐s✐❜❧❡ ✐♥ t❤❡ ❝♦♥str✐❝t✐♦♥
❝❛s❡ t❤❛t ✐s ❛❜s❡♥t ✐♥ t❤❡ ♥♦r♠❛❧ ❝❛s❡✳
✷✶✻ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
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❋✐❣✉r❡ ✼✳✹✵✿ ❋✐t ♦❢ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ✭✼✳✶✺✮ t♦ t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ ❝♦♥str✐❝t❡❞
r❡s♦♥❛t♦r s②st❡♠✳ ❚❤❡ ❢r❡q✉❡♥❝② ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✈❛❧✉❡ ✐s ♣❧♦tt❡❞ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ❞❡t✉♥✐♥❣ ∆ = gSµB/hBZ − fr✳ ❚❤❡ r❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ✜t
✇❤✐❧❡ t❤❡ ❜❧✉❡ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ t❤❡♦r❡t✐❝❛❧ ❧❡✈❡❧ ♣♦s✐t✐♦♥s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✳✶✼✮ ✇✐t❤
t❤❡ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ✜t✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ✉♥❝♦✉♣❧❡❞ s♣✐♥ tr❛♥s✐t✐♦♥
❡♥❡r❣②✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✜t ♣❛r❛♠❡t❡rs ❛r❡ g = 370 ❦❍③✱ gS = 2.017 ❛♥❞ Γ = 6▼❍③✳
❛❜♦✉t t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ✉♥❛❜❧❡ t♦ t♦ s❡❡ ❛♥② ❛❜s♦r♣t✐♦♥ ✐♥ ♦✉r ♥♦♥✲❝♦♥str✐❝t❡❞
r❡s♦♥❛t♦r✳
❚❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ s♣✐♥ 1/2 s②st❡♠s ❞❡t❡❝t❛❜❧❡ ✐s ❤❛r❞ t♦ ❛s❝❡rt❛✐♥
❢r♦♠ t❤✐s ❡①♣❡r✐♠❡♥t s✐♥❝❡ t❤❡ ❞r♦♣ ❡①t❡♥❞s ❜❡②♦♥❞ t❤❡ ❝♦♥str✐❝t✐♦♥ r❡❣✐♦♥
♠❛❦✐♥❣ ✐t ❤❛r❞ t♦ ❡✈❛❧✉❛t❡ ✇❤❛t t❤❡ ❛❝t✐✈❡ ✈♦❧✉♠❡ ✐s✳ ❆ ❞r♦♣ ♠♦r❡ ❝♦♥✜♥❡❞
t♦ t❤❡ ❝♦♥str✐❝t✐♦♥ r❡❣✐♦♥ ❝♦✉❧❞ ❛❧❧♦✇ ✉s ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥✳ ■t ✐s ❤♦✇❡✈❡r
❝❧❡❛r t❤❛t t❤❡ ❡♥❤❛♥❝❡♠❡♥t ♠✉st ❝♦♠❡ ❢r♦♠ t❤❡ ❝♦♥str✐❝t✐♦♥ r❡❣✐♦♥ ♠❡❛♥✐♥❣
t❤❛t ✇❡ ❝♦✉❧❞ ✐♥ ♣r✐♥❝✐♣❧❡ ❤❛✈❡ s❛♠♣❧❡ ♦♥❧② ✐♥ ❛ s♠❛❧❧ ✈♦❧✉♠❡ s✉rr♦✉♥❞✐♥❣
t❤❡ ✇✐r❡✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r s✐♠✉❧❛t✐♦♥s ❢♦r t❤✐s ❞❡✈✐❝❡✬s ❣❡♦♠❡tr②✱ t❤✐s ❛❝t✐✈❡
r❡❣✐♦♥✬s ❝r♦ss s❡❝t✐♦♥ ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ❞♦✇♥ t♦ 1 ➭♠ ❜② 200 ♥♠ ✇✐t❤♦✉t ❛ s✐❣✲
♥✐✜❝❛♥t ❡✛❡❝t ♦♥ t❤❡ ✜❡❧❞ ✐♥t❡❣r❛❧s ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❝♦✉♣❧✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❢♦r
♦✉r s❛♠♣❧❡ ✇❡ ❡st✐♠❛t❡ t❤❛t ❛ ✈♦❧✉♠❡ ♦❢ 15 ➭♠ × 1 ➭♠ × 200 ♥♠ ❝♦♥tr✐❜✉t❡s
✇❤✐❝❤✱ ❛ss✉♠✐♥❣ t❤❡ ❜✉❧❦ s♣✐♥ ❞❡♥s✐t② ♦❢ ❉PP❍✱ ❛♠♦✉♥ts t♦ ∼ 109 − 1010
s♣✐♥s✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❇♦❧t③♠❛♥♥ ❢❛❝t♦r ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ t❡♠✲
♣❡r❛t✉r❡ ✭✹ ❑✮✱ t❤❡ ❛❝t✉❛❧ ❝♦♥tr✐❜✉t✐♥❣ s♣✐♥ ♥✉♠❜❡r ✐♥ t❤✐s ❡①♣❡r♠❡♥t ❝♦✉❧❞
❜❡ ❛r♦✉♥❞ ∼ 106 − 107✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s✐❣♥❛❧ ❛♥❞ ♥♦✐s❡ ❧❡✈❡❧s ✐♥ ♦✉r
❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❡✛❡❝t ✐s ♠♦st ❡❛s✐❧② ❞❡t❡❝t❛❜❧❡ ✐♥ t❤❡ ❧✐♥❡✇✐❞t❤ ✇❤❡r❡ t❤❡
♥♦✐s❡ ❧❡✈❡❧ ✐s r♦✉❣❤❧② 4 ❦❍③ ❝♦♠♣❛r❡❞ t♦ ❛ 35 ❦❍③ ✈❛r✐❛t✐♦♥ ♦♥ r❡s♦♥❛♥❝❡✳ ❚❤✐s
✼✳✻✳ ❙✉♠♠❛r② ❛♥❞ ❈♦♥❝❧✉s✐♦♥s ✷✶✼
✈❛r✐❛t✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧✱ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✼✳✶✻✮✱ t♦ g2 ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s❛♠♣❧❡ ❧❡♥❣t❤✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❛♠♣❧❡
♦r ❝♦♥str✐❝t✐♦♥ ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ❛❜♦✉t ❛ ❢❛❝t♦r ✽ ✭❞♦✇♥ t♦ ❛r♦✉♥❞ 2 ➭♠ ✐♥
❧❡♥❣t❤✮ ❛♥❞ st✐❧❧ ❜❡ ❛❜❧❡ t♦ ❞❡t❡❝t t❤❡ s❛♠♣❧❡✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤✐s s❛♠♣❧❡ ❛♥❞
t❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✱ ♦✉r ♠✐♥✐♠✉♠ ❞❡t❡❝t❛❜❧❡ ♥✉♠❜❡r ♦❢ s♣✐♥s 1/2
s❤♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ 105 − 106✳
❚❤❡ r❡s✉❧ts ❢♦r ❝♦✉♣❧✐♥❣s ❢♦r t❤✐s t②♣❡ ♦❢ r❡s♦♥❛t♦r ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❜❡ ✐♠✲
♣r♦✈❡❞ ✐♥ s❡✈❡r❛❧ ✇❛②s✳ ▼♦✈✐♥❣ t♦ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛❧❧♦✇s ❢♦r ❤✐❣❤❡r ❡♥❡r❣②
❞❡♥s✐t✐❡s ✐♥ t❤❡ ❝❛✈✐t② ❛♥❞ t❤❡r❡❢♦r❡ ❤✐❣❤❡r ❝♦✉♣❧✐♥❣s ✭geff s❝❛❧❡s ❛♣♣r♦①✐♠❛t❡❧②
❧✐♥❡❛r❧② ✇✐t❤ t❤❡ r❛❞✐❛t✐♦♥ ❢r❡q✉❡♥❝②✱ s❡❡ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮ ❛♥❞ ✭✹✳✷✸✮✮✳ ❚❤✐s ✐♥✲
❝r❡❛s❡ ✐♥ ❢r❡q✉❡♥❝② ❛❧s♦ ✐♠♣r♦✈❡s t❤❡ ❇♦❧t③♠❛♥♥ ❢❛❝t♦r ❜② r❡❞✉❝✐♥❣ t❤❡ ❡①❝✐t❡❞
st❛t❡ ♣♦♣✉❧❛t✐♦♥✳ ■❞❡❛❧❧②✱ t❤❡ t❡♠♣❡r❛t✉r❡ s❤♦✉❧❞ ❜❡ ❧♦✇❡r❡❞ ❛♥❞ ♦♣❡r❛t✐♥❣ ❢r❡✲
q✉❡♥❝② ✐♥❝r❡❛s❡❞ s✉❝❤ t❤❛t t❤❡ ❡①✐t❡❞ st❛t❡ ✐s ♥♦t t❤❡r♠❛❧❧② ♣♦♣✉❧❛t❡❞✳ ❚❤✐s
✇♦✉❧❞ ♠❛❦❡ ❛❧♠♦st ❛❧❧ s♣✐♥s ♣r❡s❡♥t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s✐❣♥❛❧✳ ◆❛rr♦✇❡r ❝♦♥✲
str✐❝t✐♦♥s✱ ❧✐❦❡ t❤♦s❡ s❤♦✇♥ ✐♥ ❝❤❛♣t❡r ✻ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❢✉rt❤❡r ✐♥❝r❡❛s❡
t❤❡ r❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚♦ ♠❡❛s✉r❡ ❡✈❡♥ s♠❛❧❧❡r s❛♠♣❧❡s ❝❛r❡ ♠✉st ❛❧s♦ ❜❡ t❛❦❡♥
t♦ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ❡①❝✐t❛t✐♦♥ ♣♦✇❡rs ❛♥❞ s♦♠❡ s✐❣♥❛❧ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❛② ❜❡
♥❡❝❡ss❛r②✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❡st✐♠❛t❡ t❤❛t t❤❡ ❞r✐✈❡♥ ❝❛✈✐t② st♦r❡s ❛❜♦✉t 109
♣❤♦t♦♥s ❢♦r ♦✉r ✐♥♣✉t ♣♦✇❡rs✱ s✐♠✐❧❛r t♦ t❤❡ ❡st✐♠❛t❡❞ ♥✉♠❜❡r ♦❢ s♣✐♥s✳ ❆❧✲
t❤♦✉❣❤ ✐t ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡ t❤❡ ❝❛s❡ ❤❡r❡✱ t❤❡ s❛♠♣❧❡ ❝♦✉❧❞ ❜❡ s❛t✉r❛t❡❞
✐❢ t❤❡ ♥✉♠❜❡r ♦❢ s♣✐♥s ✐s r❡❞✉❝❡❞ ❛♥❞ t❤❡ ♣♦✇❡r ✐s ♥♦t✱ ♣r♦❞✉❝✐♥❣ ❡✛❡❝ts ❧✐❦❡
t❤♦s❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳✶✼❉✳
✼✳✻ ❙✉♠♠❛r② ❛♥❞ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts ❢r♦♠ ♠❡❛s✉r❡♠❡♥ts ♦❢ s❡✈❡r❛❧ ♠❛❣✲
♥❡t✐❝ s❛♠♣❧❡s ♦♥ ❞✐✛❡r❡♥t s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❞❡✈✐❝❡s ❜❛s❡❞ ♦♥ ❈P❲ ❝✐r❝✉✐ts✳
❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t s♣❡❝tr♦s❝♦♣② ❛♥❞ ❊P❘✲❧✐❦❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❞✐✛❡r❡♥t
s❛♠♣❧❡s ❝❛♥ ❜❡ r❡❧✐❛❜❧② ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ♦✉r s❡t✉♣ ❛♥❞ ❞❡✈✐❝❡s✳
❋✐rst ✇❡ ♣r❡s❡♥t ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ s❛♠♣❧❡ r❡s♣♦♥s❡s ✇❤❡♥ ♣❧❛❝❡❞ ♦♥
❛♥ ♦♣❡♥ ❈P❲ ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❡ tr❛♥s♠✐ss✐♦♥ ✈❛❧✉❡ t❤r♦✉❣❤ t❤❡ s②st❡♠ ❢♦r ❛
r❛♥❣❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❆❧t❤♦✉❣❤ t❤❡ s✐❣♥❛❧s ❛r❡ r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ♠❡❛s✉r✐♥❣
✉s✐♥❣ ❛♥ ♦♣❡♥ ✇❛✈❡❣✉✐❞❡ ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢ ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s ❛♥❞
✜❡❧❞s ✭✐♥ ♦✉r ❝❛s❡ ❢r❡q✉❡♥❝✐❡s ❢r♦♠ 10▼❍③ t♦ 14●❍③ ❛♥❞ ✜❡❧❞s ♦❢ ✉♣ t♦ 1❚✮✳
■♥ t❤✐s s❡t✉♣✱ ❛❜s♦r♣t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞✐✛❡r❡♥t s♣✐♥ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡
❞❡t❡❝t❡❞ ❛❢t❡r ❛❞❡q✉❛t❡❧② ♥♦r♠❛❧✐③✐♥❣ t❤❡ s✐❣♥❛❧✳ ❇♦t❤ ❉PP❍ ❛♥❞ ●❞❈❛❋
❝r②st❛❧s ❣✐✈❡ ✇❡❧❧ ❞❡✜♥❡❞ tr❛♥s✐t✐♦♥s t❤❛t ❝❛♥ ❜❡ tr❛❝❦❡❞ ❢♦r ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢
✜❡❧❞s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ♦❜s❡r✈❡❞ ❧✐♥❡s ♠❛t❝❤ ✇❡❧❧ ✇✐t❤ t❤❡ ❧✐♥❡s ❡①♣❡❝t❡❞
❣✐✈❡♥ t❤❡ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥s✳ ❚❤❡ ●❞❲✸✵ ❝r②st❛❧s ♣r♦❞✉❝❡ ❜r♦❛❞ ❛❜s♦r♣t✐♦♥
❜❛♥❞s t❤❛t ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜r♦❛❞❡♥✐♥❣
✷✶✽ ❈❤❛♣t❡r ✼✳ ❈♦✉♣❧✐♥❣ s❛♠♣❧❡s t♦ ❈♦♣❧❛♥❛r ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❘❡s♦♥❛t♦rs
❡✛❡❝ts ❞✉❡ t♦ B02 ❛♥❞ B
2
2 str❛✐♥s ✭s❡❝t✐♦♥ ✺✳✷✳✶✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ♣♦ss✐❜❧❡ ❧♦ss
♦❢ ❝②st❛❧❧✐♥✐t② ✇❤❡♥ t❤❡ s❛♠♣❧❡ ✐s ♥♦t ♣r♦♣❡r❧② ♣r♦t❡❝t❡❞✳
◆❡①t ✇❡ r❡✈✐❡✇ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❛ ❝♦✉♣❧❡❞ r❡s✲
♦♥❛t♦r ❛♥❞ s♣✐♥ s②st❡♠ ❬✶✷✱ ✶✸❪ ❛♥❞ ♣r❡s❡♥t s♦♠❡ ❡①❛♠♣❧❡s ❢♦r t❤❡ ❡①♣❡❝t❡❞
tr❛♥s♠✐ss✐♦♥ s✐❣♥❛❧s ❡①♣❡❝t❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❲❡ s❤♦✇ t❤❛t✱ ❛s ❧♦♥❣ ❛s t❤❡
♥✉♠❜❡r ♦❢ s♣✐♥s ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ✐♥ t❤❡ ❝❛✈✐t②✱ str♦♥❣
❝♦✉♣❧✐♥❣ ✭g❡✛ > γ, κ✮ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❜② ♦❜s❡r✈✐♥❣ ❛ t✇♦ ♣❡❛❦ tr❛♥s♠✐ss✐♦♥
s♣❡❝tr✉♠ ✇❤❡♥ t❤❡ s♣✐♥ tr❛♥s✐t✐♦♥ ✐s t✉♥❡❞ t♦ t❤❡ ❝❛✈✐t② ❢r❡q✉❡♥❝②✳ ❚❤❡s❡
♣❡❛❦s ✇✐❧❧ ❜❡ s❡♣❛r❛t❡❞ 2g
√
N = 2g❡✛ ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❤❡r❡ N ✐s t❤❡
♥✉♠❜❡r ♦❢ s♣✐♥s ❛♥❞ g t❤❡ ❝♦✉♣❧✐♥❣ t♦ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s♣✐♥✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t
t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡q✉❛t✐♦♥s ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✻✮ ♣r♦✈✐❞❡ ❛ ❣♦♦❞ ♠❡❛s✉r❡ ♦❢
t❤❡ ❝♦✉♣❧✐♥❣ ❛♥❞ s♣✐♥ ❞❡❝❛② r❛t❡s ❢♦r ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❝❛s❡s ✭g❡✛ < γ, κ✮✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ t❤r❡❡ s❛♠♣❧❡s ♦♥
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❈P❲ r❡s♦♥❛t♦rs ✇✐t❤ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ❛r♦✉♥❞ 1.5●❍③✳
❉✐✛❡r❡♥t r❡s♦♥❛t♦r ❞❡s✐❣♥s ❛r❡ ❝❤♦s❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❉PP❍✱ ❜♦t❤ ❞r♦♣❧❡ts ❢r♦♠ ❛ s♦❧✉t✐♦♥ ❛♥❞ ♣❡❧❧❡ts ✇❡r❡ ♠❡❛s✉r❡❞ ❛♥❞
t❤❡ s✐♥❣❧❡ ❡①♣❡❝t❡❞ g ≃ 2 tr❛♥s✐t✐♦♥ ✐s ❞❡t❡❝t❡❞✳ ❈♦✉♣❧✐♥❣ t♦ ❜♦t❤ s❛♠♣❧❡s ✇❛s
❞❡t❡❝t❡❞ ✇✐t❤ r❡s✉❧ts ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ❝♦✉♣❧✐♥❣s ❢r♦♠ ♦✉r s✐♠✉❧❛t✐♦♥s
✭s❡❝t✐♦♥ ✹✳✸✳✷✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❉PP❍ ♣❡❧❧❡ts✱ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ str♦♥❣
❝♦✉♣❧✐♥❣ r❡❣✐♠❡ ❝❛♥ ❜❡ ❛♣♣r♦❛❝❤❡❞ ❛♥❞ t✇♦ ♣❡❛❦s ✇❡r❡ ❞✐st✐♥❣✉✐s❤❛❜❧❡ ✐❢ t❤❡
✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❝♦rr❡❝t ❞✐r❡❝t✐♦♥ ❣✐✈❡♥ t❤❡ r❡s♦♥❛t♦r ❣❡♦♠❡tr②✳ ❚❤❡
❝♦✉♣❧✐♥❣s t♦ t❤❡ ❞✐✛❡r❡♥t ❉PP❍ s❛♠♣❧❡s ✇❡r❡ ♦❢ t❤❡ ♦r❞❡r g❡✛ ∼ 1 − 10▼❍③
✇❤✐❧❡ t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤s ✇❡r❡ γ ∼ 5− 20▼❍③✳ ❚❤❡ ❝❛✈✐t② ❧✐♥❡✇✐❞t❤s κ ✇❡r❡
❛❧✇❛②s ❜❡❧♦✇ ❜♦t❤ ♦❢ t❤❡s❡ ✈❛❧✉❡s ✭❛s ❧♦✇ ❛s ∼ 300 ❦❍③ ✐♥ s♦♠❡ ❝❛s❡s✮✳
❲❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡ ♠♦r❡ ❝♦♠♣❧❡① ●❞❈❛❋ ❝r②st❛❧ ♠✉❧t✐♣❧❡ s♣✐♥ tr❛♥s✐t✐♦♥s
❛r❡ ❞❡t❡❝t❡❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❝r②st❛❧
✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥✳ ❆❧s♦✱ t❤❡ s✐♠✉❧❛t❡❞ ❊❛s②❙♣✐♥ ❊P❘ s♣❡❝tr✉♠ ✐s ✐♥ ❣♦♦❞
❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ ❛❜s♦r♣t✐♦♥ ❧✐♥❡s✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ❛♥❞ s✐❣♥❛❧ ✐♥ t❤✐s
❝❛s❡ ✐s ❢♦✉♥❞ t♦ ❜❡ s♦♠❡✇❤❛t ✇❡❛❦❡r t❤❛♥ ✐♥ t❤❡ ❉PP❍ ❝❛s❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡
s❛♠♣❧❡ s✐③❡✳ ❚❤✐s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ s♣✐♥ ❞❡♥s✐t② ♦❢ t❤✐s
❝r②st❛❧ ✐s ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ ❉PP❍ ❛♥❞ t❤❛t t❤❡ s♣✐♥ ❧✐♥❡✇✐❞t❤ ✐s ✐♥❝r❡❛s❡❞ ❜②
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✢✉♦r✐♥❡ ❛t♦♠s✳
❆❧t❤♦✉❣❤ ♦✉r r❡s♦♥❛t♦rs ❞♦ ♥♦t ♦♣❡r❛t❡ ❛t t❤❡ ✐❞❡❛❧ ❢r❡q✉❡♥❝✐❡s ❢♦r t❤✐s
s❛♠♣❧❡✱ ❛♥ ❛tt❡♠♣t ✇❛s ♠❛❞❡ t♦ ♠❡❛s✉r❡ ❛ ●❞❲✸✵ ❝r②st❛❧✳ ❖♥❧② ❛ ✈❡r② ✇❡❛❦
❛❜s♦r♣t✐♦♥ ✇❛s ❞❡t❡❝t❡❞ ❛♥❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ±1/2 tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ●❞✸✰
✐♦♥✳ ❍♦✇❡✈❡r t❤❡ s②st❡♠ ❛♣♣❡❛rs t♦ s✉✛❡r t❤❡ s❛♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜r♦❛❞❡♥✐♥❣
❛♥❞ ❧♦ss ♦❢ ❝r②st❛❧❧✐♥✐t② ❡✛❡❝ts ❛s ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ♠❡❛s✉r❡♠❡♥t✳
❋✐♥❛❧❧②✱ ❛ ♣❡r❢♦r♠❛♥❝❡ t❡st ♦❢ ❛ ❝♦♥str✐❝t❡❞ r❡s♦♥❛t♦r ✇❛s ❝❛rr✐❡❞ ♦✉t✳ ❆
60 ➭♠ ❞✐❛♠❡t❡r ❞r♦♣ ♦❢ ❉PP❍ s♦❧✉t✐♦♥ ✇❛s ♣❧❛❝❡❞ ♦♥ ❛ 15 ➭♠ ❧♦♥❣ ❛♥❞ 100 ♥♠
✇✐❞❡ ❝♦♥str✐❝t✐♦♥ ❛♥❞ ❛♥ ❛❜s♦r♣t✐♦♥ s✐❣♥❛❧ ✇❛s ❝❧❡❛r❧② ❞❡t❡❝t❡❞✳ ❆ s✐♠✐❧❛r ❞r♦♣
❘❊❋❊❘❊◆❈❊❙ ✷✶✾
❞❡♣♦s✐t❡❞ ♦♥ ❛ ♥♦r♠❛❧ r❡s♦♥❛t♦r ❞✐❞ ♥♦t ❞✐s♣❧❛② ❛♥② ❛❜s♦r♣t✐♦♥ s✐❣♥❛❧✳ ❚❤❡
♠❡❛s✉r❡❞ ❝♦✉♣❧✐♥❣s t♦ t❤❡ s❛♠♣❧❡ ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ ❡st✐♠❛t✐♦♥s ❢r♦♠ ❈♦♠s♦❧ s✐♠✲
✉❧❛t✐♦♥s ❧✐❦❡ t❤♦s❡ ❞♦♥❡ ✐♥ ✹✳✸✳✷✳ ❚❤✐s ❝♦♥✜r♠❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❝♦✉♣❧✐♥❣s ✐s
❛ ♣r♦♠✐s✐♥❣ r❡s✉❧t ❢♦r ❢✉rt❤❡r ❡①♣❡r✐♠❡♥ts ✐♥✈♦❧✈✐♥❣ ❜❡tt❡r s♣✐♥ s②st❡♠s✱ ✇✐t❤
❤✐❣❤❡r tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥ts ❛♥❞ ❜❡tt❡r ❝♦❤❡r❡♥❝❡ t✐♠❡s✳ ❆❧s♦✱ ❡①♣❡r✐✲
♠❡♥ts ✇✐t❤ ❧♦✇❡r t❡♠♣❡r❛t✉r❡s✱ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❛♥❞ ♠♦r❡ ❝♦♥✜♥❡❞ s❛♠♣❧❡s
❝♦✉❧❞ s♦♦♥ ❛❧❧♦✇ t❤❡ ❛tt❛✐♥♠❡♥t ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡s ❢♦r s✐♥❣❧❡ s♣✐♥s ♦r
s♠❛❧❧ ❡♥s❡♠❜❧❡s✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r✲
❝✉✐ts ✐s ❛♥ ✐♥t❡r❡st✐♥❣ t♦♦❧ ❢♦r s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❚❤❡② ❛❧❧♦✇ ❊P❘✲❧✐❦❡
❡①♣❡r✐♠❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛♥❞ ✜❡❧❞ ✐♥t❡♥s✐t✐❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
t②♣❡s ♦❢ ✇❛✈❡❣✉✐❞❡s ♦r r❡s♦♥❛t♦rs ❞❡s✐❣♥❡❞✳ ❚❤❡② ❛❧s♦ ❛❧❧♦✇ t❤❡ ❝❤❛r❛❝t❡r✐✲
③❛t✐♦♥ ♦❢ s❛♠♣❧❡s ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s ❛♥❞ ✇✐t❤ ✈❡r② s♠❛❧❧ s❛♠♣❧❡ s✐③❡s✳
❆s ✇❡❧❧ ❛s ❢♦r s❛♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ t❡st✐♥❣ ♦♥ ❞❡✈✐❝❡s ✇✐t❤ ❝♦♥str✐❝t✐♦♥s
s❤♦✇ ♣r♦♠✐s✐♥❣ r❡s✉❧ts ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐t❡❝t✉r❡s✳
❚❤❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡ ❡♥❤❛♥❝❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t✐♦♥s ❞♦♥❡ ✐♥
♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✭✹✮ ✐s ❝♦♥✜r♠❡❞ ❛t ❧❡❛st ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s♣✐♥ 1/2 s❛♠♣❧❡✳
❚❤✐s r❡s✉❧t ❛❧❧♦✇s ✉s t❤❡ ♣r♦s♣❡❝t t❤❛t✱ ✇✐t❤ ✐♠♣r♦✈❡♠❡♥ts t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
❝♦♥❞✐t✐♦♥s ❛♥❞ ✉s✐♥❣ s♣✐♥ s❛♠♣❧❡s ✇✐t❤ ❜❡tt❡r ♣r♦♣❡rt✐❡s ✭❙▼▼s ❛♥❞ ❙■▼s ❢♦r
❡①❛♠♣❧❡✮✱ ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦r s✐♠✐❧❛r t♦ t❤❡ ❝♦♥❝❡♣t ❞❡s❝r✐❜❡❞ ✐♥
❝❤❛♣t❡r ✸ ♠❛② ❜❡ ❢❡❛s✐❜❧❡✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❈✳ ❈❧❛✉ss ❡t ❛❧✳✱ ❆♣♣❧✐❡❞ P❤②s✐❝s ▲❡tt❡rs ✶✵✷✱ ✶✻✷✻✵✶ ✭✷✵✶✸✮✳
❬✷❪ ❙✳ ❱✳ ❑♦❧❛❝③❦♦✇s❦✐✱ ❏✳ ❚✳ ❈❛r❞✐♥✱ ❛♥❞ ❉✳ ❊✳ ❇✉❞✐❧✱ ❆♣♣❧✐❡❞ ▼❛❣♥❡t✐❝
❘❡s♦♥❛♥❝❡ ✶✻✱ ✷✾✸ ✭✶✾✾✾✮✳
❬✸❪ ❆✳ ❆❜r❛❣❛♠ ❛♥❞ ❇✳ ❇❧❡❛♥❡②✱ ❊❧❡❝tr♦♥ P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡ ♦❢ ❚r❛♥✲
s✐t✐♦♥ ■♦♥s ✭❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✼✵✮✳
❬✹❪ ❈✳ ❚✳ ❑✐❡rs✱ ❏✳ ▲✳ ❞❡ ❇♦❡r✱ ❘✳ ❖❧t❤♦❢✱ ❛♥❞ ❆✳ ▲✳ ❙♣❡❦✱ ❆❝t❛ ❈r②st❛❧❧♦✲
❣r❛♣❤✐❝❛ ❙❡❝t✐♦♥ ❇ ❙tr✉❝t✉r❛❧ ❈r②st❛❧❧♦❣r❛♣❤② ❛♥❞ ❈r②st❛❧ ❈❤❡♠✐str② ✸✷✱
✷✷✾✼ ✭✶✾✼✻✮✳
❬✺❪ ❉✳ ▲✳ P❡rr②✱ ❍❛♥❞❜♦♦❦ ♦❢ ■♥♦r❣❛♥✐❝ ❈♦♠♣♦✉♥❞s✱ ❙❡❝♦♥❞ ❊❞✐t✐♦♥ ✭❈❘❈
Pr❡ss✱ ✷✵✶✶✮✳
❬✻❪ ❆✳ ❆r❛✉③♦✱ ❆♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❊P❘ ❡♥ ❡❧ ❞♦♠✐♥✐♦ t❡♠♣♦r❛❧
❛❧ ❡st✉❞✐♦ ❞❡ ❞❡❢❡❝t♦s ❡♥ só❧✐❞♦s✿ ❍♦ ✐♥t❡rst✐❝✐❛❧ ❡♥ ❈❛❋✷✱ ❙r❋✷ ② ❇❛❋✷ ②
●❞✸✰ ❡♥ ❈❛✶✲①❘①❋✷✰① ✭❘✱ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❩❛r❛❣♦③❛✱ ✶✾✾✼✳
✷✷✵ ❘❊❋❊❘❊◆❈❊❙
❬✼❪ ❆✳ ❇✳ ❆r❛✉③♦✱ ❘✳ ❆❧❝❛❧á✱ ❛♥❞ P✳ ❏✳ ❆❧♦♥s♦✱ ❆♣♣❧✐❡❞ ▼❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡
✶✷✱ ✸✼✺ ✭✶✾✾✼✮✳
❬✽❪ ❑✳ ❲✳ ❍✳ ❙t❡✈❡♥s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ P❤②s✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡❝t✐♦♥ ❆ ✻✺✱ ✷✵✾
✭✶✾✺✷✮✳
❬✾❪ ❈✳ ❘✉❞♦✇✐❝③ ❛♥❞ ❈✳ ❨✳ ❈❤✉♥❣✱ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s✿ ❈♦♥❞❡♥s❡❞ ▼❛tt❡r
✶✻✱ ✺✽✷✺ ✭✷✵✵✹✮✳
❬✶✵❪ ❙✳ ❙t♦❧❧ ❛♥❞ ❆✳ ❙❝❤✇❡✐❣❡r✱ ❏♦✉r♥❛❧ ♦❢ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❙❛♥ ❉✐❡❣♦✱
❈❛❧✐❢✳ ✿ ✶✾✾✼✮ ✶✼✽✱ ✹✷ ✭✷✵✵✻✮✳
❬✶✶❪ ▼❛t❤✇♦r❦s✱ ▼❛t❧❛❜✳
❬✶✷❪ ■✳ ❈❤✐♦r❡s❝✉✱ ◆✳ ●r♦❧❧✱ ❙✳ ❇❡rt❛✐♥❛✱ ❚✳ ▼♦r✐✱ ❛♥❞ ❙✳ ▼✐②❛s❤✐t❛✱ P❤②s✐❝❛❧
❘❡✈✐❡✇ ❇ ✽✷✱ ✵✷✹✹✶✸ ✭✷✵✶✵✮✳
❬✶✸❪ ❙✳ ▼✐②❛s❤✐t❛ ❡t ❛❧✳✱ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❇✿ ❆t♦♠✐❝✱ ▼♦❧❡❝✉❧❛r ❛♥❞ ❖♣t✐❝❛❧
P❤②s✐❝s ✹✺✱ ✶✷✹✵✶✵ ✭✷✵✶✷✮✳
❬✶✹❪ ❊✳ ❏❛②♥❡s ❛♥❞ ❋✳ ❈✉♠♠✐♥❣s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊ ✺✶✱ ✽✾ ✭✶✾✻✸✮✳
❬✶✺❪ ▼✳ ❚❛✈✐s ❛♥❞ ❋✳ ❲✳ ❈✉♠♠✐♥❣s✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ✶✼✵✱ ✸✼✾ ✭✶✾✻✽✮✳
❬✶✻❪ ▲✳ ❙✳ ❇✐s❤♦♣ ❡t ❛❧✳✱ ◆❛t✉r❡ P❤②s✐❝s ✺✱ ✶✵✺ ✭✷✵✵✽✮✳
❬✶✼❪ ●✳ ▲✐♥❞❜❧❛❞✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✹✽✱ ✶✶✾ ✭✶✾✼✻✮✳
❬✶✽❪ P✳ ❇✉s❤❡✈ ❡t ❛❧✳✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✽✹✱ ✵✻✵✺✵✶ ✭✷✵✶✶✮✳
❬✶✾❪ ❘✳ ❍✳ ❉✐❝❦❡✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ✾✸✱ ✾✾ ✭✶✾✺✹✮✳
❬✷✵❪ ❊✳ ❈❤✉❞♥♦✈s❦② ❛♥❞ ❉✳ ●❛r❛♥✐♥✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✽✾✱ ✶✺✼✷✵✶
✭✷✵✵✷✮✳
❬✷✶❪ ❏✳ P✳ ●♦❧❞s❜♦r♦✉❣❤✱ ▼✳ ▼❛♥❞❡❧✱ ❛♥❞ ●✳ ❊✳ P❛❦❡✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs
✹✱ ✶✸ ✭✶✾✻✵✮✳
❬✷✷❪ ❘✳ ❙✳ ❆❧❣❡r✱ ❊❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡✿ t❡❝❤♥✐q✉❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s
✭✱ ✶✾✻✽✮✳
❬✷✸❪ ❘✳ ◆❛r❦♦✇✐❝③✱ ❉✳ ❙✉t❡r✱ ❛♥❞ ❘✳ ❙t♦♥✐❡s✱ ❏♦✉r♥❛❧ ♦❢ ▼❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡
✶✼✺✱ ✷✼✺ ✭✷✵✵✺✮✳
❈❤❛♣t❡r ✽
❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ✜♥❛❧ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ s✉♠♠❛r② ♦❢ t❤❡ ♠❛✐♥ ♣♦✐♥ts r❛✐s❡❞ ✐♥ t❤✐s
t❤❡s✐s ✇♦r❦ ❛♥❞ ❣✐✈❡ ♦✉r ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s✳
■♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤✐s t❤❡s✐s ✭❝❤❛♣t❡r ✶✮ ✇❡ ❤❛✈❡ r❡✈✐❡✇❡❞ s♦♠❡ ♦❢
t❤❡ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t❤❛t ❤❛✈❡ ❜❡❡♥ t❛❦❡♥ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ ❣♦❛❧ ♦❢
❜✉✐❧❞✐♥❣ ❛ ✇♦r❦✐♥❣ q✉❛♥t✉♠ ❝♦♠♣✉t❡r✳ ❆❧t❤♦✉❣❤ t❤✐s ❣♦❛❧ ❤❛s ❝♦♥s✐❞❡r❛❜❧❡
t❡❝❤♥✐❝❛❧ ❤✉r❞❧❡s t♦ ❜❡ ♦✈❡r❝♦♠❡✱ ♠✉❝❤ ♣r♦❣r❡ss ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥ t❤❡ t❤r❡❡
❞❡❝❛❞❡s s✐♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦♣♦s❛❧✳ ❚❤❡ ❝✉rr❡♥t ❝♦♥s❡♥s✉s ✐s t❤❛t t❤❡r❡ ❛r❡
♥♦ ❢✉♥❞❛♠❡♥t❛❧ r♦❛❞❜❧♦❝❦s ❜❛rr✐♥❣ t❤❡ ✇❛② t♦ t❤✐s ❣♦❛❧ ❛♥❞ t❤❛t ✐t ✐s ♦♥❧② ❛
♠❛tt❡r ♦❢ ✐♥✈❡st✐♥❣ ❡♥♦✉❣❤ t✐♠❡ ❛♥❞ ♠♦♥❡② ❜❡❢♦r❡✱ ❛t t❤❡ ✈❡r② ❧❡❛st✱ ❛ ❜❛s✐❝
✇♦r❦✐♥❣ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ s②st❡♠ ✐s ❜✉✐❧t✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ❛r❝❤✐✲
t❡❝t✉r❡s ❛♥❞ ❛♣♣r♦❛❝❤❡s ❜❡✐♥❣ ❞❡✈❡❧♦♣❡❞✱ ❡❛❝❤ ✇✐t❤ t❤❡✐r ❞✐st✐♥❝t ❛❞✈❛♥t❛❣❡s
❛♥❞ ✇❡❛❦♥❡ss❡s✳ ■t ✐s ❡♥t✐r❡❧② ♣♦ss✐❜❧❡ t❤❛t ❛ ❜❡tt❡r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛r❝❤✐✲
t❡❝t✉r❡ ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ❞✐✛❡r❡♥t s②st❡♠s ✐♥t♦ ❛ s✐♥❣❧❡ s②st❡♠✳
❚❤❡r❡❢♦r❡ t❤❡r❡ ✐s st✐❧❧ ♠✉❝❤ ✈❛❧✉❡ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ st✉❞② ♦❢ ♥❡✇ q✉❜✐t
s②st❡♠s t❤❛t ♠❛②✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✱ ♣r♦✈✐❞❡ ❜❡tt❡r ❛❧t❡r♥❛t✐✈❡s t♦
t❤❡ ♠❛✐♥ ❝❛♥❞✐❞❛t❡s ❝✉rr❡♥t❧② ❝♦♥s✐❞❡r❡❞✳
■♥ t❤✐s ❝♦♥t❡①t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ st✉❞② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♠❜✐♥✐♥❣ t❡❝❤✲
♥✐q✉❡s t❛❦❡♥ ❢r♦♠ t❤❡ ✜❡❧❞ ♦❢ ❈❛✈✐t② ❛♥❞ ❈✐r❝✉✐t ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s
✇✐t❤ t❤❡ ✜❡❧❞ ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐s♠✳ ▼♦❧❡❝✉❧❛r ♠❛❣♥❡ts ❛♥❞ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡
▼❛❣♥❡ts ✭❙▼▼s✮ ♣r♦✈✐❞❡ ✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡s t♦ ❝❤❛r❣❡ q✉❜✐ts ❜❡❝❛✉s❡ ♦❢
t❤❡✐r ❝❤❡♠✐❝❛❧ t✉♥❛❜✐❧✐t② ❛♥❞ t❤❡✐r ♣♦t❡♥t✐❛❧ t♦ s❡r✈❡ ❞✐✛❡r❡♥t r♦❧❡s ✇✐t❤✐♥ ❛
q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ s②st❡♠✳ ❚❤❡② ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ t♦ ❛❝t ❛s s✐♥❣❧❡ q✉❜✐ts ♦r
t♦ ❡♥❝♦❞❡ s❡✈❡r❛❧ q✉❜✐ts ♦♥ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♦r ❡✈❡♥ t♦ ❛❝t ❛s q✉❛♥t✉♠ ❧♦❣✐❝
❣❛t❡s✳ ❍♦✇❡✈❡r✱ ♠❛♥② ♦❢ t❤❡s❡ ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦ss✐❜✐❧✲
✐t② ♦❢ ❝♦✉♣❧✐♥❣ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡s t♦ ♣❤♦t♦♥s ✐♥ ❛ ♠✐❝r♦✇❛✈❡ ❝❛✈✐t②✱ ❛ ❝❤❛❧❧❡♥❣❡
t❤❛t ✇❡ ❤❛✈❡ ❡♥❞❡❛✈♦r❡❞ t♦ ❛❞❞r❡ss ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳
✷✷✷ ❈❤❛♣t❡r ✽✳ ❈♦♥❝❧✉s✐♦♥s
❆ ✜rst r❡s✉❧t ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t ✇❡ ❤❛✈❡ ✐❞❡♥t✐✜❡❞ t❤♦s❡ st❡♣s t❤❛t ❛r❡ t♦
❜❡ t❛❦❡♥ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ♦❢ s✐♥❣❧❡ ♠❛❣♥❡t✐❝ ❡♥t✐t✐❡s
✭❛t♦♠s ♦r ♠♦❧❡❝✉❧❡s✮ t♦ q✉❛♥t✉♠ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts ✐❢ t❤❡② ❛r❡ t♦ ❜❡
✉s❡❞ ✐♥ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳ ❚❤❡s❡ st❡♣s ✐♥✈♦❧✈❡ ❜♦t❤ s❡❛r❝❤✐♥❣ ❢♦r ❜❡tt❡r
s♣✐♥ s②st❡♠s ❛♥❞ ✐♠♣r♦✈✐♥❣ t❤❡ r❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛tt❛✐♥❛❜❧❡ ✐♥ ❝❛✈✐t✐❡s✳
❈♦♥❝❡r♥✐♥❣ t❤❡ ❢♦r♠❡r✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❤✐❣❤ s♣✐♥ ❛♥❞
❤✐❣❤ s♣✐♥ ❞❡♥s✐t✐❡s✱ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ❝r②st❛❧s s❤♦✉❧❞ ❜❡ ❛❜❧❡ str♦♥❣❧②
❝♦✉♣❧❡ t♦ r❡s♦♥❛t♦rs ❛❝❤✐❡✈✐♥❣ ❝♦✉♣❧✐♥❣ str❡♥❣t❤s ✉♣ t♦ ✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡
str♦♥❣❡r t❤❛t ◆✐tr♦❣❡♥ ❱❛❝❛♥❝② ❝❡♥t❡rs ✐♥ ❞✐❛♠♦♥❞✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✜♥❞ t❤❛t
✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ❝♦✉❧❞ ❤❛✈❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤s ♦❢ ✉♣ t♦ ❤✉♥❞r❡❞s ♦❢ ❦❍③
♣r♦✈✐❞❡❞ t❤❛t r❡s♦♥❛t♦rs ✇✐t❤ s✉✣❝✐❡♥t❧② ♥❛rr♦✇ ❝❡♥tr❛❧ ❧✐♥❡s✱ ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛
❢❡✇ t❡♥s ♦❢ ♥♠ ❝❛♥ ❜❡ ❢❛❜r✐❝❛t❡❞✳ ❍♦✇❡✈❡r✱ t②♣✐❝❛❧ ❙▼▼s ❛r❡ ♥♦t ✇✐t❤♦✉t t❤❡✐r
❞r❛✇❜❛❝❦s✳ ❚❤❡✐r ❤✐❣❤ ❛♥✐s♦tr♦♣② ❝❛♥ ♠❛❦❡ t❤❡ ❡♥❡r❣② s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
|0〉 ❛♥❞ |1〉 st❛t❡s t♦♦ ❧❛r❣❡ ✭✉♣ t♦ 100●❍③✮ t♦ ❜❡ ❝♦♠❢♦rt❛❜❧② ♠❛♥✐♣✉❧❛t❡❞
✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❈✐r❝✉✐t ◗❊❉ s②st❡♠s✳ ■❢ t✉♥♥❡❧ s♣❧✐t ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ✉s❡❞
❛s t❤❡ q✉❛♥t✉♠ ❜❛s✐s✱ t❤❡ ❧♦✇ t✉♥♥❡❧ ❣❛♣ r❡q✉✐r❡s ❛♥ ❡①tr❛♦r❞✐♥❛r✐❧② ❛❝❝✉r❛t❡
❝♦♥tr♦❧ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♥❡❝❡ss❛r② t♦ t✉♥❡ t❤❡ ❙▼▼ ✐♥t♦ r❡s♦♥❛♥❝❡✳ ❲❡
t❤❡r❡❢♦r❡ ❤❛✈❡ ❛rr✐✈❡❞ ❛t t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❙▼▼s ✇✐t❤ ❧♦✇❡r ❛♥✐s♦tr♦♣✐❡s ♦r
❡♥❣✐♥❡❡r❡❞ t♦ ❤❛✈❡ str♦♥❣ s♣✐♥ t✉♥♥❡❧✐♥❣ ❡✛❡❝ts ♠② ♣r♦✈✐❞❡ t❤❡ ♠♦st s✉✐t❛❜❧❡
❝❛♥❞✐❞❛t❡s✳
❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts ✭❙■▼s✮ ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ❙▼▼s t❤❛t ❝❛♥ ♣r❡s❡♥t t❤❡s❡
❞❡s✐r❡❞ q✉❛❧✐t✐❡s✳ ❚❤❡s❡ ❝♦♥s✐st ♦❢ ❛ s✐♥❣❧❡ ❧❛♥t❤❛♥✐❞❡ ✐♦♥ ❡♥❝❛s❡❞ ✐♥ ❛ ♥♦♥✲
♠❛❣♥❡t✐❝ ❧✐❣❛♥❞ s❤❡❧❧✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♥❧② ❛ s✐♥❣❧❡ ✐♦♥ ♠❛❦❡s t❤❡♠ ❝♦♥❝❡♣✲
t✉❛❧❧② s✐♠♣❧❡r t❤❛t t❤❡✐r ♠✉❧t✐✲✐♦♥ ❝♦✉♥t❡r♣❛rts✳ ❆❧s♦✱ t❤❡✐r ❛♥✐s♦tr♦♣② ❤❛♠✐❧✲
t♦♥✐❛♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧❛♥t❤❛♥✐❞❡ ✐♦♥ s♣❡❝✐❡s ❛♥❞ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❧✐❣❛♥❞
s❤❡❧❧✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t✇♦ ❝❛s❡s✱ ❡❛❝❤ ❢✉❧✜❧❧✐♥❣ ♦♥❡ ♦❢ t❤❡ t✇♦ ❞❡s✐r❡❞ q✉❛❧✐t✐❡s
✭❛ ❧♦✇ ❛♥✐s♦tr♦♣② ♦r ❛ str♦♥❣ t✉♥♥❡❧ s♣❧✐tt✐♥❣✮✳
• ■♥ t❤❡ ❝❛s❡ ♦❢ ●❞❲✸✵✱ t❤❡ ●❞✸✰ ✐♦♥ ❤❛s ♥♦ ✐♥tr✐♥s✐❝ ❛♥✐s♦tr♦♣② ♠❛❦✐♥❣
t❤❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ❤❛♠✐❧t♦♥✐❛♥ ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧✐❣❛♥❞ s❤❡❧❧✳
❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❤❡❧❧ ✐s s✉❝❤ t❤❛t t❤❡ ✽ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❤❛♠✐❧t♦♥✐❛♥
❛❧❧ ❧✐❡ ✇✐t❤✐♥ ❛♥ ❡♥❡r❣② r❛♥❣❡ ♦❢ 1❑✳ ❯s✐♥❣ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥
♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❝♦♥t✐♥✉♦✉s ✇❛✈❡ ❛♥❞ ♣✉❧s❡❞✮ ❛♥❞ ♠❛❣♥❡t✐❝ s✉s✲
❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡ ❝♦♥✜r♠ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❛♥❞ t❤❛t
❡❛❝❤ tr❛♥s✐t✐♦♥ ❝❛♥ ❜❡ ❝♦❤❡r❡♥t❧② ❛❞❞r❡ss❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✉s✐♥❣ ❡❛s✐❧②
♠❛♥❛❣❡❛❜❧❡ r❢ ❢r❡q✉❡♥❝✐❡s ✭∼ 10●❍③✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ♥♦t ♦♥❧② ❛r❡ t❤❡
❡♥❡r❣② ❧❡✈❡❧s s✉❝❤ t❤❛t ✐t ✐s ❛ ❣♦♦❞ q✉❜✐t ❝❛♥❞✐❞❛t❡✱ ✐t ❛❧s♦ ♠❡❛♥s t❤❛t
✐t ❝♦✉❧❞ ❤②♣♦t❤❡t✐❝❛❧❧② ❡♥❝♦❞❡ t❤r❡❡ q✉❜✐ts ✐♥ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡✳
• ❉✉❡ t♦ t❤❡ s♣✐♥ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❚❜✸✰ ✐♦♥ ❛♥❞ t❤❡ ✜✈❡❢♦❧❞ s②♠♠❡tr② ♦❢
t❤❡ ❧✐❣❛♥❞ s❤❡❧❧✱ ❚❜❲✸✵ ♣r❡s❡♥ts ❛♥ ❡①tr❛♦r❞✐♥❛r✐❧② ❤✐❣❤ q✉❛♥t✉♠ t✉♥♥❡❧
❣❛♣ t❤❛t ♠❛❦❡s t❤❡ t✉♥♥❡❧ s♣❧✐t st❛t❡s ❣♦♦❞ ❝❛♥❞✐❞❛t❡s t♦ ❜❡ ✉s❡❞ ❛s ❛
✷✷✸
q✉❛♥t✉♠ ❜❛s✐s✳ ❯s✐♥❣ s♣❡❝✐✜❝ ❤❡❛t ❛♥❞ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡
❝♦♥str✉❝t ❛♥ ❡✛❡❝t✐✈❡ ❤❛♠✐❧t♦♥✐❛♥ t♦ ❞❡s❝r✐❜❡ t❤❡ ❧♦✇ ❡♥❡r❣② ❛♥❞ ❧♦✇
t❡♠♣❡r❛t✉r❡ ♣❤②s✐❝s ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✐♥❞❡❡❞ ✜♥❞ ❛ ❧❛r❣❡ t✉♥♥❡❧ ❣❛♣ ♦❢
∼ 1❑✳ ❚❤✐s s②st❡♠ ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ ✐♥ ✐ts ♦✇♥ r✐❣❤t ❛s ✐t ♦✛❡rs t❤❡
r❛t❤❡r ✉♥✐q✉❡ ❝❤❛♥❝❡ t♦ st✉❞② t❤❡ ♠❛❣♥❡t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ ♣✉r❡ q✉❛♥t✉♠
t✇♦ ❧❡✈❡❧ s②st❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢❛❝t t❤❛t t❤❡ t✉♥♥❡❧ ❣❛♣ ✐s ❧❛r❣❡r t❤❛♥
❛♥② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛r✐s✐♥❣ ❢r♦♠ ❤②♣❡r✜♥❡ ♦r ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s
s❤♦✉❧❞ ❝♦♥tr✐❜✉t❡ t♦ ❡♥❝❤❛♥❝❡ t❤❡ q✉❛♥t✉♠ s♣✐♥ ❝♦❤❡r❡♥❝❡✳
❋✐♥❛❧❧② t❤❡ ❝♦✉♣❧✐♥❣s ❡①♣❡❝t❡❞ t♦ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ✭✇✐t❤ ❛♥❞
✇✐t❤♦✉t ❝♦♥str✐❝t✐♦♥s✮ ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ✈❡r② ❧❛r❣❡ ❢♦r ❜♦t❤ ●❞❲✸✵ ❛♥❞ ❚❜❲✸✵
t❤✉s ❝♦♥✜r♠✐♥❣ t❤❡✐r ♣♦t❡♥t✐❛❧ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣✳
❈♦♥❝❡r♥✐♥❣ t❤❡ q✉❛♥t✉♠ ❝✐r❝✉✐ts ❛♥❞ t❤❡✐r ♦♣t✐♠✐③❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡s✐❣♥❡❞
❛♥❞ ❢❛❜r✐❝❛t❡❞ ◆❜ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s ❛♥❞ r❡s♦♥❛t♦rs✳ ❚❤❡s❡ r❡s♦♥❛t♦rs ❛r❡
t❡st❡❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥s ✭❞♦✇♥ t♦ 50 ♥♠ ✐♥ ✇✐❞t❤ ❛♥❞
✉♣ t♦ 15 ➭♠ ✐♥ ❧❡♥❣t❤✮ ✐♥ t❤❡ ❝❡♥t❡r❧✐♥❡ ❛r❡ ♠❛❞❡ ✉s✐♥❣ ❢♦❝✉s❡❞ ✐♦♥ ❜❡❛♠
❡t❝❤✐♥❣ ✇✐t❤ ♥♦ s✉❜st❛♥t✐❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s♦♥❛t♦r tr❛♥s♠✐ss✐♦♥ ♣r♦♣❡rt✐❡s✳
❚❤❡s❡ ❝♦♥str✐❝t✐♦♥s t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡ ❛ ♠❡t❤♦❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦✉♣❧✐♥❣ t♦
✈❡r② s♠❛❧❧ s❛♠♣❧❡s ❜♦t❤ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ♦r ❢♦r ♠✐❝r♦✲
❊P❘ ✭❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡✮ t②♣❡ ❡①♣❡r✐♠❡♥ts✳
❲❡ ❤❛✈❡ ❛❧s♦ ❝❛rr✐❡❞ ♦✉t t❤❡ ✜rst t❡sts ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ♠❛❣♥❡t✐❝ s❛♠♣❧❡s
t♦ r❡s♦♥❛t♦rs ❛t T = 4❑✳ ❆❧t❤♦✉❣❤ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ♦❢ ♦✉r r❡s♦♥❛t♦rs
❛r❡ ♥♦t ❛❞❡q✉❛t❡ t♦ ♣r♦♣❡r❧② ♠❡❛s✉r❡ t❤❡ ❙▼▼ s❛♠♣❧❡s st✉❞✐❡❞ ♣r❡✈✐♦✉s❧②✱
♠❛♥② t❡sts ✇✐t❤ ♦t❤❡r s✐♠✐❧❛r s❛♠♣❧❡s ❝❛♥ ❜❡ ❞♦♥❡✳ ❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❜r♦❛❞✲
❜❛♥❞ s♣❡❝tr♦s❝♦♣② ✉s✐♥❣ ♦♣❡♥ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡s ♦❢ ♠❛❝r♦s❝♦♣✐❝ s❛♠♣❧❡s✳
❇r♦❛❞❜❛♥❞ s♣❡❝tr♦s❝♦♣② ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ s❛♠♣❧❡s ♦❢ ❉PP❍
✭❛ s♣✐♥ 1/2 ❢r❡❡ r❛❞✐❝❛❧✮✱ ●❞ ❞♦♣❡❞ ✢✉♦r✐❞❡ ❝r②st❛❧s ✭●❞❈❛❋✮ ❛♥❞ ●❞❲✸✵
❝r②st❛❧s ✉s✐♥❣ ♦♣❡♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts
♣r♦✈✐❞❡ ❝❧❡❛r s✐❣♥❛❧s ✐♥ ❛ ❜r♦❛❞ ❢r❡q✉❡♥❝② ❛♥❞ ✜❡❧❞ r❛♥❣❡ ✭❢r♦♠ ✶✲14●❍③ ❛♥❞
✵✲1❚✮ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❣✐✈❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳
▼❛❝r♦s❝♦♣✐❝ s❛♠♣❧❡s ♦❢ ❉PP❍ ✇❡r❡ ❝♦✉♣❧❡❞ t♦ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r
✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs ❛♣♣r♦❛❝❤✐♥❣ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ r❡❣✐♠❡✳ ❚❤❡ tr❛♥s♠✐s✲
s✐♦♥ ✐s s❡❡♥ t♦ ❤❛✈❡ t❤❡ ❞♦✉❜❧❡ ♣❡❛❦ str✉❝t✉r❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ str♦♥❣❧② ❝♦✉♣❧❡❞
s②st❡♠s✳ ❆❧s♦✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s s❡❡♥ t♦ ❤❛✈❡ ❛♥
✐♠♣♦rt❛♥t ❡✛❡❝t ♦♥ t❤✐s ❝♦✉♣❧✐♥❣✳ ❆❧t❤♦✉❣❤ ♦♥❧② t❤❡② ❞♦ ♥♦t ❛❝❤✐❡✈❡ str♦♥❣
❝♦✉♣❧✐♥❣✱ s❛♠♣❧❡s ♦❢ ●❞❈❛❋ ❛♥❞ ●❞❲✸✵ ✇❡r❡ ❛❧s♦ ♠❡❛s✉r❡❞ ✇✐t❤ r❡s✉❧ts t❤❛t
❛r❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳
❋✐♥❛❧❧②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❡♥❤❛♥❝❡♠❡♥t ❢♦r s♠❛❧❧ s❛♠♣❧❡s ✇❤❡♥ ✉s✐♥❣ ❛ ❝♦♥✲
str✐❝t✐♦♥ ✇❛s ❛❧s♦ t❡st❡❞✳ ❯s✐♥❣ ❛ ♠✐❝r♦♠❡tr✐❝ ❞r♦♣ ♦❢ ❉PP❍ ❞❡♣♦s✐t❡❞ ✉s✐♥❣
❛♥ ❆❋▼ t✐♣ ♦♥ ❛ ♥❛♥♦♠❡tr✐❝ ❝♦♥str✐❝t✐♦♥✱ ❛♥ ❡♥❤❛♥❝❡♠❡♥t ✐♥ t❤❡ ❝♦✉♣❧✐♥❣
✷✷✹ ❈❤❛♣t❡r ✽✳ ❈♦♥❝❧✉s✐♦♥s
r❡❧❛t✐✈❡ t♦ t❤❛t ♦❢ ❛♥ ✉♥♠♦❞✐✜❡❞ r❡s♦♥❛t♦r ✇❛s ❞❡t❡❝t❡❞✳ ❚❤❡ ❡♥❝❤❛♥❝❡♠❡♥t ✐s
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ ♦✉r ♥✉♠❡r✐❝❛❧ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ❛❧t❤♦✉❣❤ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❛r❡ ♣r♦♠✐s✐♥❣✱ t❤❡r❡ ✐s
st✐❧❧ ♠✉❝❤ ✇♦r❦ t♦ ❜❡ ❞♦♥❡✳ ❚❤❡r❡ ✐s st✐❧❧ ❛ ❧♦♥❣ ✇❛② t♦ ❣♦ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♥❡❝❡ss❛r② t♦ ♠❛❦❡ ♣r♦♣♦s❛❧s ♦❢ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠ ♣r♦❝❡ss♦rs✱
s✉❝❤ ❛s t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♣♦ss✐❜❧❡✳ ❲❡ ❛r❡ ❛❧r❡❛❞② ✇♦r❦✐♥❣ ♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ s✉❝❤ ❛s ❞❡s✐❣♥✐♥❣ r❡s♦♥❛t♦rs ✇✐t❤ ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❙▼▼ s❛♠♣❧❡s ❛s ✇❡❧❧ ❛s ♣r❡♣❛r✐♥❣
♦✉r s②st❡♠s t♦ ♠❡❛s✉r❡ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ■♥ ❧✐❣❤t ♦❢ t❤❡s❡ r❡s✉❧ts✱ ✇❡
❤♦♣❡ t♦ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥✐t✐❛❧ ♣r♦♣♦s❛❧ ♦❢ ❛♥ ❛❧❧✲s♣✐♥ q✉❛♥t✉♠
♣r♦❝❡ss♦r ✭✜❣✉r❡ ✶✳✶✮ ♠❛② ❤❛✈❡ s❡❡♠❡❞ ❢❛r❢❡t❝❤❡❞✱ q✉❛♥t✉♠ ♣r♦❝❡ss♦rs t❤❛t
❝♦♠❜✐♥❡ s♣✐♥ s②st❡♠s ❛♥❞ ❝✐r❝✉✐t ◗❊❉ s②st❡♠s ❝♦✉❧❞ ❜❡ ✇✐t❤✐♥ r❡❛❝❤✳
❈♦♥❝❧✉s✐♦♥❡s
❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❛♠♦s ✉♥ r❡s✉♠❡♥ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s ♣✉♥t♦s tr❛t❛❞♦s ❡♥ ❡st❛
t❡s✐s ② ❞❛♠♦s ♥✉❡str❛s ❝♦♥❝❧✉s✐♦♥❡s ❣❡♥❡r❛❧❡s✳
❊♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❛ ❡st❛ t❡s✐s ✭❝❛♣ít✉❧♦ ✶✮ ❤❡♠♦s r❡✈✐s❛❞♦ ❛❧❣✉♥❛s ❞❡ ❧♦s
❞✐❢❡r❡♥t❡s ♠ét♦❞♦s q✉❡ s❡ ❤❛♥ s❡❣✉✐❞♦ ♣❛r❛ ❛❧❝❛♥③❛r ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥str✉✐r ✉♥
♦r❞❡♥❛❞♦r ❝✉á♥t✐❝♦✳ ❆✉♥q✉❡ ❡st❡ ♦❜❥❡t✐✈♦ ♣r❡s❡♥t❛ ❞✐✜❝✉❧t❛❞❡s té❝♥✐❝❛s ❝♦♥✲
s✐❞❡r❛❜❧❡s✱ s❡ ❤❛ ♣r♦❣r❡s❛❞♦ ♠✉❝❤♦ ❡♥ ❧❛s tr❡s ❞é❝❛❞❛s q✉❡ ❤❛ ♣❛s❛❞♦ ❞❡s❞❡ ❧❛
♣r♦♣✉❡st❛ ♦r✐❣✐♥❛❧✳ ❊❧ ❝♦♥s❡♥s♦ ❛❝t✉❛❧ ❡s q✉❡ ♥♦ ❡①✐st❡♥ ❜❛rr❡r❛s ❢✉♥❞❛♠❡♥✲
t❛❧❡s q✉❡ ✐♠♣✐❞❛♥ q✉❡ s❡ ❛❧❝❛♥❝❡ ❡st❛ ♠❡t❛ ② q✉❡ ❡s s♦❧♦ ❝✉❡st✐ó♥ ❞❡ ✐♥✈❡rt✐r
s✉✜❝✐❡♥t❡ t✐❡♠♣♦ ② ❞✐♥❡r♦ ♣❛r❛ ❝♦♥s❡❣✉✐r ❝♦♥str✉✐r✱ ❝♦♠♦ ♠í♥✐♠♦✱ ✉♥ s✐st❡♠❛
❞❡ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛ ❜ás✐❝♦✳ ❙❡ ❡stá♥ ❞❡s❛rr♦❧❧❛♥❞♦ ♠ú❧t✐♣❧❡s ❛rq✉✐t❡❝t✉r❛s
s✐❣✉✐❡♥❞♦ ❞✐❢❡r❡♥t❡s ♠❡t♦❞♦❧♦❣í❛s✱ ❝❛❞❛ ✉♥❛ ❝♦♥ s✉s ✈❡♥t❛❥❛s ❡ ✐♥❝♦♥✈❡♥✐❡♥t❡s
❡s♣❡❝í✜❝♦s✳ ❊s ❡♥t❡r❛♠❡♥t❡ ♣♦s✐❜❧❡ q✉❡ ❧❛ ♠❡❥♦r ❛rq✉✐t❡❝t✉r❛ ❞❡ ❝♦♠♣✉t❛❝✐ó♥
❝✉á♥t✐❝❛ s❡❛ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♠ú❧t✐♣❧❡s t✐♣♦s ❞❡ s✐st❡♠❛s ❡♥ ✉♥♦ ú♥✐❝♦✳ P♦r
t❛♥t♦✱ s✐❣✉❡ ❤❛❜✐❡♥❞♦ ❣r❛♥ ✈❛❧♦r ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ② ❡st✉❞✐♦ ❞❡ ♥✉❡✈♦s ❝❛♥❞✐❞❛t♦s
❛ q✉❜✐ts q✉❡ ♣✉❡❞❡♥✱ ❜❛❥♦ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐❝✐♦♥❡s✱ ♣r♦♣♦r❝✐♦♥❛r ❛❧t❡r♥❛t✐✈❛s
❛ ❧♦s ♣r✐♥❝✐♣❛❧❡s q✉❜✐ts q✉❡ s❡ ❝♦♥s✐❞❡r❛♥ ❡♥ ❧❛ ❛❝t✉❛❧✐❞❛❞✳
❊♥ ❡st❡ ❝♦♥t❡①t♦ ❤❡♠♦s ❡❧❡❣✐❞♦ ❡st✉❞✐❛r ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝♦♠❜✐♥❛r té❝♥✐✲
❝❛s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ❡❧❡❝tr♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛ ❞❡ ❝❛✈✐❞❛❞❡s ②
❝✐r❝✉✐t♦s ✭❈◗❊❉ ② ❈✐r❝✉✐t ◗❊❉✮ ❝♦♥ ❧❛s ❞❡❧ ❝❛♠♣♦ ❞❡ ♠❛❣♥❡t✐s♠♦ ♠♦❧❡❝✉✲
❧❛r✳ ▲♦s ✐♠❛♥❡s ♠♦❧❡❝✉❧❛r❡s ✭❙▼▼s✮ ♣r♦♣♦r❝✐♦♥❛♥ ✐♥t❡r❡s❛♥t❡s ❛❧t❡r♥❛t✐✈❛s ❛
❧♦s q✉❜✐ts ❞❡ ❝❛r❣❛ ❞❡❜✐❞♦ ❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛❥✉st❛r q✉í♠✐❝❛♠❡♥t❡ s✉s ❝✉❛❧✲
✐❞❛❞❡s ② ♣♦rq✉❡ ♣♦t❡♥❝✐❛❧♠❡♥t❡ ♣✉❡❞❡♥ ❞❡s❛rr♦❧❧❛r ❞✐✈❡rs♦s r♦❧❡s ❞❡♥tr♦ ❞❡
✉♥ s✐st❡♠❛ ❞❡ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛✳ P✉❡❞❡♥ s❡r ❞✐s❡ñ❛❞♦s ♣❛r❛ ❛❝t✉❛r ❝♦♠♦
q✉❜✐ts ✐♥❞✐✈✐❞✉❛❧❡s ♦ ♣❛r❛ ❝♦❞✐✜❝❛r ♠ú❧t✐♣❧❡s q✉❜✐ts ❡♥ ✉♥❛ s♦❧❛ ♠♦❧é❝✉❧❛ ♦
✐♥❝❧✉s♦ ♣❛r❛ ❛❝t✉❛r ❝♦♠♦ ♣✉❡rt❛s ❧ó❣✐❝❛s ❝✉á♥t✐❝❛s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♠✉❝❤❛s ❞❡
❡st❛s ✐♥t❡r❡s❛♥t❡s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛❝♦♣❧❛r ♠♦❧❡❝✉❧❛s
✐♥❞✐✈✐❞✉❛❧❡s ❛ ❧♦s ❢♦t♦♥❡s ❞❡ ✉♥❛ ❝❛✈✐❞❛❞ ❞❡ ♠✐❝r♦♦♥❞❛s✱ ✉♥ r❡t♦ q✉❡ ❤❡♠♦s
✐♥t❡♥t❛❞♦ ❛❜♦r❞❛r ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ tr❛❜❛❥♦✳
❯♥ ♣r✐♠❡r r❡s✉❧t❛❞♦ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s q✉❡ ❤❡♠♦s ✐❞❡♥t✐✜❝❛❞♦ ❧♦s ♣❛s♦s
♥❡❝❡s❛r✐♦s q✉❡ ♣❡r♠✐t✐rí❛♥ ♠❡❥♦r❛r ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ❛❝♦♣❧♦ ❞❡ ❡♥t✐❞❛❞❡s ♠❛❣✲
✷✷✻ ❈♦♥❝❧✉s✐♦♥❡s
♥ét✐❝❛s ✐♥❞✐✈✐❞✉❛❧❡s ✭át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✮ ❛ ❝✐r❝✉✐t♦s s✉♣❡r❝♦♥❞✉❝t♦r❡s ❝✉á♥t✐✲
❝♦s s✐ s❡ ❤❛♥ ❞❡ ♣♦❞❡r ✉t✐❧✐③❛r ❡♥ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛✳ ❊st♦s ♣❛s♦s ✐♥✈♦❧✉❝r❛♥
❜✉s❝❛r ♠❡❥♦r❡s s✐st❡♠❛s ❞❡ ❡s♣í♥ ② ♠❡❥♦r❛r ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧♦s ❝❛♠♣♦s r❢ ❛❧✲
❝❛♥③❛❜❧❡s ❡♥ ❝❛✈✐❞❛❞❡s✳
❊❧ ❧♦ q✉❡ r❡s♣❡❝t❛ ❛❧ ♣r✐♠❡r ♣✉♥t♦✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ q✉❡✱ ❣r❛❝✐❛s ❛ s✉
❛❧t♦ ❡s♣í♥ ② ❛❧t❛ ❞❡♥s✐❞❛❞ ❞❡ ❡s♣✐♥❡s✱ ❝r✐st❛❧❡s ❞❡ ❙▼▼s ❞❡❜❡♥ ♣♦❞❡r ❛❝♦♣❧❛rs❡
❢✉❡rt❡♠❡♥t❡ ❛ r❡s♦♥❛❞♦r❡s ❛❧❝❛♥③❛♥❞♦ ✐♥t❡♥s✐❞❛❞❡s ❞❡ ❛❝♦♣❧♦ ❤❛st❛ ✸ ór❞❡♥❡s
❞❡ ♠❛❣♥✐t✉❞ s✉♣❡r✐♦r q✉❡ ♣❛r❛ ✈❛❝❛♥t❡s ❞❡ ♥✐tró❣❡♥♦ ❡♥ ❞✐❛♠❛♥t❡✳ ❆❞❡♠ás✱
❡♥❝♦♥tr❛♠♦s q✉❡ ♠♦❧é❝✉❧❛s ✐♥❞✐✈✐❞✉❛❧❡s ♣♦❞rí❛♥ t❡♥❡r ✐♥t❡♥s✐❞❛❞❡s ❞❡ ❛❝♦♣❧♦
❞❡ ❝✐❡♥t♦s ❞❡ ❦❍③ s✐ s❡ ❢❛❜r✐❝❛♥ r❡s♦♥❛❞♦r❡s ❝♦♥ ❧✐♥❡❛s ❝❡♥tr❛❧❡s ❧♦ s✉✜❝✐❡♥t❡✲
♠❡♥t❡ ❞❡❧❣❛❞❛s✱ ❞❡❧ ♦r❞❡♥ ❞❡ ❞❡❝❡♥❛s ❞❡ ♥♠✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s ❙▼▼s tí♣✐❝♦s
t✐❡♥❡s ❛❧❣✉♥❛s ❞❡s✈❡♥t❛❥❛s✳ ❙✉ ❛❧t❛ ❛♥✐s♦tr♦♣í❛ ♣✉❡❞❡ ❤❛❝❡r q✉❡ ❧❛ s❡♣❛r❛❝✐ó♥
❡♥❡r❣ét✐❝❛ ❡♥tr❡ ❧♦s ♥✐✈❡❧❡s |0〉 ② |1〉 s❡❛ ❞❡♠❛s✐❛❞♦ ❣r❛♥❞❡ ✭❤❛st❛ 100●❍③✮ ♣❛r❛
s❡r ♠❛♥✐♣✉❧❛❞♦ ❝ó♠♦❞❛♠❡♥t❡ ❝♦♥ s✐st❡♠❛s ❞❡ ❈✐r❝✉✐t ◗❊❉ ❝♦♥✈❡♥❝✐♦♥❛❧❡s✳ ❙✐
s❡ ✉s❛♥ ♥✐✈❡❧❡s ❞❡s❞♦❜❧❛❞♦s ♣♦r ❡❢❡❝t♦ tú♥❡❧ ❝♦♠♦ ❧❛ ❜❛s❡ ❝✉á♥t✐❝❛✱ ❧❛ ♣❡q✉❡ñ❛
s❡♣❛r❛❝✐ó♥ ❛s♦❝✐❛❞❛ ❛❧ ❡❢❡❝t♦ tú♥❡❧ r❡q✉❡r✐rí❛ ✉♥ ❝♦♥tr♦❧ ❡①tr❛♦r❞✐♥❛r✐❛♠❡♥t❡
♣r❡❝✐s♦ ❞❡ ❧♦s ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❧❧❡✈❛r ❛❧ ❙▼▼ ❛ ❧❛ ❝♦♥❞✐❝✐ó♥
❞❡ r❡s♦♥❛♥❝✐❛✳ ▲❧❡❣❛♠♦s ♣♦r t❛♥t♦ ❛ ❧❛ ❝♦♥❝❧✉s✐ó♥ q✉❡ ❙▼▼s ❝♦♥ ❛♥✐s♦tr♦♣í❛s
♠❡♥♦r❡s ♦ ❞✐s❡ñ❛❞♦s ♣❛r❛ t❡♥❡r ✉♥ ❡❢❡❝t♦ tú♥❡❧ ❢✉❡rt❡ ♣✉❡❞❡♥ ♣r♦♣♦r❝✐♦♥❛r ❧♦s
❝❛♥❞✐❞❛t♦s ♠ás ❛❞❡❝✉❛❞♦s ♣❛r❛ s❡r q✉❜✐ts ❞❡ ❡s♣í♥✳
▲♦s ✐♠❛♥❡s ❞❡ ✉♥ s♦❧♦ ✐♦♥ ✭❙✐♥❣❧❡ ■♦♥ ▼❛❣♥❡ts✱ ❙■▼s✮✱ s♦♥ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡
❙▼▼s q✉❡ ♣✉❡❞❡♥ ♣r❡s❡♥t❛r ❡st❛s ❝✉❛❧✐❞❛❞❡s ❞❡s❡❛❞❛s✳ ❈♦♥s✐st❡♥ ❡♥ ú♥✐❝♦
✐ó♥ ❞❡ ❧❛♥tá♥✐❞♦ ❡♥❝❛♣s✉❧❛❞♦ ❡♥ ✉♥❛ ❡str✉❝t✉r❛ ♥♦ ♠❛❣♥ét✐❝❛ ❞❡ ❧✐❣❛♥❞♦s✳
▲❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ s♦❧♦ ✐♦♥ ❤❛❝❡ q✉❡ s❡❛♥ ❝♦♥❝❡♣t✉❛❧♠❡♥t❡ ♠ás s❡♥❝✐❧❧♦s q✉❡
❧♦s s✐st❡♠❛s ❝♦♥ ♠ú❧t✐♣❧❡s ✐♦♥❡s✳ ❆❞❡♠❛s✱ s✉ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❛♥✐s♦tr♦♣í❛
♠❛❣♥ét✐❝❛ ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ ❡s♣❡❝✐❡ ❞❡ ❧❛♥tá♥✐❞♦ ✉t✐❧✐③❛❞❛ ② ♣♦r ❧❛
❢♦r♠❛ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧✐❣❛♥❞♦s✳ ❍❡♠♦s ❡st✉❞✐❛❞♦ ❞♦s ❡❥❡♠♣❧♦s✱ ❝❛❞❛ ✉♥♦
❞❡ ❧♦s ❝✉❛❧❡s ❝✉♠♣❧❡ ✉♥❛ ❞❡ ❧❛s ❞♦s ❝✉❛❧✐❞❛❞❡s ❞❡s❡❛❞❛s ✭❜❛❥❛ ❛♥✐s♦tr♦♣í❛ ♦
❡❢❡❝t♦ tú♥❡❧ ❢✉❡rt❡✮✳
• ❊♥ ❡❧ ❝❛s♦ ❞❡ ●❞❲✸✵✱ ❡❧ ✐♦♥ ●❞✸✰ ♥♦ t✐❡♥❡ ❛♥✐s♦tr♦♣í❛ ✐♥trí♥s❡❝❛ ❤❛✲
❝✐❡♥❞♦ q✉❡ ❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❡s♣í♥ ❡sté ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦
♣♦r ❧♦s ❧✐❣❛♥❞♦s✳ ▲❛ ❣❡♦♠❡trí❛ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❡s t❛❧ q✉❡ ❧♦s ✽ ❛✉✲
t♦❡st❛❞♦s ❞❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ s❡ ❡♥❝✉❡♥tr❛♥ t♦❞♦s ❞❡♥tr♦ ❞❡ ✉♥ r❛♥❣♦ ❞❡
❡♥❡r❣í❛ ❞❡ 1❑✳ ❯t✐❧✐③❛♥❞♦ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ r❡s♦♥❛♥❝✐❛ ♣❛r❛♠❛❣✲
♥ét✐❝❛ ❡❧❡❝tró♥✐❝❛ ✭♦♥❞❛ ❝♦♥tí♥✉❛ ② ♣✉❧s❛❞♦✮ ② s✉s❝❡♣t✐❜✐❧❞❛❞ ♠❛❣♥ét✐❝❛✱
❝♦♥✜r♠❛♠♦s q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ ❡s ❡❧ ❝❛s♦ ② q✉❡ ❝❛❞❛ tr❛♥s✐❝✐ó♥ ♣✉❡❞❡
❡①❝✐t❛rs❡ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ ❢♦r♠❛ ❝♦❤❡r❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❢r❡❝✉❡♥❝✐❛s
❞❡ r❢ ❢á❝✐❧♠❡♥t❡ ♠❛♥❡❥❛❜❧❡s ✭∼ 10●❍③✮✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡✱ ❛❞❡♠ás ❞❡
t❡♥❡r ♥✐✈❡❧❡s ❛❞❡❝✉❛❞♦s ♣❛r❛ s❡r ✉♥ ❜✉❡♥ q✉❜✐t✱ ♣♦❞rí❛ ❤✐♣♦tét✐❝❛♠❡♥t❡
❝♦❞✐✜❝❛r ❤❛st❛ tr❡s q✉❜✐ts ❡♥ ✉♥❛ s♦❧❛ ♠♦❧é❝✉❧❛✳
✷✷✼
• ❉❛❞❛ ❧❛ ❛♥✐s♦tr♦♣í❛ ❞❡❧ ✐♦♥ ❞❡ ❚❜✸✰ ② ❧❛ s②♠♠❡tr✐❛ ♣❡♥t❛❣♦♥❛❧ ❞❡ ❧❛
❡str✉❝t✉r❛ ❞❡ ❧✐❣❛♥❞♦s✱ ❡❧ ❚❜❲✸✵ ♣r❡s❡♥t❛ ✉♥ ❞❡s❞♦❜❧❛♠✐❡♥t♦ ♣♦r ❡❢❡❝t♦
tú♥❡❧ ❡①tr❛♦r❞✐♥❛r✐❛♠❡♥t❡ ❛❧t♦ ❤❛❝✐❡♥❞♦ q✉❡ ❧♦s ❡st❛❞♦s ❞❡s❞♦❜❧❛❞♦s s❡❛♥
❜✉❡♥♦s ❝❛♥❞✐❞❛t♦s ♣❛r❛ ❢♦r♠❛r ❧❛ ❜❛s❡ ❝ú❛♥t✐❝❛ ❞❡ ✉♥ q✉❜✐t✳ ❯t✐❧✐③❛♥❞♦
♠❡❞✐❞❛s ❞❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ② s✉s❝❡♣t✐❜✐❧✐❞❛❞ ♠❛❣♥ét✐❝❛ ❝♦♥str✉✐♠♦s ✉♥
❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡❝t✐✈♦ q✉❡ ❞❡s❝r✐❜❡ ❡❧ ❧í♠✐t❡ ❞❡ ❜❛❥❛ ❡♥❡r❣í❛ ② ❜❛❥❛s t❡♠✲
♣❡r❛t✉r❛s ❞❡❧ s✐st❡♠❛ ❝♦♥✜r♠❛❞♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❞❡s❞♦❜❧❛♠✐❡♥t♦ ♣♦r
❡❢❡❝t♦ tú♥❡❧ ❞❡❧ ♦r❞❡♥ ❞❡ 1❑✳ ❊st s✐st❡♠❛ t❛♠❜✐é♥ ❡s ✐♥t❡r❡s❛♥t❡ ❡♥ s✐
♠✐s♠♦ ②❛ q✉❡ ♦❢r❡❝❡ ❧❛ ♦♣♦rt✉♥✐❞❛❞ ❞❡ ❡st✉❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♠❛❣✲
♥ét✐❝♦ ❞❡ ✉♥ s✐st❡♠❛ ❝ú❛♥t✐❝♦ ❞❡ ❞♦s ♥✐✈❡❧❡s ♣✉r♦✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡❧
❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ❞❡s❞♦❜❧❛♠✐❡♥t♦ ♣♦r ❡❢❡❝t♦ tú♥❡❧ s❡❛ ♠❛②♦r q✉❡ ❝✉❛❧q✉✐❡r
♣❡rt✉r❜❛❝✐ó♥ q✉❡ ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❤✐♣❡r✜♥❛ ♦ ❞✐♣♦❧❛r✱ ❞❡❜❡ ❝♦♥✲
tr✐❜✉✐r ❛ ♠❡❥♦r❛r ❧❛ ❝♦❤❡r❡♥❝✐❛ ❞❡❧ ❡s♣í♥✳ ❋✐♥❛❧♠❡♥t❡✱ ❧♦s ❛❝♦♣❧♦s ❡s♣❡r❛✲
❞♦s ❛ r❡s♦♥❛❞♦r❡s ❝♦♣❧❛♥❛r❡s s✉♣❡r❝♦♥❞✉❝t♦rs ✭❝♦♥ ② s✐♥ ❝♦♥str✐❝❝✐♦♥❡s✮
r❡s✉❧t❛♥ s❡r ❣r❛♥❞❡s ♣❛r❛ ❛♠❜♦s ●❞❲✸✵ ② ♣❛r❛ ❚❜❲✸✵✱ ❝♦♥✜r♠❛♥❞♦ ❛sí
s✉ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛✳
❊♥ ❝✉❛♥t♦ ❛❧ ❞✐s❡ñ♦ ❞❡ ❝✐r❝✉✐t♦s ❝✉á♥t✐❝♦s ② ❛ s✉ ♦♣t✐♠✐③❛❝✐ó♥✱ ❤❡♠♦s ❞✐s✲
❡ñ❛❞♦ ② ❢❛❜r✐❝❛❞♦ ❧✐♥❡❛s ❞❡ tr❛♥s♠✐s✐ó♥ ② r❡s♦♥❛❞♦r❡s ❝♦♣❧❛♥❛r❡s ❞❡ ◆❜✳ ❊s✲
t♦s r❡s♦♥❛❞♦r❡s s❡ ❝♦♠♣r♦❜❛r♦♥ ❛♥t❡s ② ❞❡s♣✉és ❞❡ ♣r❛❝t✐❝❛r❧❡s ❝♦♥str✐❝❝✐♦♥❡s
♥❛♥♦♠étr✐❝❛s ✭❤❛st❛ 50 ♥♠ ❞❡ ❛♥❝❤♦ ② 15 ➭♠ ❞❡ ❧❛r❣♦✮ ❡♥ ❧❛ ❧í♥❡❛ ❝❡♥tr❛❧ ✉t✐✲
❧✐③❛♥❞♦ ❤❛③ ❞❡ ✐♦♥❡s ❢♦❝❛❧✐③❛❞♦✱ ♥♦ s❡ ♦❜s❡r✈á♥❞♦s❡ ❝❛♠❜✐♦s s✉st❛♥❝✐❛❧❡s ❡♥ ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ tr❛♥s♠✐s✐ó♥ ❞❡ ❧♦s r❡s♦♥❛❞♦r❡s✳ ❊st❛s ❝♦♥str✐❝❝✐♦♥❡s ♣r♦♣♦r❝✐♦✲
♥❛♥ ✉♥ ♠ét♦❞♦ ♣❛r❛ ❛❝♦♣❧❛rs❡ ❛ ♠✉❡str❛s ♣❡q✉❡ñ❛s t❛♥t♦ ♣❛r❛ ❛♣❧✐❝❛❝✐♦♥❡s ❡♥
❝♦♠♣✉t❛❝✐ó♥ ❝✉á♥t✐❝❛ ❝♦♠♦ ♣❛r❛ ❡①♣❡r✐♠❡♥t♦s t✐♣♦ ♠✐❝r♦✲❊P❘ ✭❘❡s♦♥❛♥❝✐❛
♣❛r❛♠❛❣♥ét✐❝❛ ❡❧❡❝tró♥✐❝❛✮✳
❚❛♠❜✐é♥ r❡❛❧✐③❛♠♦s ❧❛s ♣r✐♠❡r❛s ♣r✉❡❜❛s ♣❛r❛ ❛❝♦♣❧❛r ♥✉❡str♦s r❡s♦♥❛❞♦r❡s
❛ ♠✉❡str❛s ♠❛❣♥ét✐❝❛s ❛ T = 4❑✳ ❆✉♥q✉❡ ❧❛s ❢r❡❝✉❡♥❝✐❛s ❞❡ ♦♣❡r❛❝✐ó♥ ❞❡
♥✉❡str♦s r❡s♦♥❛❞♦r❡s ♥♦ s♦♥ ❛❞❡❝✉❛❞❛s ♣❛r❛ ♠❡❞✐r ❝♦rr❡❝t❛♠❡♥t❡ ❧❛s ♠✉❡str❛s
❞❡ ❙▼▼s ❡st✉❞✐❛❞❛s ♣r❡✈✐❛♠❡♥t❡✱ ♠✉❝❤❛s ♣r✉❡❜❛s ❝♦♥ ♦tr❛s ♠✉❡str❛s s✐♠✐❧❛r❡s
s❡ ❤❛♥ r❡❛❧✐③❛❞♦✳ ❙❡ ❤❛ ❤❡❝❤♦ ❡s♣❡❝tr♦s❝♦♣í❛ ❞❡ ❜❛♥❞❛ ❛♥❝❤❛ ✉t✐❧✐③❛♥❞♦ ❧í♥❡❛s
❞❡ tr❛♥s♠✐s✐ó♥ s♦❜r❡ ♠✉❡str❛s ♠❛❝r♦s❝ó♣✐❝❛s✳ ❙❡ r❡❛❧✐③❛r♦♥ ♠❡❞✐❞❛s ❞❡ ❜❛♥❞❛
❛♥❝❤❛ s♦❜r❡ ♠✉❡str❛s ❞❡ ❉PP❍ ✭✉♥ r❛❞✐❝❛❧ ❞❡ ❡s♣í♥ 1/2✮✱ s♦❜r❡ ❝r✐st❛❧❡s ❞❡
✢✉♦r✐t❛ ❞♦♣❛❞♦s ❝♦♥ ●❞ ✭●❞❈❛❋✮ ② s♦❜r❡ ❝r✐st❛❧❡s ❞❡ ●❞❲✸✵ ✉t✐❧✐③❛♥❞♦ ❧í♥❡❛s
❞❡ tr❛♥s♠✐s✐ó♥ ❛❜✐❡rt❛s✳ ▲❛s ♠❡❞✐❞❛s ❞❛♥ s❡ñ❛❧❡s ❝❧❛r❛s ❡♥ ✉♥ ❛♠♣❧✐♦ r❛♥❣♦ ❞❡
❢r❡❝✉❡♥❝✐❛s ② ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ✭❞❡ ✶✲14●❍③ ② ❞❡ ✵✲1❚✮ q✉❡ ❡stá♥ ❡♥ ❧✐♥❡❛
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ❡s♣❡r❛❞♦s ❞❛❞♦s ❧♦s ♠♦❞❡❧♦s t❡ór✐❝♦s✳
▼✉❡str❛s ♠❛❝r♦s❝ó♣✐❝❛s ❞❡ ❉PP❍ s❡ ❛❝♦♣❧❛r♦♥ ❛ r❡s♦♥❛❞♦r❡s ❝♦♣❧❛♥❛r❡s
s✉♣❡r❝♦♥❞✉❝t♦r❡s ❡♥ ré❣✐♠❡♥ ❝❡r❝❛♥♦ ❛❧ ❛❝♦♣❧♦ ❢✉❡rt❡✳ ❙❡ ♦❜s❡r✈ó ❧❛ ❡str✉❝t✉r❛
❞❡ ❞♦❜❧❡ ♣✐❝♦ ❡♥ ❧❛ s❡ñ❛❧ ❞❡ tr❛♥s♠✐s✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ ❞❡❧ ré❣✐♠❡♥ ❞❡ ❛❝♦♣❧♦
❢✉❡rt❡✳ ❆❞❡♠ás✱ s❡ ❤❛ ♦❜s❡r✈❛❞♦ q✉❡ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦
✷✷✽ ❈♦♥❝❧✉s✐♦♥❡s
t✐❡♥❡ ✉♥ ❡❢❡❝t♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ ❡❧ ✈❛❧♦r ❞❡ ❡st❡ ❛❝♦♣❧♦✳ ❆✉♥q✉❡ ❡❧ ré❣✐♠❡♥
❞❡ ❛❝♦♣❧♦ ❢✉❡rt❡ ♥♦ s❡ ❝♦♥s✐❣✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ●❞❈❛❋ ② ●❞❲✸✵✱ ❧❛s ♠❡❞✐❞❛s ❞❡
❡st❛s ♠✉❡str❛s ❡stá♥ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ s✉s ♠♦❞❡❧♦s t❡ór✐❝♦s✳
❋✐♥❛❧♠❡♥t❡✱ ❧❛ ♠❡❥♦r❛ ❞❡ r❡♥❞✐♠✐❡♥t♦ ♣❛r❛ ♠✉❡str❛s ♣❡q✉❡ñ❛s ✉t✐❧✐③❛♥❞♦
❝♦♥str✐❝❝✐♦♥❡s t❛♠❜✐é♥ s❡ ❝♦♠♣r♦❜ó✳ ❯t✐❧✐③❛♥❞♦ ✉♥❛ ❣♦t❛ ♠✐❝r♦♠étr✐❝❛ ❞❡
❉PP❍ ❞❡♣♦s✐t❛❞❛ ✉t✐❧✐③❛♥❞♦ ✉♥❛ ♣✉♥t❛ ❞❡ ❆❋▼✱ ✉♥❛ ♠❡❥♦r❛ ❞❡❧ ❛❝♦♣❧♦ r❡✲
s♣❡❝t♦ ❞❡❧ ❞❡ ✉♥ r❡s♦♥❛❞♦r s✐♥ ♠♦❞✐✜❝❛r s❡ ❞❡t❡❝tó✳ ▲❛ ♠❡❥♦r❛ ❡stá ❞❡ ❛❝✉❡r❞♦
❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡r✐✈❛❞❛s ❞❡ ♥✉❡str❛s s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❞❡❧ ❝❛♠♣♦
♠❛❣♥ét✐❝♦✳
❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❛✉♥q✉❡ ❧♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛❞♦s ❛q✉í s♦♥ ♣r♦♠❡t❡❞♦r❡s✱
t♦❞❛✈í❛ q✉❡❞❛ ♠✉❝❤♦ tr❛❜❛❥♦ ♣♦r ❤❛❝❡r✳ ❚♦❞❛✈í❛ q✉❡❞❛ ♠✉❝❤♦ ❝❛♠✐♥♦ q✉❡
r❡❝♦rr❡r ♣❛r❛ ❝♦♥s❡❣✉✐r ❡❧ r❡♥❞✐♠✐❡♥t♦ ♥❡❝❡s❛r✐♦ ♣❛r❛ ❤❛❝❡r q✉❡ ❧❛s ♣r♦♣✉❡st❛s
❞❡ ✉♥ ♣r♦❝❡s❛❞♦r ❝✉á♥t✐❝♦ ❞❡ ❡s♣í♥✱ ❝♦♠♦ ❡❧ ♣r❡s❡♥t❛❞♦ ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥✱ s❡❛♥
♣♦s✐❜❧❡s✳ ❨❛ ❡st❛♠♦s tr❛❜❛❥❛♥❞♦ ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ♣❛s♦s ❞✐s❡ñ❛♥❞♦ r❡s♦♥❛❞♦r❡s
q✉❡ ♦♣❡r❡♥ ❛ ❢r❡❝✉❡♥❝✐❛s ♠ás ❛❧t❛s ② ♣r❡♣❛r❛♥❞♦ ♥✉❡str♦s s✐st❡♠❛s ♣❛r❛ ♦♣❡r❛r
❛ ♠✉② ❜❛❥❛s t❡♠♣❡r❛t✉r❛s✳ ❆ ❧❛ ❧✉③ ❞❡ ❡st♦s r❡s✉❧t❛❞♦s✱ ❡s♣❡r❛♠♦s ❤❛❜❡r
♠♦str❛❞♦ q✉❡✱ ❛✉♥q✉❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ ✐♥✐❝✐❛❧ ❞❡ ♣r♦❝❡s❛❞♦r ❝✉á♥t✐❝♦ ❞❡
❡s♣í♥ ♣✉❞✐❡r❛ ♣❛r❡❝❡r ❛❧❣♦ ❞❡s❝❛❜❡❧❧❛❞❛✱ ♣r♦❝❡s❛❞♦r❡s ❝✉á♥t✐❝♦s q✉❡ ❝♦♠❜✐♥❡♥
s✐st❡♠❛s ❞❡ ❡s♣í♥ ❝♦♥ s✐st❡♠❛s ❞❡ ❈✐r❝✉✐t ◗❊❉ ♣✉❡❞❡ q✉❡ ❡sté♥ ❛❧ ❛❧❝❛♥❝❡✳
✷✷✾
▲✐st ♦❢ ♣✉❜❧✐❝❛t✐♦♥s
• ◆❛♥♦s❝❛❧❡ ❝♦♥str✐❝t✐♦♥s ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ r❡s♦♥❛t♦rs
▼✳ ❉✳ ❏❡♥❦✐♥s✱ ❯✳ ◆❛❡t❤❡r✱ ▼✳ ❈✐r✐❛✱ ❏✳ ❙❡sé✱ ❏✳ ❆t❦✐♥s♦♥✱ ❈✳ ❙á♥❝❤❡③✲
❆③q✉❡t❛✱ ❊✳ ❞❡❧ ❇❛r❝♦✱ ❏✳ ▼❛❥❡r✱ ❉✳ ❩✉❡❝♦✱ ❋✳ ▲✉✐s✱
❆♣♣❧✐❡❞ P❤②s✐❝s ▲❡tt❡rs✱ ✶✵✺✱ ✶✻✱ ✶✻✷✻✵✶✱ ✷✵✶✹
❡✲♣r✐♥t✿ ❛r❳✐✈✿✶✹✵✾✳✶✵✹✵ ❬❝♦♥❞✲♠❛t❪
• ▼❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ ♣♦❧②❝r②st❛❧❧✐♥❡ ♠❛❣♥❡t♦❢❡rr✐t✐♥ ✐♥✈❡st✐❣❛t❡❞ ❜②
❙◗❯■❉ ❛♥❞ ❡❧❡❝tr♦♥ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡
❋✳ ▼♦r♦✱ ❘✳ ❞❡ ▼✐❣✉❡❧✱ ▼✳ ❉✳ ❏❡♥❦✐♥s✱ ❈✳ ●ó♠❡③✲▼♦r❡♥♦✱ ❉✳ ❙❡❧❧s✱
❋✳ ❚✉♥❛✱ ❊✳ ❏✳ ▲✳ ▼❝■♥♥❡s✱ ❆✳ ▲♦st❛♦✱ ❋✳ ▲✉✐s✱ ❏✳ ✈❛♥ ❙❧❛❣❡r❡♥✱
❏♦✉r♥❛❧ ♦❢ ▼❛❣♥❡t✐s♠ ❛♥❞ ▼❛❣♥❡t✐❝ ▼❛t❡r✐❛❧s✱ ✸✻✶✱ ✶✽✽✲✶✾✻✱
✷✵✶✹
• ❈♦✉♣❧✐♥❣ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ q✉❛♥t✉♠ ❝✐r❝✉✐ts
▼✳ ❉✳ ❏❡♥❦✐♥s✱ ❚✳ ❍✉♠♠❡r✱ ▼✳ ❏✳ ▼❛rtí♥❡③✲Pér❡③✱ ❏✳ ●❛r❝í❛✲❘✐♣♦❧❧✱
❉✳ ❩✉❡❝♦ ❛♥❞ ❋✳ ▲✉✐s✱
◆❡✇ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ✶✺ ✵✾✺✵✵✼✱ ✷✵✶✸
❡✲♣r✐♥t✿ ❛r❳✐✈✿✶✸✵✻✳✹✷✼✻ ❬❝♦♥❞✲♠❛t❪
• ❙✉r❢❛❝❡✲❈♦♥✜♥❡❞ ▼♦❧❡❝✉❧❛r ❈♦♦❧❡rs ❢♦r ❈r②♦❣❡♥✐❝s
●✳ ▲♦r✉ss♦✱ ▼✳ ❉✳ ❏❡♥❦✐♥s✱ P✳ ●♦♥③á❧❡③✲▼♦♥❥❡✱ ❆✳ ❆r❛✉③♦✱ ❏✳ ❙❡sé✱
❉✳ ❘✉✐③✲▼♦❧✐♥❛✱ ❖✳ ❘♦✉❜❡❛✉✱ ▼✳ ❊✈❛♥❣❡❧✐st✐
❆❞✈❛♥❝❡❞ ▼❛t❡r✐❛❧s✱ ✷✺✱ ✷✶✱ ✷✾✽✹✲✷✾✽✽✱ ✷✵✶✸ ✭❝♦✈❡r✮
❡✲♣r✐♥t✿ ❛r❳✐✈✿✶✷✶✷✳✶✽✽✵ ❬❝♦♥❞✲♠❛t❪
• ▼♥12 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❞❡♣♦s✐t❡❞ ♦♥ µ✲❙◗❯■❉ s❡♥s♦rs✿ t❤❡ r♦❧❡
♦❢ ✐♥t❡r♣❤❛s❡s ❛♥❞ str✉❝t✉r❛❧ ♠♦❞✐✜❝❛t✐♦♥s
❊✳ ❇❡❧❧✐❞♦✱ P✳ ●♦♥③á❧❡③✲▼♦♥❥❡✱ ❆✳ ❘❡♣♦❧❧❡s✱ ▼✳ ❉✳ ❏❡♥❦✐♥s✱ ❏✳ ❙❡sé✱
❉✳ ❉r✉♥❣✱ ❚✳ ❙❝❤✉r✐❣✱ ❑✳ ❆✇❛❣❛✱ ❋✳ ▲✉✐s✱ ❉✳ ❘✉✐③✲▼♦❧✐♥❛✱
◆❛♥♦s❝❛❧❡✱ ✺✱ ✷✹✱ ✶✷✺✻✺✲✶✷✺✼✸✱ ✷✵✶✸
